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Notations

Notations

X denotes a complex analytic manifold of dimension dx
O'x denotes the ring of holomorphic functions on X
Px denotes the ring of holomorphic differential operators on X

Qx denotes the sheaf of differential forms of maximal degree on
X

» SS(F') denotes the microsupport of a sheaf F’

» char(.#) denotes the characteristic variety of a coherent

Dx-module A
C" := C][h]] denotes the ring of formal power series in h

» CM™loc .= C((h)) denotes the field of Laurent series in h
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Formal extensions

Formal extensions

Consider the left exact functor

()"

Mod(Cx) — Mod(C%),
F +— F'.=

ﬁ(F ® Ch /h"Ck).
In particular one obtains the ring @f{ of holomorphic differential
operators with a formal parameter 7

N
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Formal extensions

Formal extensions

Consider the left exact functor:
(¢)":Mod(Cx) — Mod(CY),
F +— F":=lim(F®Ck/mCh).

lim
o
In particular one obtains the ring @?{ of holomorphic differential

operators with a formal parameter 7.

The right derived functor («)R": DP(Cx) — DP(C%) is called the
formal extension functor.
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Formal extensions

Formal extensions

Consider the left exact functor:
(+)":Mod(Cx) — Mod(C%),
F +— F":=lim(F®Ck/mCh).

lim
<_

In particular one obtains the ring @g} of holomorphic differential
operators with a formal parameter 7.

The right derived functor («)R": DP(Cx) — DP(C%) is called the
formal extension functor.

Proposition: [A. D’Agnolo, S. Guillermou, P. Schapira]

The objects belonging to the categories Modg_.(Cx ), Modcon(Ox)
and Mod.on(Zx) are acyclic for the functor («)".
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Formal extensions

Formal extensions
Consider the left exact functor:
(+)":Mod(Cx) — Mod(C%),
F — FI.= <Ln(F ®Ch /hnCh).

In particular one obtains the ring @f{ of holomorphic differential
operators with a formal parameter 7.

The right derived functor («)R": DP(Cx) — DP(C%) is called the
formal extension functor.

Proposition: [A. D’Agnolo, S. Guillermou, P. Schapira]

The objects belonging to the categories Modg_.(Cx ), Modcon(Ox)

and Mod.on(Zx) are acyclic for the functor («)".

Lemma:
For F,G € D(Cx) we have an isomorphism in DP(C%):

Rtom ¢ (F, GRMY ~ RAtom ¢ (F, G)Rh
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Cohomologically complete objects

Cohomologically complete objects
Definition:

One says that F' € D°(C"%) is cohomologically complete if
Rotom ¢, (€%, F) vanishes.
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Cohomologically complete objects

Cohomologically complete objects

Definition:

One says that F' € D°(C"%) is cohomologically complete if
Rotom ¢, (€%, F) vanishes.

Properties:

1. Coherent 2%-modules and R-constructible sheaves of
CP-modules are cohomologically complete.
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Cohomologically complete objects

Cohomologically complete objects

Definition:
One says that F' € D°(C"%) is cohomologically complete if
Rotom ¢, (€%, F) vanishes.

Properties:

1. Coherent 2%-modules and R-constructible sheaves of
CP-modules are cohomologically complete.

2. If F € DP(C%) is cohomologically complete, then
Rﬂomcg (G, F) is cohomologically complete for any
G € DP(Ch.).
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Cohomologically complete objects

Cohomologically complete objects

Definition:
One says that F' € D°(C"%) is cohomologically complete if
Rotom ¢, (€%, F) vanishes.

Properties:

1. Coherent 2%-modules and R-constructible sheaves of
CP-modules are cohomologically complete.

2. If F € DP(C%) is cohomologically complete, then
Rc%”om@( (G, F) is cohomologically complete for any
G € DP(Ch.).

3. If F € DP(C%) is cohomologically complete and f: X — Y is a

morphism of complex manifolds, then Rf,F is cohomologically
complete.
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Cohomologically complete objects

Cohomologically complete objects

Definition:
One says that F' € D°(C"%) is cohomologically complete if
RAom cn, (€%, F) vanishes.

Properties:

1. Coherent 2%-modules and R-constructible sheaves of
C"-modules are cohomologically complete.

2. If F € DP(C%) is cohomologically complete, then
Rc%”om@( (G, F) is cohomologically complete for any
G € DP(Ch.).

3. If F € DP(C%) is cohomologically complete and f: X — Y is a
morphism of complex manifolds, then Rf,F is cohomologically
complete.

4. The formal extension FR" of any F' € DP(Cx) is cohomologically
complete.
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Cohomologically complete objects

Cohomologically complete objects

natural maps

Let f: X — Y be a morphism of complex manifolds and consider the

fe: XXy TY T, fq: X Xy T'Y - T*X,
and set T%Y = f,; {(T%X) C X xy T*Y.
f is said to be non-characteristic for F' € D®(C"y) if

TxY N fH(SS(F)) C X xy TyY.
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Cohomologically complete objects

Cohomologically complete objects

Let f: X — Y be a morphism of complex manifolds and consider the
natural maps

fe: XXy TY T, fq: X Xy T'Y - T*X,

and set T%Y = f,; {(T%X) C X xy T*Y.
f is said to be non-characteristic for F' € D*(C"y) if

TxY N fH(SS(F)) C X xy TyY.

