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Introduction

Motivation

This work arises in the framework of deformation quantization
modules, that is, the study of modules over a deformation sheaf of
rings on a complex manifold.

Ana Rita Martins Extension of functors for algebras of formal deformation



Introduction

Motivation

This work arises in the framework of deformation quantization
modules, that is, the study of modules over a deformation sheaf of
rings on a complex manifold.

These modules are, in particular, a natural generalization of D-
modules, since one considers the sheaf Dx|[[A]] (noted DY for short) of
formal differential operators on a parameter / on a complex manifold
X.

Ana Rita Martins Extension of functors for algebras of formal deformation



Introduction

Motivation

This work arises in the framework of deformation quantization
modules, that is, the study of modules over a deformation sheaf of
rings on a complex manifold.

These modules are, in particular, a natural generalization of D-
modules, since one considers the sheaf Dx|[[A]] (noted DY for short) of
formal differential operators on a parameter / on a complex manifold
X.

We refer to

e M. Kashiwara, P. Schapira, Deformation Quantization Modules,
Astérisque, Soc. Math. France, (2012) arXiv:1003.3304v2,
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Introduction

Motivation

This work arises in the framework of deformation quantization
modules, that is, the study of modules over a deformation sheaf of
rings on a complex manifold.

These modules are, in particular, a natural generalization of D-
modules, since one considers the sheaf Dx|[[A]] (noted DY for short) of
formal differential operators on a parameter / on a complex manifold
X.

We refer to

e M. Kashiwara, P. Schapira, Deformation Quantization Modules,
Astérisque, Soc. Math. France, (2012) arXiv:1003.3304v2,

e A.D’Agnolo, S. Guillermou and P. Schapira, Regular holonomic
D[[h]]-modules, Publ. RIMS, Kyoto Univ. (2010),

for a detailed study of these objects.

Ana Rita Martins Extension of functors for algebras of formal deformation



Introduction

Motivation

The first motivation for this work was to understand the behavior
of a coherent D}-module near a submanifold Y, in analogy with the
D-module case.
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of a coherent D}-module near a submanifold Y, in analogy with the
‘D-module case.

The natural tool is the functor of inverse image, but we can also
use the functor of specialization for this effect.
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Introduction

Motivation

The first motivation for this work was to understand the behavior
of a coherent D}-module near a submanifold Y, in analogy with the
‘D-module case.

The natural tool is the functor of inverse image, but we can also
use the functor of specialization for this effect.

While the first is not exact, unless we assume in addition that
the objects are non characteristic, the second is exact on the Serre
subcategory of specializable Dx-modules along Y.
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Introduction

Motivation

The first motivation for this work was to understand the behavior
of a coherent D}-module near a submanifold Y, in analogy with the
‘D-module case.

The natural tool is the functor of inverse image, but we can also
use the functor of specialization for this effect.

While the first is not exact, unless we assume in addition that
the objects are non characteristic, the second is exact on the Serre
subcategory of specializable Dx-modules along Y.

To treat inverse image revealed to be not too hard because one
finds a natural candidate to play the role of transfer module.
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Introduction

Motivation

The first motivation for this work was to understand the behavior
of a coherent D}-module near a submanifold Y, in analogy with the
‘D-module case.

The natural tool is the functor of inverse image, but we can also
use the functor of specialization for this effect.

While the first is not exact, unless we assume in addition that
the objects are non characteristic, the second is exact on the Serre
subcategory of specializable Dx-modules along Y.

To treat inverse image revealed to be not too hard because one
finds a natural candidate to play the role of transfer module.That was
not the case for specialization because there isn’t on D} a natural
notion of Kashiwara-Malgrange V-filtration.
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@ To recall the basic material we need
@ Construction of the functor of specialization for D"-modules

©® Construction of the formal extension functors
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Notation

X complex manifold of finite dimension dx
Oy sheaf of holomorphic functions on X

Dy sheaf over X of linear holomorphic differential operators of finite
order

C[[h]] := C" ring of formal power series of complex numbers
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Review on modules over formal deformations

Notation

X complex manifold of finite dimension dx

Oy sheaf of holomorphic functions on X

Dy sheaf over X of linear holomorphic differential operators of finite
order

C[[h]] := C" ring of formal power series of complex numbers

KK unital Noetherian ring with finite global dimension (C or C")
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Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X
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Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
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Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:
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Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:

My = M/EHIM,
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Review on modules over formal deformations

Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:

My = M/RIM,
Pk - M, — Mk7 n >k,
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Review on modules over formal deformations

Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:

M, = M/h"+1/\/l,
Pk - M, — Mk7 n >k,
2M = ker(M iy M).
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Review on modules over formal deformations

Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:

M, = M/h"+1/\/l,
Pk - M, — Mk7 n >k,
2M = ker(M iy M).

