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Abstract. The paper is is concerned with a free boundary problem of magnetohydrody-
namics for viscous incompressible �uid not subjected to capillary forces on the free boundary.
It is shown that the problem is correctly posed in anisotropic Sobolev spaces.

1 Introduction

.
The paper is concerned with a free boundary problem of magnetohydrodynamics for vis-

cous incompressible electrically conducting �uid. It is assumed that the �uid occupies a vari-
able domain Ω1t with the boundary Γt that should be found together with the vector �elds of
velocity v(x, t), magnetic and electric �eldsH(x, t), E(x, t) and the pressure function p(x, t).
The �uid is surrounded by an in�nite vacuum region Ω2t = R3\Ω1t, where the �eldsH and E
vanishing at in�nity should be found as well. At the initial moment of time t = 0 the domains
Ωi0 ≡ Ωi, i = 1, 2, and the vector �elds v(x, 0), H(x, 0) are given.

The governing equations are the Navier-Stokes equations with the magnetic �eld H and
the Maxwell equations without displacement current (i.e., without the time derivative Et) -
see [1,2]: 

vt + (v · ∇)v −∇ · T (v, p)−∇ · TM (H) = 0,
∇ · v(x, t) = 0, x ∈ Ω1t, t > 0,
µHt = −rotE, ∇ ·H = 0, x ∈ Ω1t ∪ Ω2t,

rotH = α(E + µ(v ×H)), x ∈ Ω1t, t > 0,
rotH = 0, ∇ ·H = 0, ∇ ·E = 0, x ∈ Ω2t.

(1.1)

These equations are supplemented by initial and jump conditions
T (v, p)n+ [n · TM (H)n] = 0, Vn = v · n, x ∈ Γt,

nt[µH] + [nx ×E] = 0, x ∈ Γt,

[µH · n] = 0, [Hτ ] = 0, x ∈ Γt,

v(x, 0) = v0(x), x ∈ Ω10, H(x, 0) = H0(x), x ∈ Ω10 ∪ Ω20.

(1.2)

Here, T (v, p) is the viscous stress tensor: T (v, p) = −pI + νS(v), S(v) = ∇v + (∇v)T

is the doubled rate-of-strain tensor, TM (H) = µ(H ⊗H − 1
2 |H|2I) is the magnetic stress

tensor, µ is a piece-wise constant function equal to µi in Ωit, α = const > 0 in Ω1t, α = 0 in
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Ω2t, n is the normal to exterior with respect to Ω1t, Vn is the velocity of evolution of Γt in
the direction n, Hτ = H −n(n ·H) is the tangential component of H. By [u] we mean the
jump of the function u(x), given in Ωit, i = 1, 2, on Γt: [u]|Γt = u(1)−u(2), u(i) = u(x, t)|x∈Ωit

.
Finally, nx = (n1, n2, n3) and nt are the components of the normal vector n to the surface
G = {x ∈ Γt, t > 0} in R4.

The condition nt[µH] + [nx ×E] = 0 on Γt stems from the assumption that the equation
Bt = −rotE, B = µH, is satis�ed in the sense of the distributions theory in the space-time
R4 (see [3,4]).

To separate out a unique E, we need to impose on E a certain normalization restriction,
because, together with E, the vector �eld E +∇ω(x, t) ≡ E1, satis�es all the relations (1.1),
(1.2), if ω is a solution of the Dirichlet problem

∇2ω(x, t) = 0, x ∈ Ω2t, ω|x∈Γt = 0, ω → 0, |x| → ∞,

and ω = 0 in Ω1. The normalization condition can be taken in the form∫
Γt

E(2) · ndS = 0 (1.3)

(see more detail in Section 3).
Free boundary problems of magnetohydrodynamics are studied in [5] and then in [3,4,6,7],

always with the positive coe�cient of the surface tension σ. The surface tension is a strong
regularizer of the problem that guarantees, in particular, more smooth free boundary in com-
parison with the case σ = 0. Therefore the scheme of analysis of the problem with σ = 0 is
essentially modi�ed in comparison with the capillary case, in particular, in the choice of basic
functional spaces. It turns out that the vector �eld of velocity of the �uid should possess one
spatial derivative more than the magnetic �eld. This implies modi�cation of all the auxiliary
technical estimates, in particular, of nonlinear terms. Another peculiarity of the present work
is the fact that the solution can be extended on the in�nite time interval t > 0. The method
of extension is proposed in [8].

We consider the simplest problem studied in [5], but with the in�nite domain Ω2t. The
solution is found in anisotropic Sobolev - Slobodetskii spaces with the exponent of summability
p = 2. For simplicity, the domain Ω1t is assumed to be simply connected, although the results
extend to the case of multi-connected Ω1t, as in [6].