Lemma:
If f is non-characteristic for a cohomologically complete object
F € DP(C"y), then f~1F is also cohomologically complete.
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Cohomologically complete objects

Cohomologically complete objects

Let f: X — Y be a morphism of complex manifolds and consider the
natural maps

fe: XXy TY T, fq: X Xy T'Y - T*X,

and set T%Y = f,; {(T%X) C X xy T*Y.
f is said to be non-characteristic for F' € D*(C"y) if

TxY N fH(SS(F)) C X xy TyY.

Lemma:
If f is non-characteristic for a cohomologically complete object
F € DP(C"y), then f~1F is also cohomologically complete.

Proof.

The result follows from the isomorphism

RAom e (CY°, ') = ['Rttom o), (CY°°, ).
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Graduate functor

Graduate functor

Consider also the right exact functor that associates to each
F € Mod(C%) the quotient F/hF € Mod(Cx).
Its left derived functor is called the graduate functor:

gry : D°(Ck) — D(Cx),

L
F F®C§((Cx.

N
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Graduate functor

Graduate functor

Consider also the right exact functor that associates to each
F € Mod(C%) the quotient F/hF € Mod(Cx).

Its left derived functor is called the graduate functor:

gr, : D*(Ck) — D(Cx),

L
F — }"—‘(g(cr1 CX.
X
Theorems: [M. Kashiwara, P. Schapira]

(a) The functor gry, is conservative when restricted to cohomologically
complete objects.
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Graduate functor

Graduate functor

Consider also the right exact functor that associates to each
F € Mod(C%) the quotient F/hF € Mod(Cx).
Its left derived functor is called the graduate functor:

gry 1 D"(Ck) — D"(Cx),
L

Theorems: [M. Kashiwara, P. Schapira]

(a) The functor gry, is conservative when restricted to cohomologically
complete objects.

(b) Assume that .# € D?(2%) is cohomologically complete and that
gry,(.#) belongs to D° | (Zx). Then, .# € DY, (2%).

coh coh
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Graduate functor

Graduate functor

Consider also the right exact functor that associates to each
F € Mod(C%) the quotient F/hF € Mod(Cx).
Its left derived functor is called the graduate functor:

gry : D’(C%) — D(Cx),
L
F — F(X)C;;((Cx.

Theorems: [M. Kashiwara, P. Schapira]

(a) The functor gry, is conservative when restricted to cohomologically
complete objects.

(b) Assume that .# € D?(2%) is cohomologically complete and that
gr, () belongs to D (Zx). Then, .# € Db, (7%).

(c) Assume that .# is a cohomologically complete 2% -module with
no fh-torsion such that .# /h.# is flat over Px. Then # is flat

over I,
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The inverse image extension

Extension of functors for algebras of formal deformations
Let X and X’ be complex manifolds and assume that B’ is a suitable
basis of compact subsets of X’'. Assume also that S (resp. &’) is a full

Serre subcategory of Modeon(Z%) (resp. S’ is full abelian subcategory
of Modcon(2%,) satisfying Condition 1).
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The inverse image extension

Extension of functors for algebras of formal deformations
Let X and X’ be complex manifolds and assume that B’ is a suitable
basis of compact subsets of X’'. Assume also that S (resp. &’) is a full
Serre subcategory of Modeon(Z%) (resp. S’ is full abelian subcategory
of Modcon(2%,) satisfying Condition 1).

Condition 1:

Each .# € §'|y admits for each y € U an open neighborhood V of y,
such that for each submodule .4 of .#|y, it K € B’ is contained in V'
then HI(K; #") = 0 for any j > 0.

Theorem: [A.R.Martins, T.M. Fernandes, D.R.]
Let F: S — S’ be a right exact functor. Then F defines canonically a
right exact functor

F": Mods(Z%) — Mod(2%.), M — F":=lim F(.4,),
and if S’ is a subcategory of Modeon(2%/) then F" takes values in
Mods: (2% ). Moreover, when F is exact, F" is also exact.
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The inverse image extension

The inverse image extension

Let f: X — Y be a morphism of complex manifolds. Consider the
right exact functor in the Z-modules framework:
i* : MOd(gy) — MOd(@)(),

-% = ﬁX ®f_1ﬁy f_]-%.

N
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The inverse image extension

The inverse image extension

Let f: X — Y be a morphism of complex manifolds. Consider the
right exact functor in the Z-modules framework:

i* : MOd(gy) — MOd(gx),
% = ﬁX ®f_1ﬁy f_]-%.

For our purpose we can consider S’ as the whole category of
Px-modules that satisfy Condition 1.