M is said to have no fAi-torsion if 4 : M — M is injective
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Review on modules over formal deformations

Notation

In the following we shall consider a sheaf A of K[[A]]-algebras
on X(you can have in mind A = D} := Dx|[[]]).
Given a sheaf M of A-modules and n € Ny one denotes:

M, = M/h"+1/\/l,
Pk - M, — Mk7 n >k,
2M = ker(M iy M).

M is said to have no f-torsion if /i : M — M is injective

M is said to be h-complete if the canonical morphism M —
@M,, is an isomorphism.
n>0
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Review on modules over formal deformations

The correspondence
M € Mod(A) — M, € Mod(A,),

defines a left exact functor whose left derived functor is given by:
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Review on modules over formal deformations

The correspondence
M € Mod(A) — M, € Mod(A,),

defines a left exact functor whose left derived functor is given by:

gry: D’(A) —  DP(A,),
M = Mo A,
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Review on modules over formal deformations

The correspondence
M € Mod(A) — M, € Mod(A,),

defines a left exact functor whose left derived functor is given by:

gry: D’(A) —  DP(A,),
M = Mo A,

Recall that for M € Mod(.A), one has
H(gri(M)) = M,,

H™'(grh(M)) = M,
H(gr}(M)) ~ 0, ¥j € Z\{~1,0}.
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Review on modules over formal deformations

K-S, Deformation Quantization Modules

For each n > 0, the category Mod(.A4,,) and the full subcategory of
Mod(.A) whose objects are those M such that 2! M ~ 0 are
equivalent.
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Review on modules over formal deformations

K-S, Deformation Quantization Modules

For each n > 0, the category Mod(.A4,,) and the full subcategory of
Mod(.A) whose objects are those M such that 2! M ~ 0 are
equivalent.

K-S, Deformation Quantization Modules

Letn > 0. An A,-module M is coherent as an .4,,-module if and
only if it is so as an .4-module.
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Review on modules over formal deformations

Cohomologically h-complete objects

Let Al¢ := A ®Z[h] Z[h, h_]].
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Review on modules over formal deformations

Cohomologically h-complete objects

Let Al¢ := A ®Z[h] Z[h, h_]].
M € DP(A) is said to be a cohomologically i-complete object if

RHom (A, M) ~ RHomgz (Z[h, -, M) = 0.
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Review on modules over formal deformations

Cohomologically h-complete objects

Let Al¢ := A ®Z[h] Z[h, h_]].
M € DP(A) is said to be a cohomologically i-complete object if

RHom (A, M) ~ RHomgz (Z[h, -, M) = 0.

K-S, Deformation Quantization Modules

The functor gry, : D?(A) — D?(Ay) is conservative in the category of
chc objects.
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Review on modules over formal deformations

Given M € Mod(.A) one denotes by:

M_1or: the submodule of M consisting of sections locally
annihilated by some power of &
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Given M € Mod(.A) one denotes by:

M_1or: the submodule of M consisting of sections locally
annihilated by some power of &

thtf = M/thtor-
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Given M € Mod(.A) one denotes by:

M_1or: the submodule of M consisting of sections locally
annihilated by some power of &

thtf = M/thtor-

An A-module is said to be a i-torsion module if M ~ Mj_,,,.
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Review on modules over formal deformations

Given M € Mod(.A) one denotes by:

M_1or: the submodule of M consisting of sections locally
annihilated by some power of &

thtf = M/thtor-

An A-module is said to be a i-torsion module if M ~ Mj_,,,.

The sequence
0— Mp_tor =+ M = Mp_y — 0,

1s exact.
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Review on modules over formal deformations

Note that Mj_;r = |, nM!

If M is coherent, the family {, M}, is locally stationary

I

locally, there exists N > 1 such that NI My _ior = 0.
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Note that Mj_;r = |, nM!

If M is coherent, the family {, M}, is locally stationary

I

locally, there exists N > 1 such that NI My _ior = 0.

Moreover, both Mj,_,- and Mp,_s are coherent .A-modules.
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Review on modules over formal deformations

Note that Mj_;r = |, nM!

If M is coherent, the family {, M}, is locally stationary

I

locally, there exists N > 1 such that NI My _ior = 0.

Moreover, both Mj,_,- and Mp,_s are coherent .A-modules.

An A-module of A-torsion is coherent as an A-module if and only if,
locally, it is coherent as an .4,,-module for n big enough. J
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Review on specialization for D-modules

Extension of fun for algebras of formal deformation



Specialization for D -modules

Review on specialization for D-modules

The notion of specialization for Dx-modules (along a
submanifold) was developed in the pioneering work:

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of
differential equations, Lect. Notes in Math., 1016, Springer-Verlag
(1983).
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The notion of specialization for Dx-modules (along a
submanifold) was developed in the pioneering work:

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of
differential equations, Lect. Notes in Math., 1016, Springer-Verlag
(1983).

Y C X submanifold of X
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Review on specialization for D-modules

The notion of specialization for Dx-modules (along a
submanifold) was developed in the pioneering work:

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of
differential equations, Lect. Notes in Math., 1016, Springer-Verlag
(1983).