Before stating the main result of the paper, we write the problem (1.1), (1.2) in �xed
domains Ω1 ∪Ω2, Ωi = Ωi0, using the Lagrangian coordinates ξ ∈ Ω1 that are connected with
the Eulerian coordinates x ∈ Ω1t by

x = ξ +
∫ t

0
u(ξ, t)dξ ≡ X(ξ, t), ξ ∈ Ω1, (1.4)

where u(ξ, t) = v(X(ξ, t), t). Since v(x, t) is de�ned only in Ω1t, we extend u(ξ, t) from Ω1

into R3 by means of a �xed extension operator and consider the mapping

x = ξ +
∫ t

0
u∗(ξ, τ)dτ = X∗(ξ, t), ξ ∈ R3, (1.5)

where u∗ is the extension of u. We assume that the extension conserves the regularity prop-
erties of u (in the sense that inequalities (1.10) are satis�ed) and u∗ has a �xed compact
support.
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The mapping (1.4) transforms Ωi ≡ Ωi0, i = 1, 2, into Ωit, at least for small t.
Let

L(u) ≡
(∂x
∂ξ

)
, L(u) = detL, L̂ = LL−1

be the Jacobi matrix of the transformation (1.5), the Jacobian and the co-factors matrix,
respectively. We set A ≡ L̂T ; the index ”T” means transposition. If ξ ∈ Ω1, then L(ξ, t) = 1,
L = ÂT .

We make the change of variables (1.5) in (1.1)-(1.2) and introduce new unknown functions

u(ξ, t), q(ξ, t) = p(X, t), h(ξ, t) = L̂H̃(ξ, t), e(ξ, t) = L̂Ẽ(ξ, t),

where
H̃(ξ, t) = H(X∗(ξ, t), t), Ẽ(ξ, t) = E(X∗(ξ, t), t).

Since

∇ξ · h(ξ, t) = L∇x ·H(x, t)|x=X∗(ξ,t), ∇ξ · e(ξ, t) = L∇x ·E(x, t)|x=X∗(ξ,t),

rotxH =
L
L
rotyLT H̃, Ht|x=X∗ =

∂

∂t
H̃ − (L−1u · ∇)H̃,

H̃ · n(X) = |An0|−1(h · n0), H̃ − n(H̃ · n) = AT (h− ATAn0

|An0|2
(h · n0)), ξ ∈ Γ0,

(cf. [5],), we obtain 
ut − ν∇2

uu+∇uq −∇u · TM (Lh) = 0,
∇u · u = 0, ξ ∈ Ω1, t > 0,
Tu(u, q)n(X, t) +

[
TM

(
Lh

)
n(X, t)

]
= 0, ξ ∈ Γ0,

u(ξ, 0) = v0(ξ) ≡ u0(ξ), ξ ∈ Ω1,

(1.6)


µ(ht − L̂T

t

L
L
h− L̂T (u · ∇u)

L
L
h) = −rotP(ξ, t)e,

ξ ∈ Ωi, i = 1, 2,

ProtPh = α(Pe+ µ(L−1u× h)), ∇ · h = 0, ξ ∈ Ω1,

rotPh = 0, ∇ · h = 0, ∇ · e = 0, ξ ∈ Ω2,

(1.7)



[µh · n0] = 0, [hτ ] = (
ATAn0

|An0|2
− n0))[h · n0],

[n0 × Pe] = (u ·An0)[µ]hτ , ξ ∈ Γ0,

h, e→ 0, |ξ| → ∞,

h(ξ, 0) = h0(ξ), ξ ∈ Ωi, i = 1, 2, 3,

(1.8)

where P = LTL/L,
∇u = L−T∇ is the transformed gradient w.r. to x; ∇ is the gradient w.r.to ξ; ∇u = A∇ in
Ω1,
n(X) = An0(ξ)/|An0(ξ)|,
n0: the exterior (w.r. to Ω1) normal to Γ0,
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Tu = −q + νSu(u) is the transformed stress tensor;
Su(w) = ∇uw + (∇uw)T is the transformed rate-of-strain tensor.

We notice that the vector �eld

Φ(ξ, t) = L̂T
t

L
L
h+ L̂T (u · ∇u)

L
L
h = ht − L̂Ht(x, t)|x=X∗

is divergence free: ∇ ·Φ(ξ, t) = 0, ξ ∈ Ωi, i = 1, 2.
The next step is to separate the determination of u, q,h from that of e. We notice that

(1.6), (1.7) imply

µ(ht −Φ) + α−1rotProtPh = rotJ , ∇ · h(ξ, t) = 0, ξ ∈ Ω1 ∪ Ω3,

rotPh(ξ, t) = 0, ∇ · h = 0, ξ ∈ Ω2,

[µh ·N ] = 0, [hτ ] =
( L̂L̂Tn0

|L̂Tn0|2
− n0

)
[h · n0], ξ ∈ Γ0,

h(ξ, 0) = h0(ξ), ξ ∈ Ω1 ∪ Ω2,

(1.9)

where J = µ1L−1u× h in Ω1.
Equations (1.6), (1.9) constitute the main problem for u, q,h that is solved in Sections 2

and 3. After this it is possible to reconstruct e(ξ, t) satisfying (1.6), (1.7).
Theorem 1. Assume that Γ0 ∈ W l+3/2