Proposition:
If ./ is a coherent Py-module, then f*(.#) is an object of S’
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The inverse image extension

The inverse image extension

Let f: X — Y be a morphism of complex manifolds. Consider the
right exact functor in the Z-modules framework:

i* : MOd(gy) — MOd(gx),
% = ﬁX ®f_1ﬁy f_l'%.

For our purpose we can consider S’ as the whole category of
Px-modules that satisfy Condition 1.

Proposition:
If ./ is a coherent Py-module, then f*(.#) is an object of S’

Corollary:
The functor f* extends canonically to a right exact functor:

£ Modeon (28)  —  Mod(Z%),
M A =l ().

i
n
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The inverse image in the derived category

Transfer module

object:

Let f: X — Y be a morphism of complex manifolds and consider the

—

H = Dx—yp = fM(PE) = lim(

n

Ox @10y [ (D4))-
We remark that ¢ is a (2%, f =1 2% )-bimodule.

N
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The inverse image in the derived category

Transfer module

object:

Let f: X — Y be a morphism of complex manifolds and consider the

—

H o= @)(—)y’h = f*’h(.@{i/) = lim(

Ox @10y [ (D4))-
We remark that ¢ is a (2%, f =1 2% )-bimodule.
Properties:

1. The formal extension (Zx—y)", regarded as a
(2%, f~128)-bimodule, is isomorphic to 7 .
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The inverse image in the derived category

Transfer module

object:

Let f: X — Y be a morphism of complex manifolds and consider the

—

H o= @)(—)y’h = f*’h(.@{i/) = lim(

Ox @16y [ (D3))
We remark that ¢ is a (2%, f =1 2% )-bimodule.
Properties:

1. The formal extension (Zx—y)", regarded as a
(2%, f~128)-bimodule, is isomorphic to 7 .
2. gI‘hL%/ >~ @X—>Y-




Functorial properties of @[[h]]-modules
L Inverse image of 2" modules

The inverse image in the derived category

Transfer module

Let f: X — Y be a morphism of complex manifolds and consider the

object:
H = Dx—yn=fMDE) =lim(Ox @414, [HDE))-
We remark that ¢ is a (2%, f =1 2% )-bimodule.

Properties:

1. The formal extension (Zx—y)", regarded as a
(2%, f~128)-bimodule, is isomorphic to 7 .

2. gl‘ht%/ >~ @X—>Y-

3. X is cohomologically complete.
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The inverse image in the derived category

Transfer module

Let f: X — Y be a morphism of complex manifolds and consider the
object:

H = Dx—yn = [MNPY) = (O @i p, [7H(DY))-

We remark that ¢ is a (2%, f =1 2% )-bimodule.
Properties:
1. The formal extension (Zx—y)", regarded as a
(2%, f~128)-bimodule, is isomorphic to 7 .
2. grh%/ >~ @X—>Y-

3. X is cohomologically complete.

coh

L
4. For each .# € D2, (2%), f®f_1(@§()f’l//{ is cohomologically
complete.
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The inverse image in the derived category

Transfer module
Let f: X — Y be a morphism of complex manifolds and consider the
object:

H = Dxyn = [MPY) =1m(Ox ©p1g, [ (D).

We remark that ¢ is a (2%, f =1 2% )-bimodule.
Properties:
1. The formal extension (Zx—y)", regarded as a
(2%, f~128)-bimodule, is isomorphic to 7 .
2. grh%/ >~ @X—>Y-

3. X is cohomologically complete.

coh

L
4. For each .# € D2, (2%), f®f_1(@§()f’l//{ is cohomologically
complete.

5. For each . € Modeon(24), f “"(_#) is cohomologically
complete.
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The inverse image in the derived category

Transfer module

Proof:

1. In fact the components of the projective limits coincide, that is, for
each n we have: Ix—y @ CX/W"Ch =~ Ox @; 10, f7H(T4,)-
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The inverse image in the derived category

Transfer module

Proof:

1. In fact the components of the projective limits coincide, that is, for

each n we have: Zx—y @ Ch /nnCh ~ 0 ®f-10, f~Y2L,).
2. It is a consequence of 1.
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The inverse image in the derived category

Transfer module

Proof:
1. In fact the components of the projective limits coincide, that is, for
each n we have: Ix—y @ CX/W"Ch =~ Ox @; 10, f7H(T4,)-

2. It is a consequence of 1.

3. The idea is to prove that 28", ~ 9% _ ~ 7.

u]
&)
I

i
it
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The inverse image in the derived category

Transfer module

Proof:

1. In fact the components of the projective limits coincide, that is, for
each n we have: Zx—y @ Ch /nnCh ~ 0 ®f-10, f~Y2L,).

2. It is a consequence of 1.

3. The idea is to prove that 28", ~ 9% _ ~ 7.

4. We can replace .# € D2, (2%) by a local free resolution of finite

. 18 . .. .
rank: @{} 4 4. Then we obtain a quasi-isomorphism:

:%/. Q1s%®f 1@hf 1%

and the result follows from 3.
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[
:

The inverse image in the derived category

5. Since . is a coherent Z-module we may consider a finite
presentation of .#:

@;}@M — @é’GBN — M — 0.
below:

Applying the right exact functor f"h we obtain the exact sequence

HEM — N M) — 0.
Since the category of cohomologically complete modules is thick, the
result follows from 3.