Y C X submanifold of X
I the defining ideal of Y
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Specialization for D -modules

Review on specialization for D-modules

The notion of specialization for Dx-modules (along a
submanifold) was developed in the pioneering work:

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of
differential equations, Lect. Notes in Math., 1016, Springer-Verlag
(1983).

Y C X submanifold of X
I the defining ideal of Y
7 : TyX — Y projection of the normal bundle to Y
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Specialization for D -modules

Review on specialization for D-modules

The notion of specialization for Dx-modules (along a
submanifold) was developed in the pioneering work:

M. Kashiwara, Vanishing cycle sheaves and holonomic systems of
differential equations, Lect. Notes in Math., 1016, Springer-Verlag
(1983).

Y C X submanifold of X

I the defining ideal of Y

7 : TyX — Y projection of the normal bundle to Y
Vy®(Dy) the V-filtration of Dy with respect to Y:

VE(Dx) ={PeDx:P(F)C I*VjkeZjj+k>0}
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Specialization for D -modules

In a local coordinate system (¢, xj, ..., x,—1 ) such that
Y = {t = 0}, and setting x = (xy, ..., x,—1 ), one has:
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Specialization for D -modules

In a local coordinate system (¢, xj, ..., x,—1 ) such that
Y = {t = 0}, and setting x = (xy, ..., x,—1 ), one has:

P e VO(Dx) & P = Zaj,lafc(ta,)j, aj S OX
j7l
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Specialization for D -modules

In a local coordinate system (¢, xj, ..., x,—1 ) such that
Y = {t = 0}, and setting x = (xy, ..., x,—1 ), one has:

P e VO(Dx) & P = Zaj,lafc(ta,)j, aj S OX

j7l
and for k € N,
k .
PeViDx) & P =) 00, 0j€V(Dx)
j=0
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Specialization for D -modules

In a local coordinate system (¢, xj, ..., x,—1 ) such that
Y = {t = 0}, and setting x = (xy, ..., x,—1 ), one has:

P e VO(Dx) & P = Zaj,lafc(ta,)j, aj S OX

j7l
and for k € N,
k .
PeViDx) & P =) 00, 0j€V(Dx)
j=0

V_k(Dx) = lkVO(Dx).
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ation for D'*-modules

In a local coordinate system (¢, xj, ..., x,—1 ) such that
Y = {t = 0}, and setting x = (xy, ..., x,—1 ), one has:

P e VO(Dx) & P = Zaj,lafc(ta,)j, aj S OX

j7l
and for k € N,
k .
PeViDx) & P =) 00, 0j€V(Dx)
j=0

V_k(Dx) = lkVO(Dx).

The graduate ring gry(Dx) is isomorphic to 7. D[z, x], where
Dir,x) denotes the sheaf of homogeneous differential operators over
TyX.
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Specialization for D -modules

Definition

Let @ be the Euler field on 7yX. A coherent Dx-module M is
specializable along Y if for every good-V filtration V*(M) on M
there is locally a non zero polynomial b € C|s| such that

b(0 — k)VK(M) c VFFI (M), Vke Z.

Recall that the polynomial b is called a Bernstein-Sato polynomial or
a b-function associated to the filtration V*(M).
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Specialization for D -modules

Definition

Let @ be the Euler field on 7yX. A coherent Dx-module M is
specializable along Y if for every good-V filtration V*(M) on M
there is locally a non zero polynomial b € C|s| such that

b(0 — k)VK(M) c VFFI (M), Vke Z.

Recall that the polynomial b is called a Bernstein-Sato polynomial or
a b-function associated to the filtration V*(M).

You can have in mind

DX/‘DX“OI —a), a € R,

where X = C" with coordinates (7, x1, ...,x,—1) and Y = {¢t = 0}.
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Specialization for D -modules

Let G be a section of the canonical morphism C — C/Z.
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Specialization for D -modules

Let G be a section of the canonical morphism C — C/Z.
Fix on C the lexicographical order.
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Specialization for D -modules

Let G be a section of the canonical morphism C — C/Z.

Fix on C the lexicographical order.

Let M be a specializable Dx-module and denote by V(M) a
V-filtration of M admitting a b-function whose zeros are contained in
G.
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Specialization for D -modules

Let G be a section of the canonical morphism C — C/Z.

Fix on C the lexicographical order.

Let M be a specializable Dx-module and denote by V(M) a
V-filtration of M admitting a b-function whose zeros are contained in

G.
The following definition doesn’t depend on the choice of G:

Definition
Let M € Mod,,»(Dx) be specializable along a submanifold Y. The
specialized of M along Y is the coherent Dr, x-module defined by:

vy (M) = Dryx @pyy g © ' grve(M).
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Specialization for D -modules

Let G be a section of the canonical morphism C — C/Z.

Fix on C the lexicographical order.