2 , l ∈ (3/2, 2) and the vector �eld u∗(ξ, t) in (1.5)
vanishes for large |ξ|: |ξ| ≥ R and satis�es the inequalities

‖u∗(·, t)‖W 2+l
2 (R3) ≤ c‖u∗(·, t)‖W 2+l

2 (Ω1), ‖u∗(·, t)‖L2(R3) ≤ c‖u(·, t)‖L2(Ω1). (1.10)

Then for arbitrary u0 ∈ W l+1
2 (Ω1), h0 ∈ W λ+1

2 (Ωi), i = 1, 2, λ = l − 1, satisfying the
compatibility and orthogonality conditions

∇ · u0(ξ) = 0, ξ ∈ Ω1, (S(u0)n0)τ = 0, ξ ∈ Γ0,

∇ · h0(ξ) = 0, ξ ∈ Ωi, i = 1, 2, roth0(ξ) = 0, ξ ∈ Ω2,

[µh0 · n0] = 0, [h0τ ] = 0, ξ ∈ Γ0,

(1.11)

∫
Ω1

v0(ξ)dξ = 0,
∫

Ω1

v0 · ηj(ξ)dξ = 0, j = 1, 2, 3, (1.12)

with ηj(ξ) = ej × ξ, ej = (δjk)j,k=1,2,3, and the smallness condition

‖u0‖W l+1
2 (Ω1) +

∑
i=1,2

‖h0‖W l+1
2 (Ω1) ≤ ε� 1 (1.13)

the problem (1.5), (1.9) has a unique solution u ∈ W
2+l,1+l/2
2 (Q1

T ), ∇q ∈ W
l,l/2
2 (Q1

T ), h0 ∈
W

2+λ,1+λ/2
2 (Qi

T ), where Qi
T = Ωi × (0, T ), T > 0. The solution is de�ned in an in�nite time

interval t > 0 and satis�es the inequality

‖eβtu‖
W

2+l,1+l/2
2 (Q1

∞)
+ ‖eβt∇q‖

W
l,l/2
2 (Q1

∞)
+

2∑
i=1

‖eβth‖
W

2+λ,1+λ/2
2 (Qi

∞)

≤ c(‖u0‖W l+1
2 (Ω1) +

2∑
i=1

‖h0‖W λ+1
2 (Ωi)

), β = const > 0.

(1.14)

4



It follows that Γt = XΓ0 tends to a limit Γ∞ as t→∞, and Γ∞ is located in a neighbor-
hood of Γ0. Since X(·, t) ∈ W

l+3/2
2 (Γ0), there is no loss of smoothness of the free boundary

Γt for t > 0.
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2 Linear problems

The proof of Theorem 1 is based on the analysis of the following non-homogeneous linear
problems:


vt − ν∇2v +∇p = f(ξ, t), ∇ · v = f, ξ ∈ Ω1, t > 0,
T (v, p)n = d(ξ, t), ξ ∈ Γ0,

v(ξ, 0) = v0(ξ), ξ ∈ Ω1,

(2.1)


µHt(ξ, t) + α−1rotrotH(ξ, t) = G(ξ, t), ∇ ·H(ξ, t) = 0, ξ ∈ Ω1,

rotH(ξ, t) = rot`(ξ, t), ∇ ·H(ξ, t) = 0, ξ ∈ Ω2,

[µH · n0] = 0, [Hτ ] = a(ξ, t), ξ ∈ Γ0,

H(ξ, 0) = H0(ξ), ξ ∈ Ω1 ∪ Ω2.

(2.2)


roth(ξ) = k(ξ), ∇ · h = 0, ξ ∈ Ω1 ∪ Ω2,

[µh · n0] = 0, [hτ ] = a, ξ ∈ Γ0,

h · n(ξ) = 0, ξ ∈ S.
(2.3)

Theorem 2. 1. Assume that Γ0 ∈ W
3/2+l
2 , l ∈ (3/2, 2), f ∈ W

l,l/2
2 (Q1

T ) f is given in
the whole space R3, compactly supported and belongs to W l+1,0

2 (RT ), RT = R3 × (0, T ), f =
∇F + f ′, F , f ′ ∈ W 0,l+1/2

2 (RT ), d ∈ W 1/2+l,1/4+l/2
2 (GT ), GT = Γ0 × (0, T ), v0 ∈ W l+1

2 (Ω1),
and let the compatibility conditions

∇ · v0(ξ) = f(ξ, 0), ξ ∈ F1, ν(S(v0)n0)τ = dτ (ξ, 0), ξ ∈ G, (2.4)

be satis�ed. Then the problem (2.1) has a unique solution v, p such that v ∈W 2+l,1+l/2
2 (Q1

