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Introduction

Although the role of mathematical sciences in civilization has been of central importance for
centuries, the current trend to a global economy and a knowledge society has made
information and innovation technologies increasingly dependent on scientific research, whose
results and techniques are underpinned and driven by mathematics. This was recognized in a
recent report on “Mathematics and Industry" by the Global Science Forum (GSF) of the
Organization for Economic Co-operation and Development (OECD) [1]. Mathematics (or the
mathematical sciences, including statistics and computing) is nowadays considered in its
broadest sense, and industry is interpreted as “any activity of economic or social value,
including the service industry, regardless of whether it is in the public or private sector".

The European Science Foundation, together with the European Mathematical Society, has
promoted a Forward Look initiative on “Mathematics and Industry”. The final document
contains several observations and recommendations for policy makers and funding
organizations, for mathematical societies and academic institutions. It refers, in particular, to
the lack of recognition of mathematics by industry and the lack of recognition of industrial
mathematics by the mathematical community: “It is a common interest of the entire
mathematical community to outreach activities to make society and industry aware that
mathematics is the common denominator of much that goes on in everyday life, activating the
many sectors of society that can benefit from mathematics. Indeed, promoting such
awareness will bring resources to all mathematicians” [2].

It has become clear that problems with a significant mathematical content above the more or
less trivial must be supplied by mathematicians or scientists willing to invest the necessary
time, work and effort. Mathematics changes. Technology changes. Innovation occurs, and
mathematics is a crucial part of it. In fact, mathematics is a key and enabling technology not
only for the other sciences but also for industry and society, as it “provides a logically coherent
framework and a universal language for the analysis, optimization, and control of industrial
processes". The use of mathematics in technology, whether in cell phones, DVDs or ATM
machines, etc. changes constantly. It seems clear that the dissemination of emerging
applications can only be made by those in the know. In hindsight, it is obvious that it is the
mathematical community who should have the energy to make the outreach effort. Even if
the task of raising public awareness in research and academic institutions will always be
relatively small, it should be present as one of their essential responsibilities. Moreover those
institutions should play an active role in promoting the change of attitude of mathematicians
towards public awareness of their science, as well.



Popularization of Mathematics

Among current trends for the old and difficult process of the popularization of science,
mathematics, in all its scope, is not only the one with the most recent activity but it also has
special features, not only because of its role in the general education process but also because
of its history and applications that are a natural link between the humanities and technology.

In contrast with the usual activity of mathematicians when they are creating new mathematics
or when they are teaching it to students, a process that it is sometime referred as “doing
mathematics”, the popularization of mathematics is a very different activity associated with
talking, writing or just communicating “about mathematics”.
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Fig. 1 Cover of the first French edition (1768) and one with the Eloge by Condorcet (1842)
of Euler’s Lettres

One of the first successful examples was the letters by Euler on different subjects in natural
philosophy addressed to a German princess [3] which were published in several editions in
French and in English (see Fig. 1). The first letter, written from Berlin on 19th April 1760,
concerns “Of Magnitude or extension” and is followed, three days later, by a second one with
the aim “to unfold the idea of velocity, which is a particular species of extension, and
susceptible of increase and of diminution”. They may be considered a masterpiece of science
popularization of the Enlightenment. As Condorcet wrote at the end of the 18th century, “they
have deservedly been considered as a treasury of science” since “they convey accurate ideas
respecting a variety of objects, highly interesting in themselves, or excite a laudable curiosity”.

Another well-known example is the story of the Phoenician princess Dido and the foundation
of the city of Carthage. This example of the maximization of the area that could be enclosed by
an oxhide is quoted in most introductory courses on the calculus of variations as the oldest
applied isoperimetric problem, solved by Dido in an empirical form. It is however less known
that this story was popularized by the British mathematical-physicist William Thomson (Lord
Kelvin) in a conference at the Royal Institution of London on 12th May 1893 [4].



