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Sobolev Spaces

Gilles Lebeau

(IF e Universidade de Nice)

Let s € R be given. The aim of this mini course is to present some basic
tools to answer the following question:

Let U be a subanalytic bounded subset of R™. Does there exists a complex
of spaces H*J(U), j > 0 such that the following holds true:

-1. If U is Lipschitz, then the complex H**(U) is concentrate in degree 0 and
is equal to a ”classical” Sobolev space H*(U) (s derivatives in L?).

-2. If U,V are two subanalytic bounded subsets of R™, then one has the
exact long Mayer Vietoris sequence, where K7%(U) = HI(H*+(U)) is the
cohomology of the complex H*"(U)

... = KP3(UUV)) = KUK (V) — K»¥(UNV)) — KIThs(UuV)) — ...

A. We will first recall some basic definitions and properties of Sobolev spaces
on open sets. In particular, we will show that for Lipschitz U, the classical
definition of H*(U) has to be modified for s = —1/2 — k,k € N . Then for
Lipschitz U, V, such that U UV and U NV are Lipschitz, we will present a
proof of the exactness of the short exact sequence

0—-H(UUV)—- H(U)® H*(V)— H*(UNV)—0
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B. We will show how to extend the category of Hilbert spaces to get a suitable
abelian category Abel — H such that the spaces H*/(U) are objects of this
category. Then following an idea of S. Guillermou and P. Schapira, we will
explain how to construct the complex H*7(U) for a subanalytic U and s < 0.

C. Finally, we will explicitly compute the spaces H*/(U) for any s € R when
U is a subanalytic subset of R?.

References:

-1. S. Guillermou and P. Schapira. Subanalytic topologies I: Construction of
sheaves. arXiv:1212.4326v2.

-2. M. Kashiwara and P. Schapira. Sheaves on Manifolds, Grundlehren 292,
Springer Verlag (1990)

-3. J.L. Lions and E. Magenes. Problémes aux limites non homogeénes et
applications, Vol 1 et 2, Travaux et recherches mathématiques, Dunod (1968)

-4. J.-P. Schneiders Quasi-Abelien Categories and Sheaves, Mém.Soc.Math.France
76, (1999)

-5. E. Stein. Singular integrals and differentiability properties of functions,
Mathematical Series, n.30, Princeton University Press (1970)

Apoio: F CT Seminério financiado por Fundos Nacionais através da FCT — Fundag&o para a Ciéncia e a Tecnologia no @
| fmbdopmaGideatacldr - ampito do projeto PEst-OE/MAT/UI0209/2013
Local:
INSTITUTO PARA A INVESTIGACAO INTERDISCIPLINAR HOSP.
. SANTA
Av. Prof. Gama Pinto, 2 | MARIA L
1649-003 Lisboa Av. Prof. Gama Pinto )

]
Entrada

B

ENTRECAMPOS