Let M be a specializable Dx-module and denote by V(M) a
V-filtration of M admitting a b-function whose zeros are contained in

G.
The following definition doesn’t depend on the choice of G:

Definition
Let M € Mod,,»(Dx) be specializable along a submanifold Y. The
specialized of M along Y is the coherent Dr, x-module defined by:

vy (M) = Dryx @pyy g © ' grve(M).

(Vy(Dx/Dx(T(i), — (\)) = D’/'Y)(/D'/') ‘x(T(i),r — (P))
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Specialization for D -modules

Denoting by Mod,(Dy) the full abelian subcategory of
Mod,,;(Dx) of specializable Dx-modules along Y, we obtain an exact
functor
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Specialization for D -modules

Denoting by Mod,(Dy) the full abelian subcategory of
Mod,,;(Dx) of specializable Dx-modules along Y, we obtain an exact
functor

vy : Modg,(Dx) — Modeon(Dryx)
M > vy(M).
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Specialization for D -modules

Specialization for Dy-modules

A coherent D;}—module M is specializable along Y if, for each n > 0,
both , M and M,, are specializable Dx-modules along Y.
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Specialization for D -modules

Specialization for Dy-modules

A coherent D;}—module M is specializable along Y if, for each n > 0,
both , M and M,, are specializable Dx-modules along Y.

We note Modsp(D)ré) the category of specializable Df(/—modules.
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Specialization for D -modules

Specialization for Dy-modules

A coherent D;}—module M is specializable along Y if, for each n > 0,
both , M and M,, are specializable Dx-modules along Y.

We note Modsp(D)ré) the category of specializable Df(/—modules.

Given M € Mod,,(D%), we define the specialized of M along Y as:

VE(M) = limyy (M,).

n>0
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Specialization for D -modules

Specialization for Dy-modules.

Indeed, we may prove that the specialized defines an exact func-
tor

vl - Mody, (DY) — Modeon (D, x).
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Specialization for D -modules

Specialization for Dy-modules.

Indeed, we may prove that the specialized defines an exact func-
tor

vl - Mody, (DY) — Modeon (D, x).

Proposition

Let M be an h-torsion DE-module. Then M is specializable as a
Df}-module if and only if M is specializable in the Dy-modules
sense. Moreover, if M is specializable then v}(M) ~ vy(M) in
MOdcoh (DTyX ) .

Ana Rita Martins Extension of functors for algebras of formal deformation



Specialization for D -modules

Proposition
Let M be a coherent D}-module. Then the following properties are
equivalent:

@ M is a specializable D-module;

@ M is a specializable Dx-module;

© M, is specializable as a Dy-module, for each n > 0.
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Specialization for D -modules

Examples

Let X = C™, for some m € N, with coordinates (¢, X1, ..., Xu—1),
and Y = {(t,x1,...,xy—1) € C" : t = 0}.
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Specialization for D -modules

Examples

Let X = C™, for some m € N, with coordinates (¢, X1, ..., Xu—1),
and Y = {(t,x1,...,xy—1) € C" : t = 0}.

Let M ~ D;} /J, for a coherent ideal 7.
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Specialization for D -modules

Examples

Let X = C™, for some m € N, with coordinates (¢, X1, ..., Xu—1),
and Y = {(t,x1,...,xy—1) € C" : t = 0}.

Let M ~ D;} /J, for a coherent ideal 7.

One has
D}

M= Dl 1 7
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Specialization for D -modules

Examples

Suppose that M = D& /Db(19,), where b(s) is a polynomial in
C"s],

b(s) = ai(h)s’,
i=0

for some m € N and, fori > 0, a;(h) := ijo a,-jh" e Ch,
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Specialization for D -modules

Examples

Suppose that M = D& /Db(19,), where b(s) is a polynomial in
C"s],

for some m € N and, fori > 0, a;(h) := ijo a,-jh" e Ch,
Set bo(s) = Y1 aios'.
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Specialization for D -modules

Examples

Suppose that M = D& /Db(19,), where b(s) is a polynomial in
C"s],

for some m € N and, fori > 0, a;(h) := ijo a,-jh" e Ch,
Set bo(s) = Y1 aios'.

Since M ~ Dx /Dxbo(td;), M is specializable if and only if by(s) is
a non zero polynomial in C[s].
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Specialization for D -modules

Examples

Suppose that M = D& /Db(19,), where b(s) is a polynomial in
C"s],

for some m € N and, fori > 0, a;(h) := ijo a,-jh" e Ch,
Set bo(s) = Y1 aios'.

Since M ~ Dx /Dxbo(td;), M is specializable if and only if by(s) is
a non zero polynomial in C[s].

Example

Let M = D} /DE(htd; + 1).
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Specialization for D -modules

Examples

Suppose that M = D& /Db(19,), where b(s) is a polynomial in
C"s],

for some m € N and, fori > 0, a;(h) := ijo a,-jh" e Ch,
Set bo(s) = Y1 aios'.

Since M ~ Dx /Dxbo(td;), M is specializable if and only if by(s) is
a non zero polynomial in C[s].