In Portugal, the beginning of the popularization of science may also be traced in the
Enlightenment with publications such as the Jornal Enciclopedico Dedicado ¢ Rainha, a
periodical “aimed to the general instruction with news about discoveries in all sciences and
arts” that started publication in Lisbon in 1779 and had about 481 subscribers in 1790 [5]. In
the 20th century the mathematician Bento de Jesus Caraga (1901-1948) was one of the
pioneers of the modern “divulgacdo e difusdo” of scientific knowledge in the Portuguese
language to the general public. In 1933, in a conference on “The Whole Culture of the
Individual, central problem of our times” [6], Caraga, recognising the role and stating his
confidence in the progress of science and its application to the well-being of mankind,
advocated that as part of culture it cannot be the monopoly of the elites but should belong to
the whole of society and contribute to the individual culture of its citizens. He himself
contributed to the diffusion of mathematical ideas with an original exposition on the
“Fundamental Concepts of Mathematics” [7], published in a collection of books on scientific
popularization he had founded in Lisbon, the first of such created in Portugal.

Books, magazines and even newspapers, spreading the written and spoken word are the
traditional media with a rich and long historical tradition of the popularization of science and,
in particular, of mathematics. They are very powerful and may serve several purposes and
different publics, but are far from being the only media for sharing mathematics with society
at large. Another important means of popularizing mathematics is by exploring its relations
and interactions with art.

Aesthetic and Mathematics

The relationship between mathematics and art has deep roots in many old and primitive
cultures and has greatly influenced them. Since the time of the Hellenic civilization to the
present, with particularly important moments during the Renaissance and at the dawn of the
21st century, this relationship cannot be neglected. In classical philosophy this relation was
clearly established by Aristotle: “Those who assert that the mathematical sciences say nothing
of the beautiful are in error. The chief forms of beauty are order, commensurability and
precision”[8]. The very interesting example of the Golden Ratio in the Parthenon is well
known, although it has been the subject of several controversies [9].

Fig 2 Genesis, by John Robinson
(University of Wales, Bangor, UK,
and the RPAMath logo in 2000)

Mathematicians have used pictures to convey mathematical ideas for millennia and they have
been instrumental in the creation of shapes, forms and relationships. Visualization is nowadays
the subject of many studies and current research (see, for instance, [10] and [11]). The



sculpture Genesis (Fig. 2), by the British sculptor John Robinson, was chosen as the logo of the
project RPAMath, launched by the European Mathematical Society in the WMY2000. Genesis is
composed of three rhombuses representing the Borromean rings, the hyperbolic knot that was
adopted in 2006 as the International Mathematical Union logo. According to its creator,
Genesis was inspired by Celtic culture and is a symbol of “The never ending renewal of life”
[12]. Copies of this sculpture are at the University of Wales, Bangor, and at the front of the
Isaac Newton Institute of Mathematical Sciences, Cambridge, UK.

On the other hand, the conscious or unconscious use of mathematical ideas to create art has
been used by several artists. A remarkable contemporary example is the Umbilic Torus NC, by
Helaman Ferguson, which was displayed at the ACM SIGGRAPH show on computer art in 1989.
Ferguson is an American mathematician and in 1977 was the co-author, with R. Forcade, of an
integer relation detection algorithm, which generalizes the Euclidean algorithm and was
included as one of the top ten algorithms of the 20th century by a 2000 survey of the American
Institute of Physics and the IEEE Computer Society [13]. In his textured bronze sculpture
Umbilic Torus NC, Ferguson has used two mathematical ideas: one for the body of the piece,
using real binary cubic forms parameterized by four coefficients, a four-dimensional group
action provided the umbilics options; another for the surface texture, inspired by Hilbert’s
version of Peano’s surface-filling curve. As the mathematician-sculptor himself explained, “I
selectively previewed computer generated images of toroids of hypocycloid cross-sections,
discarding and eliminating many possibilities to select the current. (...) My viewing computer
graphics images as a sculptor brings a unique perspective.” [14].