Functorial properties of @[[h]]-modules
L Inverse image of 2" modules
[
:

The inverse image in the derived category

The inverse image in the derived category
Proposition:

For .# € Modon(2%), we have an isomorphism in Mod(Z%):

H Dpr gy [l = [ A).
Proof:

Step 1: first we construct morphisms

H ®f—15‘h/ fﬁl/// — Ox ®f—lﬁy fﬁl%n-

Applying the universal property of projective limits we get the
canonical morphism (1)
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The inverse image in the derived category

The inverse image in the derived category

Proposition:
For .# € Modon(2%), we have an isomorphism in Mod(Z%):

H @i (an) fhat o ). (1)

Proof:

Step 1: first we construct morphisms
H ®f—16’{} fﬁl/// — Ox ®f—lﬁy fﬁl%n-

Applying the universal property of projective limits we get the
canonical morphism (1).

Step 2: if A is a free 2%-module of finite rank, say @Z,’@M, then (1)
is an isomorphism since both sides are isomorphic to .# ®M,
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:

The inverse image in the derived category

The inverse image in the derived category

Step 3: to prove the general case we take a finite presentation of .#:
@f}’@M — @{ﬁ’@N — M — 0.
Applying the right exact functors JZ° ®p-1gm f~'e and i*’h’ we get a
commutative diagram:

oM

z%/EBN %@f—l@}fg f_1%_>'0
{%/@M %EBN

The conclusion follows by the five lemma.

M) ——=0
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The inverse image in the derived category

The inverse image in the derived category
Step 3: to prove the general case we take a finite presentation of .#:

M — 98N — o — 0.

Applying the right exact functors JZ° ®p-1gm f~'e and i*,h, we get a
commutative diagram:

oM N %@f—l@g [t ——
oM eN fﬁ(‘//l) )
The conclusion follows by the five lemma.
Corollary:
The functor f* is left derivable and for .# € Db | (2%) we have:

L p#,h - L -1
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The case of non-characteristic modules

The case of non-characteristic modules

Recall that one says that f is non-characteristic for a coherent
Yy-module . if:

TxY N ftchar(#) € X xy TyY.
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The case of non-characteristic modules

The case of non-characteristic modules

Recall that one says that f is non-characteristic for a coherent
Yy-module . if:

TxY N ftchar(#) € X xy TyY.

Denote by NC(f) the full Serre subcategory of Modcon(Zy)
consisting of non-characteristic Zy-modules for f.

It is well-known that the functor f* restricted to NC(f) is an exact
functor that takes values in Modczh(@X).

u]
&)
I
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The case of non-characteristic modules

The case of non-characteristic modules

Recall that one says that f is non-characteristic for a coherent
Yy-module . if:

TxY N ftchar(#) € X xy TyY.

Denote by NC(f) the full Serre subcategory of Modcon(Zy)
consisting of non-characteristic Zy-modules for f.

It is well-known that the functor f* restricted to NC(f) is an exact
functor that takes values in Modczh(@X).

Corollary:
We have an exact functor f"h : Mod () (28) — Modeon(2%)-
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The case of non-characteristic modules

Cauchy-Kowalevsky-Kashiwara theorem

Theorem: [A.R. Martins, T. Monteiro Fernandes, D.R.]

Assume that .# is a non-characteristic Qﬁ—module. Then one has a
natural isomorphism in DP(C%):

fTIRAOm gy, (M, OF) = Rtom g (f*" (M), OF).

(2)

N



Functorial properties of @[[h]]-modules
L Inverse image of 2" modules

The case of non-characteristic modules

Cauchy-Kowalevsky-Kashiwara theorem

Theorem: [A.R. Martins, T. Monteiro Fernandes, D.R.]

Assume that .# is a non-characteristic @}@—module. Then one has a
natural isomorphism in DP(C%):

fTIRAOm gy, (M, OF) = Rtom g (f*" (M), OF). (2)

Proof:

Step 1: we define the morphism (2) using the canonical morphism
L L
JT'RAOm oy (M, OF) — RA0om g, (anf,l@;f—l///,Jmf,l%f—lﬁ{;)

and proving that the inverse image of 0% is O%.
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The case of non-characteristic modules

Cauchy-Kowalevsky-Kashiwara theorem

Theorem: [A.R. Martins, T. Monteiro Fernandes, D.R.]

Assume that .# is a non-characteristic @@—module. Then one has a
natural isomorphism in DP(C%):

fTIRAOm gy, (M, OF) = Rtom g (f*" (M), OF). (2)

Proof:

Step 1: we define the morphism (2) using the canonical morphism
L L
JT'RAOm oy (M, OF) — RA0om g, (anf,l@;f—l///,Jz/@f,l%f—lﬁ{;)

and proving that the inverse image of 07 is 0. Step 2: both sides
of (2) are cohomologically complete.
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The case of non-characteristic modules

Cauchy-Kowalevsky-Kashiwara theorem

Theorem: [A.R. Martins, T. Monteiro Fernandes, D.R.]

