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Introduction and Motivation
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N —
INVARIANTS IN SINGULARITY THEORY

Let f € C[x] = C|xo, . .., xs] be a polynomial.
p € C™1 s said to be singularif p e V(f, 2L of ).

Y 0xp? " " Oxp

Le)x-—a+§EmE-p =0

C? P

In order to try to study the singular points ~» invariants.

Two hypersurfaces X = V(f) e Y = V(g) are said to be
topologically equivalent (at p € C™1) if there exists U an open
neighborhood of p such that as pairs (U, X N U) = (U, Y N U).
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Our interest
@ Monodromy of Picard-Lefschetz ¢ : HI(F,C) — H9(F,C).

@ The zeta function Z(f; t) provides partial information.
© Jordan blocks of the monodromy (with the semistable reduction).

4

‘ Milnor fibration ‘
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EHRESMANN’S FIBRATION THEOREM

Theorem ([Ehresmann])

Let f: M — N be a smooth mapping between two smooth manifolds
satisfying:

© f is a surjective submersion.
@ f is a proper map, (in particular if M is compact).
Then f is a locally trivial fibration.
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MILNOR FIBRATION

e Let (H,0) C (C"*1,0) be a germ of hypersurface singularity defined
by a holomorphic function f : U — C. This means that

H={xe U] f(x)=0}.

@ By Ehresmann’s Fibration Theorem, the restriction (0 < n << ¢)

fl: £71(Dy \ {0}) N B2"*? — D, \ {0}
is a locally trivial fibration for all € small enough.
Definition

The previous fibration is called the Milnor fibration of f and any of its
fibers F:= {x € C"™!: ||x|| < ¢, f(x) = n} is called the Milnor fiber.
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N —
MONODROMY ZETA FUNCTION

o Let h: F — F, @(0) — &(1) be the geometric monodromy. It is just
well defined up to homotopy.

(FIGURE — blackboard)
@ Denoted by ¢ := H9(h) : HI(F,C) — H9(F,C) the induced

automorphisms on the complex cohomology groups.

Definition (Lefschetz Numbers & Monodromy Zeta Function)

AR = (-1)9tr HI(h) € Q, (h*:=ho---0h)

q>0

Z(f: 1) =[] det(id” —t - HI())"V" € Q(Q[t])

q>0

char. poly. of Hi(h)

v
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N —
EMBEDDED RESOLUTION

Definition
An embedded resolution of (H,0) C (C™1,0) is a proper analytic
map 7 : X — (C"*1,0) such that:

@ X is a (smooth) manifold.

@ 7 is an isomorphism over X \ m1(Sing(H)).

© 7 !(H) is a hypersurface with normal crossings on X.

Normal Crossing Divisor
The third condition above means that 7= *(H) = (f o 7)~%(0) is locally
given by an equation of the form

my ) my
Xp e xe < =0.
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N —
A’CAaMPO’S FORMULA

o Let 7: X — (C"™1,0) be an embedded resolution of (H,0).

,
e Total transform: 7*(H) = H + Z m;E:
strict transform i=1

exceptional divisor

E :—E,\(E,m(U@uﬁ)).

@ Now, define

JF#i
Theorem ([A’Campo])
r r
NEY = 3D madB). 200 =[] - em e,
i=1, mj|k i=1
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N —
EXAMPLE OF A PLANE CURVE

Let us compute the characteristic polynomial of the complex monodromy
of f = x5+ y12 using A’ Campo’s formula. The following picture
represents an embedded resolution:

5,

o E;~P' = x(E)=2

» x(E2) =x(Es) = x(£) =0 2 6) = TT(1 — em ()
o x(£1) = x(E3) =1 (ft) E( t™)

o x(E)=-1
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N —
EXAMPLE OF A PLANE CURVE

This implies:

1—t°)(1—t12)
(1 — t99)

Z(f;t) =1 —t9)711 -5 - t12) = (

The following picture provides the same information:

_ e Zr PO [Veys]
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]
THE MAIN A1M

Questions:
@ How to formalize this idea of “contraction” of the exceptional divisors
which do not contribute to the monodromy zeta function?