Another pioneer interaction between mathematics and art using computer graphics is the
virtual gallery created by the mathematicians Thomas Banchoff and David Cervone in 1997,
which was recreated for the WMY2000 as interactive itinerant exhibition Beyond the Third
Dimension [3D]. In particular, the short movie “In and Outside the Torus” [15], which can be
freely downloaded from cyberspace as an MPEG film or a GIF animation, may be considered as
a masterpiece of digital art. Besides the quality of the visualization tools, which can be
technologically improved, as was done in the 2000 recreation by Arte Numérica [16], the
aesthetic value of this short film is in the animation of a three-dimensional projection of a
rotating Clifford torus in four-space (Fig. 3). As the torus passes through the projection point,
its image in the three-space appears to extend to infinity, and it turns inside out: the region
that was outside is now inside, and vice versa [17].

The use of computer graphics in mathematics has increased, in particular, the number of
mathematical videos and films, especially since the VideoMath Festival held at the
International Congress of Mathematicians in Berlin, in 1998 [18]. A selection of sixteen short
math films, the winners of the international competition held in Berlin ten years later during
the German “Year of Mathematics”, yields a contemporary survey of animated mathematical
visualizations [19].

The concept of beauty in mathematics goes much beyond its direct relationship with the arts
and is also a phenomenon described by mathematicians as “mathematical beauty” [20]. John
von Neumann wrote about the discussion of the nature of their intellectual work: “The
mathematician has a wide variety of fields to which he may turn, and he enjoys a very
considerable freedom in what he does with them. To come to the decisive point: | think that it
is correct to say that his criteria of selection, and also those of success, are mainly aesthetical.
(...) These criteria are clearly those of any creative art, and the existence of some underlying
empirical worldly motif in the background — often in a very remote background — overgrown
by aestheticizing developments and followed into a multitude of labyrinthine variants — all this
is much more akin to the atmosphere of art pure and simple than to that of the empirical
sciences” [21].



Fig. 3 In and Outside the Torus, snapshots of the digital animations

Popularizing Mathematics with Ingenium

A long and direct personal experience of communicating mathematics in a popular way to the
wider public, mainly through magazines, yielded a series of four books [22--25]. This
experience began in earnest in 1995, with the invitation to write a regular column on the
general subject of the popularization of science for the professional journal of the Portuguese
engineering society, Ingenium ([26], see Fig. 4). These essays gradually morphed into short
pieces, sometimes with a slight journalistic flavour, on mathematics proper.
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Fig. 4 Cover of a recent issue of the magazine Ingenium

Conceiving these essays was always a rewarding challenge to the first-named author. As
opposed to strictly journalistic pieces, they had the enormous advantage of addressing a
mathematically educated audience who were potentially very interested in learning more
about mathematics, albeit in an informal setting. The questions addressed had a range, from
Wiles’s proof of Fermat’s theorem to exotic n-spheres, from check digit schemes to the
mathematics of sudoku, which would be impossible for a more generalist audience. The
emphasis has been always to convey some meaningful mathematical content through “real-
world” problems, which would appeal to an audience consisting mostly of engineers.

Reactions from the readers were extremely encouraging from the very beginning. Some
columns were extremely popular; in one of them it was shown that the Portuguese ID card
incorporates a check digit and its algorithm was explained, thus resolving wild urban myths
then circulating about “the extra digit on the ID card”. In another pair of columns, when the
euro started circulating, the first-named author proposed finding the check digit scheme
behind the Euro banknotes and enlisted readers to contribute euro banknote numbers. There
were hundreds of replies. At some stage interest in these articles overflowed the intended
audience. Clearly there was an interest in seeing mathematics in action in real world problems,
in contexts where we would least expect to find it — whether in our ID cards, our euro
banknotes, the sudoku puzzles in the paper, the graph of the Internet to coding theory and CD
scratches. There were dozens of requests for authorization for classroom use by high school
and college teachers. Many readers suggested that these essays should be published in book
form.