Example

Let M = D} /DE(ht0; + 1).Clearly My = 0 hence M,, = 0 for
every n, which entails v}( M) = 0.
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Specialization for D -modules

Assume that 7 = DE(10, — h).
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Specialization for D -modules

Example

Assume that 7 = DE(10, — h).
It is not hard to prove that M, can be identified with Dy /Dx (t9,)" .
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ation for D'*-modules

Example

Assume that 7 = DE(10, — h).
It is not hard to prove that M, can be identified with Dy /Dx (t9,)" .

Therefore, denoting by (x, 7) the associated coordinates in Ty X, we
obtain vy(M,) =~ Dr,x/Dr,x(70,)""! and it follows that

h

h _ 1 Dryx
Y =an W= Bh (29 B
) ln ) & Dy, x (70 — h)
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Specialization for D -modules

The (regular) holonomic case.

Recall that following [DGS] an object M € Dfoh(Df() is holo-
nomic (resp. regular holonomic) if gr,(M) is an object of D? (Dy)
(resp. D?,(Dx) ).
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Specialization for D -modules

The (regular) holonomic case.

Recall that following [DGS] an object M € Dfoh(Df() is holo-
nomic (resp. regular holonomic) if gr,(M) is an object of D? (Dy)
(resp. D?,(Dx) ).

Moreover, every holonomic Dx-module is specializable along
any submanifold Y, and the specialized is also a holonomic module.
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Specialization for D -modules

The (regular) holonomic case.

Recall that following [DGS] an object M € ch’oh(Df() is holo-
nomic (resp. regular holonomic) if gr,(M) is an object of D? (Dy)
(resp. D?,(Dx) ).

Moreover, every holonomic Dx-module is specializable along
any submanifold Y, and the specialized is also a holonomic module.

Similarly, we have:

Any holonomic D;}—module M is specializable along any
submanifold Y. Moreover v}(M) is a holonomic D}, y-module. If M
is regular holonomic, so is vj(M).
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Specialization for D -modules

Comparison Theorems

Recall that Kashiwara constructed for a regular holonomic Dy-
module M (or, more generally, for an object of Dlr’h(DX)), canonical
isomorphisms in D?(Cr,x)

Solpy,x (vy(M)) =~ vy(Solpy (M)),
DRDTyX(Vy(M)) VY(DRDX(M))'

12

Ana Rita Martins Extension of functors for algebras of formal deformation



Specialization for D -modules

Comparison Theorems

Recall that Kashiwara constructed for a regular holonomic Dy-
module M (or, more generally, for an object of Dlr’h(DX)), canonical
isomorphisms in D?(Cr,x)

Solpy,x (vy(M)) =~ vy(Solpy (M)),
DRDTyX(VY(M)) VY(DRDX(M))'

12

Theorem

For M a regular holonomic DJ-module, there are canonical
isomorphisms in D%__(C}. »):

O DR;(v}(M)) ~ vy(DRy(M));

@ Soly(VE(M)) =~ vy(Solp(M)).

Ana Rita Martins Extension of functors for algebras of formal deformation



Specialization for D -modules

Our main tools were:

Lemma

Let 0 — M’ % M % M” = 0 be an exact sequence in Mod (D)
and suppose that M” has no h-torsion. Then, for each n > 0, the
sequence of (D),-modules:

0— M, B M, B M0, 3.1)

1s exact.
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Specialization for D -modules

Let M be a D)h(’—module. Then, for each n > 0, the following
sequence is exact:

0 — Mp—tor, = My = Mp—y, — 0.
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Specialization for D -modules

Let M be a D)h(’—module. Then, for each n > 0, the following
sequence is exact:

0 — Mp—tor, = My = Mp—y, — 0.

e the exactness of I'(K, -) for K belonging to the family of Stein
compact subsets of X;
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Specialization for D" -modules

Let M be a D)h(’—module. Then, for each n > 0, the following
sequence is exact:

0 = Mp—ior, = Mp — Mh—zfn — 0.

e the exactness of I'(K, -) for K belonging to the family of Stein
compact subsets of X;

o the exactness of projective limit on the category of projective
systems satisfying Mittag-Lefler’s condition;
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ation for D'*-modules

Let M be a D)h(’—module. Then, for each n > 0, the following
sequence is exact:

0 = Mp—ior, = Mp — Mh—zfn — 0.

e the exactness of I'(K, -) for K belonging to the family of Stein
compact subsets of X;

o the exactness of projective limit on the category of projective
systems satisfying Mittag-Lefler’s condition;

o the subcategory of specializable Dx-modules is a Serre
subcategory of Mod,,;(Dx);
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Specialization for D -modules

Let M be a D)h(’—module. Then, for each n > 0, the following
sequence is exact:

0 = Mp—ior, = Mp — Mh—zfn — 0.