@ Can one directly compute the simplified resolution (without
computing the standard one and then perform the contractions)?

© Does there exist a formula for calculating Z(f; t) using this new kind
of resolutions even in higher dimension?

The answer is YES in all cases‘

J. Martin-Morales (CUD Zaragoza) Z(f; t) for Embedded Q-Resolutions Iberian Meeting, Lisbon, 2011 12 / 32



1
Embedded Q-Resolution
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N —
EMBEDDED Q-RESOLUTION

Definition
An embedded Q-resolution of (H,0) C (C"*1,0) is a proper analytic
map 7 : X — (C"*1,0) such that:

@ X is a V-manifold with abelian quotient singularities.

@ 7 is an isomorphism over X \ 7~1(Sing(H)).

© 7 1(H) is a hypersurface with Q-normal crossings on X.

@-Normal Crossing Divisor ([Steenbrink])

The third condition above means that 7=1(H) = (f o 7)~1(0) is locally
given by function of the form x;™ - ... x* : X(d; A) — C.

o X(d;A):=C"1 /1y, G C GL(n+ 1,C) abelian group acting
diagonally

J. Martin-Morales (CUD Zaragoza) Z(f; t) for Embedded Q-Resolutions Iberian Meeting, Lisbon, 2011 14 / 32



]
CLASSICAL BLOW-UP OF C?

Consider

C? = {((oy),[u:v]) € C2x P! | (x,y) € [u:v]}.
e Then 7 : C2 — C2 is an isomorphism over C2 \ m1(0).

o The exceptional divisor E := w~1(0) is identified with PL.

The space C2 = U1 U Us can be covered by 2 charts each of them
isomorphic to C2.

C? = U={u#0} c C?
(xy) = ((oxy), (L))
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]
BEHAVIOR OF 7 : C2 — (2

C? C?
RN O O 0
- . e .
smooth ‘ ‘ ‘ ‘ smooth
f=az+py
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|
WEIGHTED (p, g)-BLOW-UPS OF C?

Let w = (p, q) be a weight vector with coprime entries. As above,
consider the space

C2 = {((xy)[u:v]l) € CPx BL | (x,y) € [u: v],}.
o Then 7 : C2 — C2 is an isomorphism over C2 \ 7~1(0).
e The exceptional divisor E := w=1(0) is identified with P .

The space @f, = U1 U U, can be covered by 2 charts. For instance,
the first chart is given by

Ist chart | X(p; —1,q) —» Up={u#0} c C2,
(o] = (P xy),[1: ylw)
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2
The Main Result
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GENERALIZED A’CAMPO’S FORMULA

Teorema

Let Xo = 7 1(H) be the total transform and S = 7~%(0) the exceptional
divisor. Consider Sp, 4 to be the set

scs the local equation of Xp in s is given by the well-defined
function x™ : X(d; ao, ...,an) = C. '

Then, the monodromy zeta function of the complex monodromy of the
hypersurface (H,0) is

Z(f;t) = [J(1 — e/ )xma),

m,d
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N —
COMMENTS ABOUT THE PROOF OF THE THEOREM

© One way to proceed is to rebuild A'Campo’s paper, thus giving a
model of the Milnor fibration in our setting. This method is very
natural but perhaps a bit long and tedious.

@ In [GLM], the authors give a generalization of A’Campo’s formula for
the monodromy zeta function via partial resolution but the ambient
space considered there is smooth and the proof can not be
generalized to an arbitrary analytic variety.

© That is why a very general result by Dimca is used instead.
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N —
COMMENTS ABOUT PROOF OF THE THEOREM

Theorem ([Dimcal)
© Assume 7 : X — U is a proper analytic map such that 7 induces an
isomorphism between X \ 771(H) and U\ H.
@ Let g = f o7 denote the composition and j : X \ 7~ }(H) < X the
inclusion.

© Let S be a finite stratification of the exceptional divisor 7~%(0) such
that 0, (RL.C 1(H)) is equivariantly S-constructible with respect
to the semisimple part of M.