So it was that in 2001 the first book in this series appeared [22]; its title was taken from the
piece about the check digit of the ID card. It was a best-seller by Portuguese standards; there
are currently 10 editions and over 10.000 copies have been sold. It was followed by three
other books, in 2003 [23], 2007 [24] and 2011 [25]. The number of original papers in Ingenium
is by now over one hundred. These books have had a large in the educational community,
since they conveyed, in clear but rigorous language, examples of the use of mathematics to



solve real-world problems. Examples of this effect in schools are many and, in some sense,
unusual, as the following cases show:

1. Utilization of some of the problems described (ID card, Monty Hall problem, euro
banknote...) in college exhibitions of mathematics (e.g. IPL Leiria, 2003).

2. Dozens of yearly and standing invitations to the first-named author to speak on
mathematics in high schools, technical schools, colleges and universities all over the
country.

3. Proliferation of Java applets in the web with the described algorithms, with reference.

Many high schools had students work on school assignments on some of the topics

covered.

Also surprising is the fact that, due to the nature of the audience (engineers, mathematically

knowledgeable but somehow retired from active mathematics, more interested in solving

“practical” problems), some scientific (i.e. mathematical) collaborations have arisen. In this

context it is worth mentioning the very rewarding interaction of the first-named author with

Miguel Casquilho, an engineering professor at the Technical University of Lisbon, who is

especially interested in the area of optimization. For some time, they both worked together in

a problem of optimization, known as the optimal facility location, which in mathematical terms

can be expressed as, given a set of m points in R", finding a point which minimizes the sum of

the simultaneous (Euclidean) distances. This is called the space median, which is sometimes

(and wrongly) confused with the centroid. In fact, such a confusion led for instance to a wrong

identification, by the census bureau of the USA, of the “population centre” between 1910 and

1930 [27].
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Fig. 5 A numerical study of the optimal facility location problem



A solution to the problem has obvious interest to an engineer thinking about logistics. Probing
the literature, the problem was found to be extremely hard in the general case, and impossible
to solve without numerical methods [27]. In the particular case of three points in the plane the
problem admits an analytical solution, which is the Fermat-Weber point of the triangle with
the points as vertices (as opposed to the centroid of the triangle). However, a few
counterintuitive properties of this problem were found, and this resulted in a paper published
in Ingenium (Fig. 5). A second example of this type of very fruitful interaction between a
mathematician and an engineer was in a related optimization problem, which happened to be
analytically solvable and gave rise to a joint mathematics paper [28].

There are two other especially significant episodes arising from these efforts for
communicating mathematics through Ingenium that deserve a brief description.

The Case of the Portuguese ID Card and Check Digit Schemes

Sometime in the early 1990s government agencies decided to include an “extra” digit following
the national ID card number, in an isolated box. Obviously, this was a check digit, in most
likelihood a checksum digit. However, care was not taken to explain the reason for the new
digit. As a consequence, by the late 1990s the wildest urban myths about this recently
introduced extra digit were floating around. The most popular one was that it would represent
the number of people with the same name as the card bearer. This urban myth was extremely
widespread at the time (and in fact still survives). But there were others, like the number of
outstanding traffic tickets.

In the meantime Jorge Picado, a mathematician at the University of Coimbra, had gone to
work on disproving this myth. He collected the ID numbers and corresponding check digits of a
few dozen people and, under the assumption that the checksum algorithm was similar to the
ISBN algorithm, programmed his computer to reverse engineer the problem and discover the
checking algorithm. Some surprises were in store.

First of all, only 10 digits were used as checkdigits: 0 through 9. It is well-known (see e.g. [29])

that the additive algorithms require a prime number of check digits; thus for instance the ISBN
algorithm uses the set of 11 digits {0, 1, ..., 9, X}, since 11 is the smallest prime number greater
or equal to our usual numbering base 10. Now Picado’s data included only a set of 10 check
digits; there was no 11th digit. This might lead us to think that non-additive algorithms, such as
non-commutative algebraic codings based on dihedral groups, like the Verhoeff scheme
adopted by the Bundesbank (and conceived by A. Beutelspacher, a contributor to this volume)
([29], [30]) might be in use. Secondly, a very strange thing happened. When Picado ran the
algorithm-detection code, the program did not converge, whatever the supplementary
heuristic hypotheses applied. This seemed to indicate either an inconsistency in the data or a
faulty error-detecting algorithm (e.g. one which would not preserve injectivity of the check
digit).