e the exactness of I'(K, -) for K belonging to the family of Stein
compact subsets of X;

o the exactness of projective limit on the category of projective
systems satisfying Mittag-Lefler’s condition;

o the subcategory of specializable Dx-modules is a Serre
subcategory of Mod,,;(Dx);

o the family {, M}, is locally stationary for coherent D%-modules,
that is, locally there exists N > 1 such that AYN Mj,_,, = 0.
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Extension functors

Extension Functors

Let A be a K[[h]]-algebra satisfying either (i), (ii) and (iii) or
(i), (ii) and (iv) of the following Assumption:

Assumption 1

Consider the following conditions:

(i) A has no h-torsion and is h-complete,
(i1) Ay is a left Noetherian ring,

(iii) there exists a basis BB of open subsets of X such that for any
U € B and any coherent (Ag|y)-module F we have
H"(U; F) = 0 for any n > 0,
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Extension functors

(iv) there exists a basis B of compact subsets of X and a prestack

U — Mod,oq(Ao|u) (U open in X) such that

(a) for any K € B and an open subset U such that K C U, there
exists K’ € B such that K C Int(K') C K' C U,

(b) U — Mod,peq(Aply) is a full subprestack of
U+— Modmh(Ao|U),

(c) for an open subset U and M € Mod,..;(Ao|v), if M|y belongs
to Modgeeq(Ao|v) for any relatively compact open subset V of
U, then M belongs to Modg,ea (Aol ),

(d) for any U open in X, Modg,.q(Ao|v) is stable by subobjects (and
hence, by quotient) in Mod,o (Ao |v),

(e) forany K € B, any open set U containing K, any
M € Modgpea(Ao|y) and any j > 0, one has H/(K; M) = 0,

(f) for any M € Mod,,;(Ap|v), there exists an open covering
U = |J; U; such that M|y, € Modgpeq(Ao|u,)s

(g) AO € MOdgnod(A0)~
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Extension functors

Let be given and fixed a full Serre subcategory S of Mod,;(.A).
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Extension functors

Let be given and fixed a full Serre subcategory S of Mod,;(.A).

We shall denote by S,,, for each n € Ny, the full Serre subcate-
gory of Mod,.,(Ay):

Sy = S N Modon(Ay).
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Extension functors

Let be given and fixed a full Serre subcategory S of Mod,;(.A).

We shall denote by S,,, for each n € Ny, the full Serre subcate-
gory of Mod,.,(Ay):

Sy = S N Modon(Ay).
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Extension functors

We denote by Mods(.A) the full subcategory of Mod,,;(.A) consisting
of A-modules M such that, for each n > 0, the complex g} (M)
belongs to Dg(/l), that is, both ,, M and M,, are objects of S,,.
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Extension functors

Definition

We denote by Mods(.A) the full subcategory of Mod,,;(.A) consisting
of A-modules M such that, for each n > 0, the complex g} (M)
belongs to Df’g(/l), that is, both ,, M and M,, are objects of S,,.

Proposition

| A\

Let M be an h-torsion .A-module. Then the following properties are
equivalent:
O M € Mods(A);

@ Locally there exists an integer N € N such that M is an
Apy-module and M € Sy.

A\
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Extension functors

Proposition

Given an A-module M, the following properties are equivalent:
@ M is an object of the category Mods(.A);
O My e So;
O M, cS,, foreachn > 0.
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Extension functors

Proposition

Given an A-module M, the following properties are equivalent:
@ M is an object of the category Mods(.A);
O My e So;
O M, cS,, foreachn > 0.

| A

Proposition

Mods(.A) is a Serre subcategory of Mod,.,,(.A) and, in particular, it is
abelian.
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Extension functors

Extension of right exact functors

Let Y denote another complex analytic manifold and A" a K[[A]]-
algebra on Y satisfying Assumption 1.
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Extension functors

Extension of right exact functors

Let Y denote another complex analytic manifold and A" a K[[A]]-
algebra on Y satisfying Assumption 1.

Let S’ be a full abelian subcategory of Mod(.A’) and, for each
n € Ny, note as above S, = &’ N Mod(A),).
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Extension functors

Extension of right exact functors

Let Y denote another complex analytic manifold and A" a K[[A]]-
algebra on Y satisfying Assumption 1.

Let S’ be a full abelian subcategory of Mod(.A’) and, for each
n € Ny, note as above S, = &’ N Mod(A),).
Assume moreover that S’ satisfies the following Assumption:

Each M € §'|y admits, for each y € U, an open neighborhood V of

y, such that for each submodule A of M
V, then /(K; N') = 0, for any j > 0.

v, if K € B’ is contained in
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Extension functors

Extension of right exact functors

Let Y denote another complex analytic manifold and A" a K[[A]]-
algebra on Y satisfying Assumption 1.

Let S’ be a full abelian subcategory of Mod(.A’) and, for each
n € Ny, note as above S, = &’ N Mod(A),).
Assume moreover that S’ satisfies the following Assumption:

Each M € §'|y admits, for each y € U, an open neighborhood V of

y, such that for each submodule N of M|y, if K € B’ is contained in

V, then /(K; N') = 0, for any j > 0.