T ),
∇p ∈W l,l/2

2 (Q1
T ), p|ξ∈Γ0 ∈W

l+1/2,l/2+1/4
2 (GT ), and the solution satis�es the inequality

‖v‖
W

l+2,1+l/2
2 (Q1

T )
+ ‖∇p‖

W
l,l/2
2 (Q1

T )
+ ‖p‖

W
l+1/2,l/2+1/4
2 (GT )

≤ c(T )
(
‖f‖

W
l,l/2
2 (Q1

T )
+ ‖f‖

W l+1,0
2 (RT )

+ ‖F ‖
W

0,1+l/2
2 (RT )

+ ‖f ′‖
W

0,1+l/2
2 (RT )

+ ‖d‖
W

l+1/2,l/2+1/4
2 (GT )

+ ‖v0‖W l+1
2 (Ω1)

)
.

(2.5)

The constant c(T ) in (2.5) is an increasing functions of T .
2. If f = 0, f = 0, d = 0 and the initial data satisfy the conditions (1.12), then the

solution is de�ned for all t > 0 and

‖eβtv‖
W

l+2,1+l/2
2 (Q1

T )
+ ‖eβt∇p‖

W
l,l/2
2 (Q1

T )
+ ‖eβtp‖

W
l+1/2,l/2+1/4
2 (GT )

≤ c‖v0‖W l+1
2 (Ω1) β ∈ [0, b), b > 0.

(2.6)

The condition ∇ · v0(ξ) = f(ξ, 0), ξ ∈ Ω1 can be understood in a weak sense as∫
F1

(v0(y)− F (y, 0)) · ∇η(y) + f ′η)dy = 0 for arbitrary smooth η such that η|Γ0 = 0.

Theorem 3. 1. Assume that Γ0 ∈W l+3/2
2 , k = rotK(ξ, t), a = [A], K,A are compactly

supported vector �elds from ∩i=1,2W
2+λ,1+λ/2
2 (Qi

T ), λ = l − 1, and

[Kτ ] = a, A(1) · n0(ξ) = A(2) · n0 = 0, ξ ∈ Γ0. (2.7)
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Then the problem (2.3) has a unique solution h ∈ W 2+λ,1+λ/2
2 (QT i), i = 1, 2, and it satis�es

the inequality

2∑
i=1

‖h‖
W

λ+2,λ/2+1
2 (Qi

T )
≤ c

∑
i=1

(‖K‖
W

λ+2,λ/2+1
2 (Qi

T )
+ ‖A‖

W
λ+2,λ/2+1
2 (Qi

T )
). (2.8)

2. Let k be a square integrable function of ξ ∈ R3,

∇ · k(1) = 0, ξ ∈ Ω1, k · n0 = 0, ξ ∈ Γ0,

k(2) = 0, and a = 0. Then the problem (2.3) has a unique solution from ∩i=1,2W
1
2 (Ωi) and∑

i=1,2

‖h‖W 1
2 (Ωi)

≤ c‖k‖L2(Ω1) (2.9)

Theorem 4. 1. Assume that the data of the problem (2.2) possess the following properties:
G ∈W 2+λ,1+λ/2

2 (Q1
T ),H0 ∈W 1+λ

2 (Ωj), j = 1, 2, ` ∈W 2+λ,1+λ/2
2 (Q2

T ), a ∈W 3/2+λ,3/4+λ/2
2 (GT ),

moreover, a = [A] with A(i) ∈ W 2+λ,1+λ/2
2 (Qi

T ) satisfying (2.7), �nally, let the compatibility
conditions

∇ ·G(ξ, t) = 0, ξ ∈ Ω1,

∇ ·H0(ξ) = 0, ξ ∈ Ω1 ∪ Ω2, rotH0(ξ) = rot`(ξ, 0), ξ ∈ Ω2,

[µH0 · n0] = 0, [H0τ ] = a(ξ, 0) = [A(ξ, 0)], ξ ∈ Γ0

(2.10)

hold. Then the problem (2.2) has a unique solution H ∈W 2+λ,1+λ/2
2 (Qi

T ), i = 1, 2, and

2∑
i=1

‖H‖
W

2+λ,1+λ/2
2 (Qi

T )
≤ c

(
‖G‖

W
λ,λ/2
2 (Q1

T )
+

2∑
i=1

‖H0‖W 1+λ
2 (Ωi)

+ ‖`‖
W

2+λ,1+λ/2
2 (Q2

T )
+

2∑
i=1

‖A‖
W

2+λ,1+λ/2
2 (Qi

T )

) (2.11)

2. Moreover, if ` = 0, a = 0, G = 0, then the solution is de�ned for all t > 0 and

3∑
i=1

‖eαtH‖
W

2+λ,1+λ/2
2 (Qi

T )
≤ c

3∑
i=1

‖H0‖W 1+λ
2 (Ω0), α ∈ [0, a), a > 0. (2.12)