Then,
z2(F) = T] Z(g, xs),
ses
where xs is an arbitrary point in the stratum S and Z(g, xs) is the zeta
function of the germ g at xs.

v
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MONODROMY ZETA FUNCTION OF A Q-NORMAL
CROSSING DIVISOR

Lemma

The monodromy zeta function of a normal crossing divisor given by
M eexk e X(dyA) - C k> 1 s

my
T —1-
Z(xfl-...-x,'("k:X(d;A)—)C;t):{i e Z>;

where [; = lcm <dl d,>
! ged(di,a11)’ ged(dr,an) /)
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3
Applications and Examples
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N —
EXAMPLES 1

Let f = xP + y9 and assume that e = gcd(p, q), p = p1e and g = qie.

Consider 7 : (E%ql p) C? the weighted blow-up at the origin.
Uo (e) Uy
@ - ® m = piqi€
(q1;—1,p1) ‘ ‘ ‘ ‘ (p1;q1,—1)

The set Sp, 4 is not empty for (m, d) = (pi1g1e, 1), (p1qie, q1),
(p1g1e, p1). Their Euler characteristics are

X(Sprgre1) =2 — (e +2) = —e, X(Sprarear) = X(Sprgre.pn) = 1.
Now, we apply A'Campo’s formula and obtain

(1—tP)(1—1t9)
(1—t¥)

Z(f;t) =
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N —
EXAMPLE 2

@ Assume p1/q1 < p2/q2 are two irreducible fractions and
gcd(q1, g2) = 1. Let C be the complex plane curve with Puiseux
expansion
P )
Yy =X + x%2.
o Consider 7y : @2(q1, p1) — C2 the weighted blow-up at the origin of
type (g1, p1).
@ Let m be the weighted blow-up at P of type (g2, p2g1 — p1g2). Then
the composition 71 o m defines an embedded Q-resolution.

(q2) o ~
C

C
&o — & 50

(@) P (p) (q1) &1 (p1)
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N —
EXAMPLE 2

@ The corresponding Euler characteristics are

X(&o \ {3 points}) = x(&1 \ {3 points}) = —1
and x = 1 for the three singular points.

o Note that the singular point of type (p2g1 — p1g2) does not
contribute to the monodromy zeta function, since it belongs to more
than one divisor.

(t — 1) (tP1q1t72 _ 1) (tQ2(p1q1q2+p2q1—p1q2) . 1)

A(t) = (tp]_qz _ 1) (tq1q2 — 1) (tp1q1<J2+pzqrp1qz — 1)

@ One can find a formula for the characteristic polynomial of an
irreducible plane curve with arbitrary Puiseux pairs.
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Why Abelian?
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-
D; AS A QUOTIENT SINGULARITY

Let C? with coordinate (x, y) and consider the subgroup of GL(2,C)
generated by the matrices

i 0 0 -1
=l %) =)
Thus A2 = B2 = (AB)? = —Ids.

Definition
This group of order 8, often denoted by BDg, is called the binary dihedral
group. The quotient singularity C2/BDg is denoted by Dj.
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|
ZETA FUNCTION OF f := (xy)™: Dy — C

The action BDg on C? extends naturally to an action on C2 such that the
induced map 7 : C2/BDg — C?/BDg =: D, defines an embedded
Q-resolution of {f =0} C Ds.

2:1,1 _ 1m/2)2 _ 4m/2
e e e T I e it
L1 (21,1 P 1-t 1+t

m

In particular, Z(t) is not trivial although f defines a “double point” on Dj.

Conclusion

Finite abelian groups are the largest family for which the generalized
A'Campo’s formula can be applied.
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N —
WORK IN PROGRESS

@ Give a method for computing the mixed Hodge structure on the
cohomology of the Milnor fiber in terms of the semistable reduction
of an embedded Q-resolution (following Steenbrink's ideas).

@ Calculate an embedded Q-resolution for (weighted) Yomdin-Lé&
surface singularities so as to apply the previous item and compute
the MHS associated with this family of singularities, as in [Artal].

© |In relation to the monodromy conjecture, it could be interesting to

find a formula for the topological zeta function in terms of an
embedded Q-resolution, see [Veys].
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