Assume that .# is a non-characteristic Qﬁ—module. Then one has a
natural isomorphism in DP(C%):

fTIRAOm gy, (M, OF) = Rtom g (f*" (M), OF). (2)

Proof:

Step 1: we define the morphism (2) using the canonical morphism
L L
JT'RAOm oy (M, OF) — RA0om g, (%®f,1@¢f‘1%7%®f,19¢f‘1ﬁ{})

and proving that the inverse image of 07 is 0. Step 2: both sides
of (2) are cohomologically complete. Step 3: when we apply gr, to
the morphism (2) we obtain the CKK isomorphism in the
Px-modules framework. Hence, (2) is also an isomorphism.
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Extraordinary inverse image

Extraordinary inverse image

Similarly to the case of Z-modules, one considers the duality functor
Dy, : D}

b

coh(-@?()op - Dcoh(@;i()v

M~ RAtom g (M, D% Doy QFH)[dx].
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Extraordinary inverse image

Extraordinary inverse image

Similarly to the case of Z-modules, one considers the duality functor:
Dy, : D} >

coh(-@;i()op - Dcoh(@;i())

b

M R%Om@;l((%,@%@ﬁx 0% Hldx]
coh

We define the so called extraordinary inverse image:
]Lf!,h -D

(73¢) = D*(2%), M = Dp(*f" (D (1))
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Extraordinary inverse image

Extraordinary inverse image

Similarly to the case of Z-modules, one considers the duality functor:

]D)h coh(@X)op - Dcoh(‘@;i()’
M~ RAtom g (M, D% Doy QFH)[dx].

We define the so called extraordinary inverse image:
Ff Db (29) = DY), A o D (" M (DR(A2))).

Recall that .# € DP_, (Z%) is said to be holonomic if gry,(.#) is
holonomic in the Z-module sense. Hence, the functors Dy, ]Lf* b and

L ih () preserve holonomicity as a consequence of the analogous
properties for Z-modules.
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Direct image

Still denote by f: X — Y a morphism of complex manifolds.
We introduce the functors of direct image and proper direct image of
2"-modules associated to f, respectively denoted by R if,

RLﬁ : Db(@§}0p) — Db(@{}Op), and defined by:

RS"(M) = RE(M Sy 1),

RFMM) = RA(ME y H).

u]

&)
I

i
it




Functorial properties of @[[h]]-modules
L Direct image

Direct image

Still denote by f: X — Y a morphism of complex manifolds.
We introduce the functors of direct image and proper direct image of
2"-modules associated to f, respectively denoted by R i:”,

RLh : DP(2L°") — DP(2L°), and defined by:
L
Rf(M) = Rf( My ),
L
RS\ (M) = RE(MS g0 ).

Theorem: [A.R.Martins, T.Monteiro Fernandes,D.R.|

Suppose that .#Z € Dgood(@§0p) (resp. .# € DP,(2%°")) and that f
is proper when restricted to supp(.#). Then,

Riz(%) good(@hop)

(resp. Rf(4) € DRy (29°7).)
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The case of a closed immersion

Consider the case of a closed submanifold 7 : X < Y. In this case

Px—y is flat over Zx. Hence, 4 ~ @}_,Y is flat over @;}.
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L Direct image

The case of a closed immersion

Consider the exact functor

Consider the case of a closed submanifold 7 : X < Y. In this case
Px—y is flat over Zx. Hence, 4 ~ _@?(_,Y is flat over _@g}.

Z* . MOdcoh(@;p) i Modcoh(gy ),
We can extend i, to an exact functor

2

=%k

Z:l : MOdcoh((@;&)op) - MOdcoh((@)@)op)v
-h

n

(%) = MZ*(%TL ®@X @X—>y).




Functorial properties of @[[h]]-modules
L Direct image

The case of a closed immersion

Consider the case of a closed submanifold 7 : X < Y. In this case
Px—y is flat over Zx. Hence, 4 ~ _@?(_,y is flat over _@g}.
Consider the exact functor

i, : Modeon(25) — Modeon(2y°), M — i (M) = ix( M35 Dx—y).
We can extend i, to an exact functor
Z:l : MOdcoh((-@_?()op) - MOdcoh((@)@)op)a

() = limi, (M R Dx—y).

n

Proposition:
The extension i" coincides with the direct image previously defined.
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Functorial properties of @[[h]]-modules
L Elliptic pairs

Review of Z-modules case

Elliptic pairs: a generalization of elliptic systems
Definition:

Let F € D}_.(Cx) and .# € D®,
f-elliptic pair (over C) if:

(Zx). The pair (A, F) is an

char () N SS(F) C T4 X.

Let ax : X — {pt} denote the constant map. One says that (.#, F) is
an elliptic pair if it is an ax-elliptic pair.