We give the main ideas of the proof of Theorems 2 - 4, starting with the �rst statement
of Theorem 2. The �rst step is the reduction of (2.1) to a similar problem with f = 0. Since
f,F , f ′ are given in R3 and compactly supported, we can de�ne an auxiliary vector �eld

w1(ξ, t) = ∇
∫

R3

E(ξ − η)f(η, t)dη

satisfying the equation ∇ ·w1 = f . It is clear that

‖w1‖W 2+λ,0
2 (RT )

≤ c‖f‖
W l+λ,0

2 (RT )
. (2.13)
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In addition, since

w1 = ∇
∫

R3

(∇E(ξ − η) · F (η, t) + E(ξ − η)f ′(η, t)))dη,

we have
‖w1‖L2(R3) ≤ c(‖F ‖L2(R3) + ‖f ′‖L2(R3)), ∀t ∈ (0, T ).

Applying this inequality to the time derivative w1,t and to the �nite di�erence ∆t(−h)w1,t =
w1,t(ξ, t− h)−w1,t(ξ, t), we obtain

‖w1‖W
2+l,1+l/2
2 (RT )

≤ c(‖F ‖
W

0,l+1/2
2 (RT )

+ ‖f ′‖
W

0,l+1/2
2 (RT )

). (2.14)

For the di�erence v1 = v −w1 and p we get the problem
v1,t − ν∇2v1 +∇p = f1(ξ, t) = f −w1,t + ν∇2w1,

∇ · v1 = 0, ξ ∈ Ω1, t > 0,
T (v1, p)n0 = d1(ξ, t) = d− νS(w1)n0, ξ ∈ Γ0,

v1(ξ, 0) = v1(ξ) = v0 −w1(ξ, 0), ξ ∈ Ω1,

(2.15)

It is analyzed by repeating the arguments in [9, Theorem 2], which leads to the proof of
the �rst statement of Theorem 2.

We notice that the reduction of the problem (2.1) to (2.14) is made in [9] in a di�erent
way that has required some additional smoothness of Γ0.

We pass to the second statement of Theorem 2. The exponential decay of the solution can
be established using the energy inequality. By elementary calculation it is easy to verify that

d

dt

∫
Ω1

v(ξ, t)dξ = 0,
d

dt

∫
Ω1

v(ξ, t) · ηi(ξ)dξ = 0, i = 1, 2, 3,

which implies ∫
Ω1

v(ξ, t)dξ = 0,
∫

Ω1

v(ξ, t) · ηi(ξ)dξ = 0. (2.16)

By the energy relation and the Korn inequality, we have

1
2
d

dt
‖v(·, t)‖2

L2(Ω1) + b‖v(·, t)‖2
L2(Ω1) ≤ 0, b > 0

and, as a consequence,

ebt‖v‖L2(Ω1) ≤ ‖v0‖L2(Ω1),( ∫ T

0
e2βt‖v‖2

L2(Ω1)

)1/2 ≤ c‖v0‖L2(Ω1), β < b.
(2.17)

The solution of the problem (2.1) satis�es the local (in time) estimate

‖v‖
W

2+l,1+l/2
2 (Qt−1/2,t)

≤ c‖v‖L2(Qt−1,t), Qs,t = Ω1 × (s, t),

that is proved in the same way as (4.6) in [10] (cf. the proof of (2.26) below). From this
estimate and (2.17) it is easy to deduce

‖eβtv‖
W

2+l,1+l/2
2 (Q1/2,T )

≤ c‖v0‖L2(Ω1).
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This inequality and (2.5) (for T = 1) imply (2.6).
The �rst part of Theorem 3 is proved in [5] even in a more complicated case when Ω2 is

a bounded domain and Ω = Ω1 ∪ Γ0 ∪ Ω2 is multi-connected. The formula (3.18) in [3] (the
representation of the solution of (2.3)) remains valid also for our case, since the functions
f,F , f ′ are compactly supported (but the last term in this formula drops out, because R3 is
simply connected). The same is true for the estimates (3.15), (3.17) that imply (2.8).

The second statement of the theorem is proved in [11]. The estimate (2.9) is obtained
using the representation formula for the solution: h = h′ +∇φ,

h′(ξ) =
1
4π
rot

∫
Ω1

k(η)dη
|ξ − η|

,

∇2φ(ξ) = 0, ξ ∈ Ω1 ∪ Ω2, [φ] = 0, [µ
∂φ

∂n0
] = −[µ]h′ · n0, ξ ∈ Γ0.