In fact, the data revealed an obvious anomaly: the relative frequency of the digit 0 was double
the frequency of the other digits. This suggested that something could be wrong with the
check digit 0. In fact, simply eliminating all the Os from the data and running the algorithm-
detecting code ensured immediate convergence and allowed Picado to discover the
identification system used by the Portuguese agency. This discovery was a double-edged
sword. On the one hand, it was shown that the identification scheme is (almost) precisely the
ISBN scheme. On the other hand, since there is no 11th check, the scheme cannot work
efficiently. Indeed, what was observed is that the Portuguese ID card uses a version of the
ISBN identification scheme with a mathematical bug: the non-existent 11th digit for



checksums is replaced by a second (false) zero. Thus the identification system is not injective,
and one half of the occurrences of the digit 0 as a checksum are false.

This is a rather embarrassing situation, since it implies that indeed the check digit cannot be
relied upon for error-detecting purposes, therefore defeating the purpose of its own
introduction and rendering it useless! In actual practice, no official agency using the ID card
number ever bothers asking for the check digit — not even the agency which issues the cards
themselves. Things get even more curious. Although the whole ID card was recently changed,
with the issue of a Citizen Card incorporating the most modern biometrical and physical
technologies, the ID numbers did not change, neither did the check digits or the algorithm.
Thus the ID card bug propagated to the new identification scheme. Moreover, the exact same
identification scheme is used in the Fiscal ID number — and thus the exact same mathematical
bug occurs.

In May 2000 a column in Ingenium was published about this question, O mistério do Bilhete de
Identidade (The mystery of the ID card). In a short span of time there were reactions of awe,
disbelief and the article was widely reproduced in the media and the Internet, where it can still
be found today. The title of the paper was used the book [21], published the following year,
which had a large impact and made the material available to a very different audience, the
general public. The title of the book, the problem itself and the question of the bug in the
identification system led to a large impact on the educational community: everybody has an ID
card and number, and it is easy to explain and implement the mathematics and the algorithm
behind the ISBN scheme.

The ramifications and implications of this work are quite surprising and show quite clearly how
communicating mathematics to an engineering audience can have an “overspill effect”, which
quickly crosses the interface to the outside world and has a real impact on the educational
community. Indeed, it is quite likely that without the original article in Ingenium and its
publication in the book [22] Picado’s discovery might still be largely unknown to the world
outside mathematicians, with a loss both for mathematics education and the general public
(the urban myths about “the extra digit” still exist to this day!).

The Euro Banknotes, a Second Curious Episode

With the introduction of the euro in 2002, the European Central Bank (ECB) faced the obvious
problem of counterfeiting of the banknotes in the biggest market in the world. The most
advanced technology was used in the banknotes: special paper and silver bands, lasers and
holograms; at least two of the anti-counterfeiting measures were kept secret by the ECB. One
could expect the identification scheme used for euro banknotes would be equally
sophisticated, truly 21st century, as it was also kept secret.

After the circulation of the euro banknotes on 1st January 2002, the first named author
undertook a somewhat quixotic personal project: to discover the mathematical algorithm used
to identify euro banknotes. He started collecting and annotating all the banknote numbers
which he encountered, and recruited some friends as well. In the process of programming and
entering the data, he noticed the structure of the numbers:

L-DDDDDDDDDDD

where L stands for a letter of the alphabet from J to Z and D stands for a digit from 0 to 9, so
the number is a alphanumeric string made up of one letter and 11 digits.. However, strangely,
the last digit is never 0. This alone indicated a mathematically special role for the last digit as a
check digit.