Functorial properties of @[[h]]-modules
L Elliptic pairs

Review of Z-modules case

Elliptic pairs: a generalization of elliptic systems

Definition:
Let F € D}_(Cx) and .# € D®,, (Zx). The pair (.#,F) is an
f-elliptic pair (over C) if:

char () N SS(F) C T4 X.

Let ax : X — {pt} denote the constant map. One says that (.#, F) is
an elliptic pair if it is an ax-elliptic pair.

Definition:
Let M be a real analytic manifold and X a complexification of M.
One says that .# € DP , (Zx) is elliptic if (.#,Cyy) is an elliptic pair.

coh
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L Elliptic pairs

Review of Z-modules case

Elliptic pairs: a generalization of elliptic systems

Definition:
Let F € D}_(Cx) and .# € D®,, (Zx). The pair (.#,F) is an
f-elliptic pair (over C) if:

char () N SS(F) C T4 X.

Let ax : X — {pt} denote the constant map. One says that (.#, F) is
an elliptic pair if it is an ax-elliptic pair.

Definition:
Let M be a real analytic manifold and X a complexification of M.
One says that .# € DP , (Zx) is elliptic if (.#,Cyy) is an elliptic pair.

coh

Example:

For X = C"™ and M = R", the Laplace operator A yields an elliptic
Px-module Px /Dx A.
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L Elliptic pairs

Review of Z-modules case

Theorem:

Regularity, finiteness and duality for f-elliptic pairs

[P. Schapira, J.P. Schneiders|
Let (., F) be an f-elliptic pair. Then the canonical morphism below
is an isomorphism:

L L
F®Cx (.//(X)@X@X—)y) — R%O’ITLCX (D,F, ,/[(X)@X@X—)y).



Functorial properties of @[[h]]-modules
L Elliptic pairs

Review of Z-modules case

Regularity, finiteness and duality for f-elliptic pairs

Theorem: [P. Schapira, J.P. Schneiders]

Let (., F) be an f-elliptic pair. Then the canonical morphism below
is an isomorphism:

L L
F ®Cx (%®@X@X—>y) — R%O’ITL(CX (D,F, ,//f®@X@X—>y).

Moreover, assume that (.Z, F) is a good f-elliptic pair with f-proper
support. Then, f (.# © F) is an object of Dpy(Z5") and there is a

duality isomorphism:

[ \(Dx(A)@D'F) =5 Dy [fi(# @ F)].



Functorial properties of @[[h]]-modules
L Elliptic pairs

Review of Z-modules case

Regularity, finiteness and duality for f-elliptic pairs
Theorem: [P. Schapira, J.P. Schneiders]

Let (., F) be an elliptic pair. Then the canonical morphism below is
an isomorphism:

L L
F @, (Mo, Ox)— RAome, (D'F, M2, Ox).
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L Elliptic pairs

Review of Z-modules case

Regularity, finiteness and duality for f-elliptic pairs

Theorem: [P. Schapira, J.P. Schneiders]

Let (., F) be an elliptic pair. Then the canonical morphism below is
an isomorphism:

L L
F @, (Mo, Ox)— RAome, (D'F, M2, Ox).

Assume also that:

> A is a good Px-module

» supp(.#) Nsupp(F) is compact
Then, the complexes

RT(X,Rstom , (M ,RHom (F,0x)))
L
RINX, Qx[dx]|®,, (H# &, F))

belong to D?((C) and are dual one to each other.
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Elliptic pairs over C[[h]]

Elliptic pairs over C"

Definitions:

(a) The A-characteristic variety of .# € D

b W (Z%) with respect to f
is defined by charp (.#) := chary(gry,(A)).



Functorial properties of @[[h]]-modules
L Elliptic pairs

L Blliptic pairs over C[[h]]

Elliptic pairs over C"

Definitions:

(a) The h-characteristic variety of .# € D2, (#%) with respect to f

coh

is defined by charp (.#) := chary(gry,(A)).

(b) One says that .# € D
a good Zx-module.

b
coh

(2%) is a good Z%-module if gr),(.#) is
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Functorial properties of 2[[h]]-modules
L Elliptic pairs
L Blliptic pairs over C[[h]]

Elliptic pairs over C"

Definitions:
coh
is defined by charp (.#) := chary(gry,(A)).
(b) One says that .# € D2, (2% ) is a good Z%-module if gry,(.#) is
a good Zx-module.
(¢) An f-elliptic pair (.#, F) over C" is the data of an object .# of
DP . (Z%) and an object F of DE__(C%), such that

(a) The h-characteristic variety of .# € D2, (#%) with respect to f

char;i,f(///) N SS(F) C T)*(X.
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Elliptic pairs over C[[h]]

Elliptic pairs over C"

Definitions:

The h-characteristic variety of .# € DY, (2%) with respect to f

coh

is defined by charp (.#) := chary(gry,(A)).
One says that .# € D2, (2%) is a good Z%-module if gry,(.#) is
a good Zx-module.

An f-elliptic pair (.#, F) over C" is the data of an object .# of
DP . (Z%) and an object F of DE__(C%), such that

charh,f(///) N SS(F) C T)*(X.