We pass to the �rst statement of Theorem 4. First of all, the problem (2.2) is reduced to a
similar problem with ` = 0, a = 0. We extend ` into the whole space R3 so that the extended
�eld `∗ satis�es

‖`∗‖
W

2+λ,1+λ/2
2 (RT )

≤ ‖`‖
W

2+λ,1+λ/2
2 (Q2

T )
, (2.18)

and we solve the problem (2.3) with k = rotK,K = `∗+A. By (2.8) and (2.18), the solution
h1 satis�es∑

i=1,2

‖h1‖W
λ+2,λ+l/2
2 (Qi

T )
≤ c(‖`‖

W
2+λ,1+λ/2
2 (Q2

T )
+

∑
i=1,2

‖A(i)‖
W

2+λ+1+λ/2
2 (Qi

T )
). (2.19)

For h = H − h1 we obtain the problem
µht(ξ, t) + α−1rotroth(ξ, t) = g(ξ, t), ∇ · h(ξ, t) = 0, ξ ∈ Ω1,

roth(ξ, t) = 0, ∇ · h(ξ, t) = 0, ξ ∈ Ω2,

[µh · n0] = 0, [hτ ] = 0, ξ ∈ Γ0,

h(ξ, 0) = H0(ξ)− h1(ξ, 0) = h0(ξ), ξ ∈ Ω1 ∪ Ω2,

(2.20)

where g = G− µh1,t − α−1rotroth1. It has been studied in [12,11,5], in particular, in [5] the
estimate ∑

i=1,2

‖h‖
W

2+λ,1+λ/2
2 (Qi

T )
≤ c

(
‖g‖

W
λ,λ/2
2 (Q1

T )
+

2∑
i=1

‖h0‖W 1+λ
2 (Ωi)

)
(2.21)

is obtained. Together with (2.19),this estimate implies (2.11).
Now we obtain the inequality (2.12) under the assumptions of the second part of Theorem

4. Let H(1) be the space of the vector �elds ψ ∈W 1
2 (Ωi), i = 1, 2, satisfying the conditions

∇ ·ψ(ξ) = 0, ξ ∈ Ωi, i = 1, 2, rotψ = 0, ξ ∈ Ω2,

[µψ · n0] = 0, [ψτ ] = 0, ξ ∈ Γ0,
(2.22)

The equations rotψ = 0, ∇ ·ψ = 0 in Ω2 imply

ψ(ξ) = ∇ϕ(ξ), ξ ∈ Ω2,
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where ϕ is the solution of the Neumann problem

∇2ϕ(ξ) = 0, ξ ∈ Ω2, µ2
∂ϕ

∂n
= µψ(1) · n, ξ ∈ Γ0, ϕ(ξ) → 0, |ξ| → ∞.

Since ∇ϕ decays at in�nity as |x|−2, it belong to L2(Ω2).
In particular, the solutions of a homogeneous problem (2.20) satisfy (2.22).
For arbitrary ψ ∈ H(1)

0 we de�ne the function Φ(ξ), ξ ∈ Ω1, as the solution of the Dirichlet
problem

∇2Φ(ξ) = 0, Φ(ξ) = ϕ(ξ), ξ ∈ Γ0. (2.23)

We multiply the �rst equation in (2.20) (with g = 0) by ψ − ∇Φ, ψ ∈ H(1)
0 , integrate over

Ω1 and make use of the boundary condition ψτ −∇τΦ|Γ0 = 0. After easy calculation (as in
[5]) we obtain ∫

R3

µHt ·ψ(ξ)dξ + α−1

∫
Ω1

rotH · rotψdξ = 0, ∀ψ ∈ H(1)
0 . (2.24)

Setting ψ = H(ξ, t) in (2.24) we obtain the energy relation

1
2
d

dt
‖√µH(·, t)‖2

L2(R3) + α−1‖rotH‖2
L2(Ω1) = 0,

which implies, in view of (2.9),

1
2
d

dt
‖√µH(·, t)‖2

L2(R3) + a‖√µH(·, t)‖2
L2(Ω1) ≤ 0, a > 0,

eat‖√µH(·, t)‖L2(Ω1) ≤ ‖√µH0‖L2(Ω1),( ∫ T

0
e2αt‖H‖2

L2(Ω1)dt
)1/2 ≤ c‖H0‖L2(Ω1), α < a.

(2.25)

Moreover, H satis�es local in time estimate

‖H‖
W

2+λ,1+λ/2
2 (Qt−1/2)

≤ cρ−1‖H‖L2(Qt−1), (2.26)

that is proved by the same arguments as (4.6) in [10]. We reproduce a simple proof of (2.26).
Let χρ(τ), ρ ∈ [0, 1/2], be a smooth monotone function of τ equal to one for τ > t − 1 + ρ
and to zero for τ ≤ t − 1 + ρ/2 such that |χ′ρ(τ)| ≤ cρ−1, |χ′′ρ(τ)| ≤ cρ−2 The vector �eld
Hρ(ξ, τ) = χρ(τ)H(ξ, τ) is a solution of the problem

