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Abstract:

A proof interpretation $I$ of a theory $S$ in a theory $T$ is a function mapping a formula $A$ of $S$ to
a formula $A_I(x)$ of $T$ (with distinguished variables $x$) verifying $S \vdash A \Rightarrow T
\vdash A_I(t)$ for some terms t extracted from a proof of A. Proof interpretations are used in: (i)
consistency results (e.g., if $\bot_I(x) = \bot$, then $S \vdash \bot \ \Rightarrow T \vdash \bot$, i.e., $S$
is consistent relatively to $T$); (ii) conservation results (e.g., if $T \vdash A_I(x) \to A$ for $\Pi*0_2$
formulas $AS$, then $S \vdash A \ \Rightarrow T \vdash AS$, i.e., $S$ is conservative over $T$ for
$\Pir0_2$ formulas); (iii) unprovability results (e.g., if there are no terms $t$ such that $T \vdash
A_I(t)$, then $S \nvdash AS$); (iv) closure under rules (e.g., if $S =T$, $(\exists x A(x))_I(x) = A_I(x)$
and $\mathsf{T} \vdash {A_I(x) \to A(x)}$, then $T \vdash \exists x A(x) \ \Rightarrow T \vdash A(t)$
for some term $t$, i.e., $T$ has the existence property); (v) extracting computational content from proofs
(e.g., extracting $t$ in the previous point).

Closure under rules needs $T \vdash A_I(x) \to A$ that can be achieved by: (i) upgrading $T$ to the so-
called characterization theory that proves $\exists x A_I(x) \leftrightarrow A$; (ii) or hardwiring truth in
$I$ obtaining $It$ verifying $T \vdash A_{It}(x) \to A$. The first option doesn't work if: (i) the
characterization theory is classically inconsistent (e.g., some bounded proof interpretations); (ii) or we
want applications to theories weaker than the characterization theory. So we turn to the second option
and present a method to hardwire truth (in proof interpretations of Heyting arithmetic satisfying some
mild conditions) by defining: (i) a function $C$ that replaces each subformula $A$ of a formula by $A
\wedge A_c$ where $A_c$ is a “copy" of $AS; (ii) an ““inverse” function $CA{-1}$ that replaces the
“copies" $A_c$ by the “originals" $AS$; (iii) $It = CA{-1} \circ I \circ C$. As examples we hardwire truth
in: (i) modified realizability; (ii) Diller-Nahm functional interpretation; (iii) bounded modified
realizability; (iv) bounded functional interpretation; (v) slash.

This is based on a joint work with Paulo Oliva.
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