Proposition:
Let . € D2, (2% ) and let F € DY_ (C%). Then (., F) is an elliptic

coh

pair over C" if and only if (gr,(#), gr,(F)) is an elliptic pair over C.
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Regularity

Lemma:

Regularity for elliptic pairs over C”

Let .# € DP

b n(Z%). Then:

L
(a) A B A is cohomologically complete.
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Regularity

Lemma:

Regularity for elliptic pairs over C”

Let .# € DP

b n(Z%). Then:

L
(a) A B A is cohomologically complete.

(b) SS(ME H) C chary ().
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L Elliptic pairs
Regularity

Regularity for elliptic pairs over C”

Lemma:
Let .# € DP (@)h() Then:

coh

L
(a) A Bgn A is cohomologically complete.

(b) SS(ME H) C chary ().

Theorem: |[D.R.]

Let (.#, F) be an f-elliptic pair over C". Then the canonical
morphism below is an isomorphism:

L L r L

Proof:
Recall that for G, F' € DP(C%) the canonical morphism

L
Rotom ¢, (G,Ch)®n F — Rotom ¢, (G, F) is an isomorphism if
SS(F)NSS(G) Cc TxX.
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L Elliptic pairs
[

Regularity

Lemma:

Regularity for elliptic pairs over C”

Let F,G € D*(Cx). Then, there is a natural bifunctorial morphism in
D>(Ck):

FoGR % (FoG)R".
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L Elliptic pairs
Regularity

Regularity for elliptic pairs over C”

Lemma:
Let F,G € D*(Cx). Then, there is a natural bifunctorial morphism in
D>(Ck):

FoGR 2% (FeG)Rh

Theorem: [D.R.]

Consider an elliptic pair of the form (., F") over C" such that
F € D}_.(Cx). Then there is a commutative diagram of
isomorphisms in DP(C%):

L a
RAOm g, (M, Dy Sy, 0%) —— RHAOom gy (M, (DeF © Ox)"7)

| l

Rtom g, (M, RAom ¢, (Fh,0%)) —~» Rtom g, (M, RAom (F, Ox)RP.
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Finiteness

Finiteness for elliptic pairs over C”

Theorem: |[D.R.]

b

Let (.#,F) be a good f-elliptic pair over C" with f-proper support
L
Then, if(//{@ch) belongs to Dgood(@{}).
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L Elliptic pairs

Finiteness

Finiteness for elliptic pairs over C”

Theorem: |[D.R.]
Let (.#, F) be a good f-elliptic pair over C" with f-proper support.

L
Then, if(//{@C}F) belongs to Dgood(@{}).

Proof:

L

We get that A4 := f,h(//{ ®cn ) is cohomologically complete as a
= X

consequence of the regularity theorem.
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Functorial properties of @[[h]]-modules
L Elliptic pairs

Finiteness

Finiteness for elliptic pairs over C”

Theorem: |[D.R.]
Let (A, F) be a good f-elliptic pair over C" with f-proper support.

Then, f (//{(X’Cﬁ F’) belongs to Dgood(@{}).

Proof:

L

We get that A4 := f,h(//{ ®cn ) is cohomologically complete as a
=! X

consequence of the regularity theorem.

On the other hand, we have

grp(AN) = [, (gry(A) @ gry,(F)).
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Functorial properties of @[[h]]-modules
L Elliptic pairs

Finiteness

Finiteness for elliptic pairs over C”

Theorem: |[D.R.]
Let (A, F) be a good f-elliptic pair over C" with f-proper support.

Then, f (//{(X)Ch F’) belongs to Dgood(@{}).

Proof: .
We get that A4 := Lh(/// B¢, F) is cohomologically complete as a

consequence of the regularity theorem.
On the other hand, we have

grp(AN) = [, (gry(A) @ gry,(F)).

Applying Schapira-Schneiders finiteness result to the elliptic pair
(grp(A ), gr,(F)) we conclude that grj,(.#) belongs to D2, (Zy).
Hence, .4 belongs to D2, (28).

coh
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L Elliptic pairs
Duality

Duality for elliptic pairs over C"

From now on we shall consider the case f = ax.

Denote by wx the dualizing sheaf on X: wy =~ a’,C" ~ C*[2dx].
Since there is a morphism of functors aXIa!X — id, we get a canonical
morphism: RT.(X;wx) — C".

Given a complex I € D?(C"), denote by I* the dual
I* := RHomgx (I,CP).

Lemma:
For each .# € DP(2%°"), there is a canonical morphism in DP(C"):

L
¢ : RU(X, Rotom g (M, OV [dx])) — (RL (X3 A @, )



Functorial properties of ?[[h]]-modules

L Elliptic pairs
Duality

Duality for elliptic pairs over C"

Proof:

The morphism ¢ is defined by the sequence of morphisms below:

12

RI'(X; Réfom@)h( (A, Q% [dx]))
L hoOh L h
RI(X; RAom oy (Mg O, O [dx] D0 O%)
L
RE(X; RA om oy (M D, o, Ch[2dx])
L
RI'(X; Rﬁfom@( (///(X)@; O wx)
L
RAtom qn (RI(X; //l@_@; Ox;RIN(X;wx)))
L
RAom o (RTo(X; M @y O chy)

(RT (Xt 5 Ox))".
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Functorial properties of @[[h]]-modules
L Elliptic pairs

Duality

Duality for elliptic pairs over C"

Theorem: [D.R.]
Then, there is an isomorphism in D'J% (Chy:

Let (.#, F) be a good elliptic pair over C" with compact support.