µHρ,τ (ξ, τ) + α−1rotrotHρ(ξ, τ) = µH(ξ, τ)χ′ρ(τ),

∇ ·Hρ(ξ, τ) = 0, ξ ∈ Ω1, τ ∈ (t− 1, t),
rotHρ(ξ, τ) = 0, ∇ ·Hρ(ξ, τ) = 0, ξ ∈ Ω2

[µHρ · n0] = 0, [Hρ,τ ] = 0, ξ ∈ Γ0,

Hρ(ξ, t− 1) = 0, ξ ∈ Ω1 ∪ Ω2

(2.27)

By (2.11), ∑
i=1,2

‖H‖
W

2+λ,1+λ/2
2 (Qt−1+ρ,t)

≤ cρ−1−λ/2
∑
i=1,2

‖H‖
W

λ,λ/2
2 (Qi

t−1+ρ/2,t
)
.
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We estimate the last norm of H by the interpolation inequality∑
i=1,2

‖H‖
W

λ,λ/2
2 (Qi

t−1+ρ/2,t
)
≤

∑
i=1,2

(ϑ‖H‖
W

2+λ,1+λ/2
2 (Qi

t−1+ρ/2,t
)
+ c1ϑ

−λ/2‖H‖L2(Qi
t−1+ρ/2,t

))

and set cρ−1−λ/2ϑ = ε1, which leads to∑
i=1,2

‖H‖
W

2+λ,1+λ/2
2 (Qt−1+ρ,t)

≤ ε1
∑
i=1,2

‖H‖
W

2+λ,1+λ/2
2 (Qt−1+ρ/2,t)

+c(ε1)ρ−(1+λ/2)2‖H‖L2(Qt−1+ρ/2).

This is equivalent to

N(ρ) ≤ 2(1+λ/2)2ε1N(ρ/2) + c(ε1)‖H‖L2(Qt−1+ρ/2),

where N(λ) = ρ(1+λ/2)2
∑

i=1,2 ‖H‖
W

2+λ,1+λ/2
2 (Qt−1+ρ,t)

. If 2(1+λ/2)2ε1 ≤ 1/2, then after some
iterations we arrive at

N(ρ) ≤ 2c(ε1)‖H‖L2(Qt−1,t).

Setting ρ = 1/2 we obtain (2.26). From (2.25) and (2.26) we conclude, as in the preceding
theorem, that ∑

i=1,2

‖eαtH‖
W

2+λ,1+λ/2
2 (Q1/2,T )

≤ c‖h0‖L2(R3)

and obtain (2.12).
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3 Nonlinear problem

In this section we outline the main steps in the proof of Theorem 1. We write the problem
(1.6), (1.9) in the form

ut(ξ, t)− ν∇2u+∇q = ∇u · TM (Lh) + l1(u, q,h),
∇ · u = l2(u), ξ ∈ Ω1, t > 0,
Π0S(u)n0 = l3(u),
− q + νn0 · S(u)n0(ξ) = l4(u,h)− [n · TM (Lh)n], ξ ∈ Γ0,

u(ξ, 0) = u0(ξ), ξ ∈ Ω1,

(3.1)



µ1ht + α−1
1 rotroth = l5(h,u),

∇ · h = 0, ξ ∈ Ω1,

roth = rotl6(h,u), ∇ · h = 0, ξ ∈ Ω2,

[µh · n0] = 0, [hτ ] = l7(h,u), ξ ∈ Γ0,

h(ξ, 0) = h0(ξ), ξ ∈ Ω1 ∪ Ω2 ∪ Ω3,

(3.2)

where

l1(u, q) = ν(∇2
u −∇2)u+ (∇−∇u)q,

l2(u) = (I −A)∇ · u = ∇ ·L(u, ρ), L = (I −AT )u, ξ ∈ Ω1,

l3(u,h) = Π0(Π0S(u)n0(y)−ΠSu(u)n(X)),
l4(u,h) = ν(n0 · S(u)n0 − n · Su(u)n),

l5(h,u) = α−1rot(roth− ProtPh) + µ1Φ + µ1rot(L−1u× h), ξ ∈ Ω1,

l6(h,u) = (I − P)h, ξ ∈ Ω2,

l7(h,u) = (
ATAn0

|An0|2
− n0)[h · n0] = [A(h,u)], ξ ∈ Γ0,

A(i) =
(ATAn∗0(y)
|ATn∗0|2

− n
∗
0(y)
|n∗0|2

)
(n∗0 · h(i)), i = 1, 2,

(3.3)

A = L̂T , n∗0 ∈W
l+1
2 (R3) is the extension of n0 ∈W l+1/2

2 (Γ0) into R3 such that |n∗0| 6= 0, and

Πg = g − n(n · g), Π0g = g − n0(n0 · g).