At that point he published an article in Ingenium explaining the problem, giving preliminary
results, and inviting readers to submit their recorded data. The response was enthusiastic: with
this collective effort, he gathered thousands of numbers. In the process of programming and
entering the data, the following was experimentally determined. If a fixed numerical value is
attributed to the letter L at the start of the identification number, then the (last) control digit is
simply determined by imposing that the sum of all the 12 numerical values of the digits is
congruent with 0 (mod 9). Or, in plainer terms: the identification scheme for euro banknotes is
simply the thousand-year old process of casting out 9s. This is all the more surprising since it is
an extremely inefficient error-detecting algorithm, as we all know from elementary school
(with a success rate of less than 90%). So the banknotes with the most advanced physical
systems against counterfeiting had also, embarrassingly, the most mathematically
unsophisticated algorithm for error detection!

Letter Value Country
J 2 UK
K 3 Sweden
L 4 Finland
M 5 Portugal
N 6 Austria
0] 7 -
P 8 Netherlands
Q 9 -
R 1 Luxembourg
S 2 Italy
T 3 Ireland
U 4 France
\Y 5 Spain
X 6 Denmark
W 7 Germany
Y 8 Greece
yA 9 Belgium

Table 1 Correspondence between first letter of euro banknote codes, numerical value and
country of emission

The reader can check this for him/herself by pulling out a euro banknote. All that is required is
to know the correspondence between the leading letter L and its numerical value. This is given
in Table 1. The numerical values of the letters are simply 1 to 9 in ascending order (again with
no attribution of 0, since this is arithmetic mod 9). Moreover, a letter has no deeper meaning
than simply identifying the country of origin of the banknotes. In fact, even though the UK,
Denmark and Sweden are not part of the eurozone, they already have allotted places, should
they wish to join!

This collective quest with the readership of Ingenium was a great success. It was possible to
identify what may be called a second “mini-code” on the flip side of the notes. This consisted
of L-DDD-LL in very small print. This was an even bigger mathematical disappointment: it is a
mere serial number from the typography where the banknote is issued and has no
mathematical content at all. All this information is gathered in book form [23] and, as far as we
know, nowhere else.



This makes for wonderful material for communicating mathematics in popular lectures.
Everybody (in the eurozone) handles banknotes, even small children. So it is possible to tell a
story with meaningful mathematical content, by adapting the theoretical aspects of coding
theory and identification systems to the audience, but always keeping in mind a very real
example — the banknotes people handle. In this way a curious interface between mathematics
education and engineering was created. The audience of mathematically educated engineers
provided the data. A mathematician discovered the solution. This solution is ideally suited for
the communication and popularization of mathematics. A very unlikely connection indeed!

Both case studies above illustrate this situation quite clearly. They deal, each in their own way,
with the same kind of mathematical problem — identification systems and check digits, or in a
more mathematical language, coding theory and cryptography. These are problems that we
can be sure that everyone is acquainted with in one form or another: they arise in contexts
from national ID cards (mandatory in Portugal) to credit cards, from Internet passwords to bar
codes, from cell phones to DVDs, and increasingly so in the past 20 years. Moreover, they are
both understandable and mathematically meaningful, and characterize problems that should
interest the community. So coding theory and cryptography seem ideally suited as vehicles to
convey the importance of useful mathematics to the public.

LPDJLQH D VHFUHW, a Film on Elliptic Curves and Cryptography

Cryptography refers to secure methods of transmitting and safeguarding secret and valuable
information and it has been a popular subject in mathematics popularization. Computer
advances in the last half century have made cryptography a fundamental part of contemporary
financial life: it is used for credit cards, online bank transfers, email, etc. Since the late 1970s,
the invention of the RSA public key system has been widely used. It is based on prime number
theory and on the difficulty of factoring very large integers. During the World Mathematical
Year 2000, the Isaac Newton Institute displayed every month a different math poster in the
London Underground on the theme “Maths Predicts”; October’s poster (Fig. 6) was exactly on
cryptography [31].
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Fig. 6 October’s poster in the London Underground during the WMY2000 [31]