L L L
¢ : RL(X; Rotom gy (F@cy, M, Q% [dx])) == (RI(X; FQcn M D, o))
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Duality

Duality for elliptic pairs over C"

Theorem: [D.R.]

Let (.#, F) be a good elliptic pair over C" with compact support.
Then, there is an isomorphism in D'J% (Chy:

L L L
¢ : RD(X; R om gy (F&py A, Ol ldx])) == (RE(X; F&op M D, ot)*.

Proof:
The morphism is obtained by applying the previous lemma to the
L
P% -module F&g, A . By the finiteness theorem both sides of ¢ are
X

objects of D}(C"). Since gry, : D}(C") — D}(C) is a conservative
functor, it is enough to prove that grj(¢) is an isomorphism. But, by
construction, gry(¢) is an isomorphism by the duality theorem of
Schapira and Schneiders.
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Examples

Example 1:

b

Let K be either C or C". Then SS(Kx) = T% X and (#,Kx) is an
elliptic pair over C", for every .# € Db, (7%).
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Examples

Example 1:

Let K be either C or C". Then SS(Kx) = T% X and (#,Kx) is an
elliptic pair over C", for every .# € Db, (7%).

In particular, as a corollary of finiteness and duality theorems, we
conclude that if .# is a good 2%-module with compact support, then
the complex of global solutions RI'(X, Sol(.#)) has finitely generated
cohomology over C" and it is isomorphic to the dual of the complex

L
RT(X, Qx[dx]&,, .4).
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Examples

Example 2:

In particular if we consider a coherent ¢:-module .%, then

L

(F @1 D%, Ch) is an elliptic pair over C".
X
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Examples

Example 2:

In particular if we consider a coherent ¢:-module .%, then

L
(F @1 D%, Ch) is an elliptic pair over C".
X

Example 3:

Since chary (0% ) = T4 X, (0%, F) is an elliptic pair over C”,

FeDy (Ch).

for every

i
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L Elliptic pairs

Examples

Example 2:

In particular if we consider a coherent ¢:-module .%, then

L
(F @1 D%, Ch) is an elliptic pair over C".
X

Example 3:

Since chary (0% ) = T4 X, (0%, F) is an elliptic pair over C", for every

Fe Dy (C).

Example 4:

Let X be the complexification of a real analytic manifold M.

(a) We say that .# is an elliptic 2%-module if (.#,C%,) is an elliptic
pair over C".

(b) We say that P € 2% is an elliptic operator if 2% /2% P is an
elliptic 2% -module.
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Examples

Real analytic functions and hyperfunctions with
h-parameter

are respectively defined by:

Let X be the complexification of a real analytic manifold M. The
classical sheaves of real analytic functions and hyperfunctions on X

JZ%M =Cuy ®Cx ﬁx,

By = RAom (DECas, Ox).
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Examples

Real analytic functions and hyperfunctions with

h-parameter

Let X be the complexification of a real analytic manifold M. The
classical sheaves of real analytic functions and hyperfunctions on X
are respectively defined by:

%M =Cuy ®Cx ﬁx,
By = RAom (DECas, Ox).

In the A-framework, we can consider the sheaves:

L
Aprp = <c§4®@( 0%, = (Cy xR, Ox)"
Bt =RAomey (DenChy, O%),  Bhy :=Rotome (DeCur, Ox)".
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Examples

Real analytic functions and hyperfunctions with

h-parameter
Let X be the complexification of a real analytic manifold M. The
classical sheaves of real analytic functions and hyperfunctions on X
are respectively defined by:
= Cyur ®Cx Ox,
By = RAom (DECas, Ox).

In the A-framework, we can consider the sheaves:
L
Aprp = <c§4®@( 0%, = (Cy xR, Ox)"
Bt =RAomey (DenChy, O%),  Bhy :=Rotome (DeCur, Ox)".

Proposition:

There is a monomorphism ¢ : & — Jz%]\’}[ and an isomorphism
'@Mﬁ >~ %17‘4
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Examples

Real analytic functions and hyperfunctions with
h-parameter

Corollary: [D.R.]
Let .# be an elliptic 2%-module on M.

(a) There is a commutative diagram of isomorphisms in DP(C%):
Rffom%z (A, ) —= RAtom g, (M, )
Rotom g (A , B).

(b) If M is compact and .# € ng(ggb(), then
RF(M;R%om@ZI (A, B 1)) belongs to D';((Ch) and is

L
isomorphic to the dual of RD(M; Q% ®,,, ).
X
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