Recall that this condition is satisfied when the objects of S’ are cohe-
rent A-modules.
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Extension functors

Let us consider a K[[A]]-linear functor F : S — S'.
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Extension functors

Let us consider a K[[A]]-linear functor F : S — S'.
(If "M = 0 then A" F(M) = 0 hence F,, := F
values in S).)

s, takes
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Extension functors

Let us consider a K[[A]]-linear functor F : S — S'.
(If "M = 0 then A" F(M) = 0 hence F,, := F
values in S).)

s, takes

Let M € Mods(A).
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Extension functors

Let us consider a K[[A]]-linear functor F : S — S'.
(If "M = 0 then A" F(M) = 0 hence F,, := F
values in S).)

s, takes

Let M € Mods(A).

Since Mod(.A})) is equivalent to the full subcategory of Mod(.A")
consisting of modules N satisfying #"T' N = 0, the structure of A’-
module on F,(M,) is compatible with the transition morphisms.
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Extension functors

Let us consider a K[[A]]-linear functor F : S — S'.
(If "M = 0 then A" F(M) = 0 hence F,, := F
values in S).)

s, takes

Let M € Mods(A).

Since Mod(.A})) is equivalent to the full subcategory of Mod(.A")
consisting of modules N satisfying #"T' N = 0, the structure of A’-
module on F,(M,) is compatible with the transition morphisms.

Therefore (F,,(M,), Fn(px,n)) is a projective system of

A’-modules which provides a structure of .A’ module on mF, (M,).
n>0
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Extension functors

We denote by F" the functor from Mods(.A) to Mod(.A’) defined as
follows:
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Extension functors

We denote by F" the functor from Mods(.A) to Mod(.A’) defined as
follows:

@ For M € Mods(A),
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Extension functors

We denote by F" the functor from Mods(.A) to Mod(.A’) defined as
follows:

@ For M € Mods(A),

@ Given a morphism f : M — A in Mods(A),
F'(f) : F*(M) — F"(N)

is the morphism associated to the morphisms

Fa( M) 252 B (AG).
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Extension functors

Proposition

Let M be an h-torsion .A-module in Modgs(.A). Then, for any integer
N such that locally AN +! M = 0, one has F*(M) ~ Fy(M) in
Mod(A}).
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Extension functors

Proposition

Let M be an h-torsion .A-module in Modgs(.A). Then, for any integer
N such that locally AN +! M = 0, one has F*(M) ~ Fy(M) in
Mod(A}).

Let us assume that F is right exact.
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Extension functors

Proposition

Let M be an h-torsion .A-module in Modgs(.A). Then, for any integer
N such that locally AN +! M = 0, one has F*(M) ~ Fy(M) in
Mod(A}).

Let us assume that F is right exact.

Let us denote by o, : F*(M) = lglFm(/\/lm) — F,(M,) the
m>0
canonical projection.
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Extension functors

Proposition

Let M be an h-torsion .A-module in Modgs(.A). Then, for any integer
N such that locally AN +! M = 0, one has F*(M) ~ Fy(M) in
Mod(A}).

Let us assume that F is right exact.

Let us denote by o, : F*(M) = lglFm(/\/lm) — F,(M,) the
m>0
canonical projection.

Since A*HF, (M) =0, g, induces a morphism

Py : F'(M), = F* (M) /HTTF (M) — Fo(M,).
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Extension functors

Let M € Mods(A). Then:
(i) Vn € No, P, : F'(M) /R FIFM (M) =5 F(M/RIM) is an
isomorphism. In particular, F(M) is an h-complete
A’-module.
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Extension functors

Let M € Mods(A). Then:
(i) Vn € No, P, : F'(M) /R FIFM (M) =5 F(M/RIM) is an
isomorphism. In particular, F(M) is an h-complete
A’-module.

(i1) There exists a basis of subsets 2 € B’ such that

H(Q; F'(M)) =0, Vi > 0.
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Extension functors

Let M € Mods(A). Then:
(i) Vn € No, P, : F'(M) /R FIFM (M) =5 F(M/RIM) is an
isomorphism. In particular, F(M) is an h-complete
A’-module.

(i1) There exists a basis of subsets 2 € B’ such that

H(Q; F'(M)) =0, Vi > 0.

The functor F” is right exact.
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Extension functors

For M € Mods(.A) the sequence below is exact:

Fh(thtor) — Fh(M) — Fh(Mh*lf) — 0.
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Extension functors

Corollary

For M € Mods(.A) the sequence below is exact:

Fh(thtor) — Fh(M) — Fh(Mh*lf) — 0.