In 1984, Hendrick Lenstra Jr introduced a new method for factoring large integers using elliptic
curves and in the following year Neal Koblitz and Victor Miller independently proposed to use
elliptic curves in cryptography [32]. Since then mathematical sophistication has been raised to
a new level. The security of ECC (elliptic curve cryptography) algorithms is based on the
discrete logarithm problem of elliptic curves, which seems to be a much harder problem in
finite field arithmetic. Recent mathematical advances imply that a certain desired security level



can be attained with significantly smaller keys, for instance, a 160-bit ECC key provides the
same level of security as a 1024-bit RSA key [33]. Elliptic curves have deep and beautiful
properties. They are plane curves of the type

V=x*+ax+b,

which have been studied since the 19th century. Nowadays they illustrate the beauty of the
links between number theory, algebra and geometry and their theory provides a powerful
mathematical tool to strengthen the security of e-commerce and secure communications.

During a workshop held at the Mathematisches Forschungsinstitute Oberwolfach, in February
2010, the second named author visited the IMAGINARY exhibition [34] at MiMa [35] and
started to wonder how to use the computer programme “Surfer” to create beautiful animated
surfaces, a challenge that he shared with Stephan Klaus. His idea became a project, under the
initiative of the Centro Internacional de Matemdtica, when he met Armindo Moreira, an
architect associated with the Casa da Animagdo from Porto. In that summer, the project
became a film, 9:30 minutes long, of art and mathematics about elliptic curves and
cryptography [36], with the help of Andreas Matt [34] and Bianca Violet, who produced the
Surfer movies, and with the collaboration of Victor Fernandes, also from the Casa da Animag¢éo
who, with Armindo Moreira, produced the digital film with original music and original
mathematical animations (Fig. 7).

P+3P=4P

Fig. 7 A screenshot of the animated illustration of the group law on an elliptic curve

The film story [36], which can be read at the end of the film, starts with numbers appearing
chaotically until they form sets of Pythagorean triples and then an animation of their
correspondence, already well known to the ancient Babylonians around 1600 bc, to right
triangles with integer sides and to the problem of splitting a given square number into two
squares. Elliptic curves are introduced associated with Fermat’s equation a"+ b"= c" through
the equation y* = x(x-a")(x+b"), the class of Frey curves that were introduced and studied in
the 1980s. These curves were instrumental in the path that led to the complete proof, by A.
Wiles and R. Taylor in 1994, of the famous observation written by Pierre de Fermat around
1637 in the margin of his copy of Diophantus’ work: “No cube can be split into two cubes, nor
any biquadrate into two biquadrates, nor generally any power beyond the second into two of
the same kind.”

The introduction of the z coordinate in the elliptic curve equation to render it homogeneous of
degree three, y’z = x* + axz> + bz’, describes in space of a family of algebraic surfaces with two



parameters a and b. The computational variation of these equations with the Surfer
programme generated beautiful animations (Fig. 8) that were artistically integrated into the
film in order to stimulate the public imagination and to evoke mathematical creativity. This
central part of the film is purely artistic and has no direct mathematical meaning.

In the third part, two mathematical animations illustrate the group law on an elliptic curve in
the rational plane (Fig. 7) and modular arithmetic is illustrated by a clock and an animated
image of dots representing an elliptic curve in the finite field F,;. The final animation with Os
and 1s symbolize the data being scrambled mathematically by the computer to encipher and
to decrypt a secret. Accompanying the whole film, without spoken words, the original music
composed by Fernandes and Moreira provides the right sound track to challenge the public
with a final puzzle. Referring to the old and unreliable method of the Caesar cipher, which
consists of a simple arithmetic operation to encipher a message in the usual Latin alphabet by
means of the formula d = ¢ - 3 (mod 26), the final paragraph of the text gives the key to
decipher the title of this film: (words at the end of the film).

Fig 8 The aesthetical value of the evolving surfaces produced with Surfer from the movie

The first public presentation of the film LPDJLQH D VHFUHW was on 26 September 2010 in
Obidos, during the opening of the workshop “Raising Public Awareness of Mathematics”. The
film text is available in four languages, English, German, Portuguese and Spanish, and can be
freely downloaded in a high quality version from http://www.cim.pt/LPD-UHW and can also be
seen directly on YouTube.
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