Proposition

Let us assume that S’ is a Serre subcategory of Mod,.,,(A’).
Then for every M € Mods(.A), F"(M) belongs to Mod s/ (A’).
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Extension functors

Extension of exact functors

In this case that F' is exact we have the following:

Given M € Mods(A), if M is h-torsion free then so is F"(M).
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Extension functors

Extension of exact functors

In this case that F' is exact we have the following:

Given M € Mods(A), if M is h-torsion free then so is F"(M).

F" is also an exact functor.
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Extension functors

To prove this we need the following results:
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Extension functors

To prove this we need the following results:

The sequence of A’-modules

0 — F'(Mpy_sor) = F'(M) = F'(Mj_y) — 0 4.1)

18 exact.
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Extension functors

To prove this we need the following results:

The sequence of A’-modules

0 — F'(Mpy_sor) = F'(M) = F'(Mj_y) — 0 4.1)

18 exact.

For any M € Mods(A), F"(M) is che.

Ana Rita Martins Extension of functors for algebras of formal deformation



Extension functors

For every M € Mods(.A) and n > 0 one has

n(Fh(M)) >~ Fp(pM).
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Extension functors

Corollary

For every M € Mods(.A) and n > 0 one has

n(Fh(M)) >~ Fp(pM).

Corollary

For every M € Mods(.A) and n > 0, we have a family of
isomorphisms in D?(A!) :

Higri(FM(M)) ~ F,(H/gri(M)), Vj.

Ana Rita Martins Extension of functors for algebras of formal deformation



Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if
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Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if

H (gr}G(M)) ~ F,(H'gr}(M)), Vj € Z, n € Ny.
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Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if

H (gr}G(M)) ~ F,(H'gr}(M)), Vj € Z, n € Ny.

Let G be such an extension.
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Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if

H (gr}G(M)) ~ F,(H'gr}(M)), Vj € Z, n € Ny.

Let G be such an extension.
We obtain a canonical morphism for each M € Mods(.A):

G(M) = lim(F(M)), =~ lim F,(M,).

n
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Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if

H (gr}G(M)) ~ F,(H'gr}(M)), Vj € Z, n € Ny.

Let G be such an extension.
We obtain a canonical morphism for each M € Mods(.A):

G(M) = lim(F(M)), = lim Fy(M,). 42

This morphism induces a canonical morphism G(M) — F"(M).
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Extension functors

Given a functor G : Mods(.A) — Mod(A") and a functor F :
S — &', we shall say that G extends F if

H (gr}G(M)) ~ F,(H'gr}(M)), Vj € Z, n € Ny.

Let G be such an extension.
We obtain a canonical morphism for each M € Mods(.A):

GM) — lim(F(M)), = lim F, (M,). @42)
This morphism induces a canonical morphism G(M) — F"(M).

Therefore, such an extension, if it exists and takes values in the
category of chc objects, is unique up to isomorphism.
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Extension functors

Theorem

Let X and Y be complex manifolds, let A (resp. A’) be a formal
deformation algebra on X (resp. on Y) and let S (resp. S’) be a full
Serre subcategory of Mod,,;(.A) (resp. a full abelian subcategory of
Mod(A’) satisfying the Assumption 2).
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Extension functors

Theorem

Let X and Y be complex manifolds, let A (resp. A’) be a formal
deformation algebra on X (resp. on Y) and let S (resp. S’) be a full
Serre subcategory of Mod,,;(.A) (resp. a full abelian subcategory of
Mod(A’) satisfying the Assumption 2).

Let F : S — S’ be a right exact functor.
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Extension functors

Theorem

Let X and Y be complex manifolds, let A (resp. A’) be a formal
deformation algebra on X (resp. on Y) and let S (resp. S’) be a full
Serre subcategory of Mod,,;(.A) (resp. a full abelian subcategory of
Mod(A’) satisfying the Assumption 2).

Let F : S — S’ be a right exact functor.
Then F defines canonically a right exact functor

F": Mods(A) — Mod(A')
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Extension functors

Theorem

Let X and Y be complex manifolds, let A (resp. A’) be a formal
deformation algebra on X (resp. on Y) and let S (resp. S’) be a full
Serre subcategory of Mod,,;(.A) (resp. a full abelian subcategory of
Mod(A’) satisfying the Assumption 2).

Let F : S — S’ be a right exact functor.
Then F defines canonically a right exact functor

F": Mods(A) — Mod(A')

and when S’ is a Serre subcategory of Mod, ., (A’), F " takes values in
MOdS/ (.A,)
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Extension functors

Theorem

Let X and Y be complex manifolds, let A (resp. A’) be a formal
deformation algebra on X (resp. on Y) and let S (resp. S’) be a full
Serre subcategory of Mod,,;(.A) (resp. a full abelian subcategory of
Mod(A’) satisfying the Assumption 2).

Let F : S — S’ be a right exact functor.
Then F defines canonically a right exact functor

F": Mods(A) — Mod(A')

and when S’ is a Serre subcategory of Mod, ., (A’), F " takes values in
Modgl (.A,)

Moreover, when F is exact, F" is an exact functor Mods(.A) —
Mod(A’) and is the unique extension of F.
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