We solve the problem (3.1), (3.2) in a �nite time interval (0, T ) with T > 1 �xed later. As
in [7,8], the solution is sought in the form

u = u′ + u
′′
, q = q′ + q

′′
, h = h′ + h

′′
. (3.4)

As the �rst step, we de�ne u
′′
(ξ, 0) = u

′′
0(ξ) and h

′′
(ξ, 0) = h

′′
0(ξ) satisfying the conditions∫

Ω1

u
′′
0dξ =

∫
Ω1

u0dξ = 0,∫
Ω1

u
′′
0 · ηi(ξ)dξ =

∫
Ω1

u0 · ηi(ξ)dξ = 0, i = 1, 2, 3,
(3.5)
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∇ · h′′0(ξ) = ∇ · h0 = 0, ξ ∈ Ω1 ∪ Ω2, roth
′′
0(ξ) = rotl6(u0,h0) = 0, ξ ∈ Ω2,

[µh0 · n0] = 0, [h0,τ ] = l7(u0,h0) = 0, ξ ∈ Γ0

(3.6)

(we have used the compatibility conditions (1.11)). It is obvious that we can set u
′′
0 = 0,

h
′′
0 = 0, u

′
0 = u0, h

′
0 = h0 and de�ne (u′, q′,h′) as the solution of the problem

u′t − ν∇2u′ +∇q′ = 0, ∇ · u′ = 0, ξ ∈ Ω1, t > 0,
T (u′, q′)n0 = 0, ξ ∈ Γ0,

u′(ξ, 0) = u′0(ξ), ξ ∈ Ω1,

µh′t(ξ, t) + α−1rotroth′(ξ, t) = 0, ∇ · h′(ξ, t) = 0, ξ ∈ Ω1,

roth′(ξ, t) = 0, ∇ · h′(ξ, t) = 0, ξ ∈ Ω2,

[µh′ · n0] = 0, [h′τ ] = 0, ξ ∈ Γ0,

h′(ξ, 0) = h′0(ξ), ξ ∈ Ω1 ∪ Ω2.

(3.7)

The functions (u′0,h
′
0) satisfy the compatibility and orthogonality conditions (1.11), (1.12);

in addition,

‖u′0‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h′0‖W 1+λ
2 (Ωi)

= ‖u0‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h0‖W 1+λ
2 (Ωi)

. (3.8)

By theorems 2 and 4, (u′, q′,h′) are de�ned for t > 0 and

‖eβtu′‖
W

2+l,1+l/2
2 (Q1

T )
+ ‖eβt∇q′‖

W
l,l/2
2 (Q1

T )
+

∑
i=1,2

‖eβth′‖
W

2+λ,1+λ/2
2 (Qi

T )

≤ c(‖u0‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h0‖W 1+λ
2 (Ωi)

)
(3.9)

(in what follows we mean by β the minimal of positive exponents de�ned in Theorems 2 and
4). It follows that

eβT (‖u′(·, T )‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h′(·, T )‖W 1+λ
2 (Ωi)

) ≤ c(‖u0‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h0‖W 1+λ
2 (Ωi)

).

We �x T such that
ce−βT ≤ 1

8
. (3.10)
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For (u
′′
, q

′′
,h

′′
) we have the problem

u
′′
t (ξ, t)− ν∇2u

′′
+∇q′′

= ∇u′+u′′TM (ÂT (u′ + u
′′
)(h′ + h

′′
)) + l1(u′ + u

′′
, q′ + q

′′
,h′ + h

′′
),

∇ · u′′ = l2(u′ + u
′′
), ξ ∈ Ω1, t > 0,

Π0S(u
′′
)n0 = l3(u′ + u

′′
),

− q
′′

+ νn0 · S(u
′′
)n0(ξ) = l4(u′ + u

′′
,h′ + h

′′
)

+ [n · TM (ÂT (u′ + u
′′
)(h′ + h

′′
)n], ξ ∈ Γ0,

u
′′
(ξ, 0) = u

′′
0(ξ) = 0, ξ ∈ Ω1,

µ1h
′′
t + α−1

1 rotroth
′′

= l5(h′ + h
′′
,u′ + u

′′
),

∇ · h′′ = 0, ξ ∈ Ω1,

roth
′′

= rotl6(h′ + h
′′
,u′ + u

′′
), ∇ · h′′ = 0, ξ ∈ Ω2,

[µh
′′ · n0] = 0, [h

′′
τ ] = l7(h′ + h

′′
,u′ + u

′′
), ξ ∈ Γ0,

h
′′
(ξ, 0) = h

′′
0(ξ) = 0, ξ ∈ Ω1 ∪ Ω2,

(3.11)

solved by iterations, according to the scheme

u
′′
m+1,t(ξ, t)− ν∇2u

′′
m+1 +∇q′′m+1

= ∇u′+u′′m
TM (ÂT (u′ + u

′′
m)(h′ + h

′′
m)) + l1(u′ + u

′′
m, q

′ + q
′′
m,h

′ + h
′′
m),

∇ · u′′m+1 = l2(u′ + u
′′
m), ξ ∈ Ω1, t > 0,

Π0S(u
′′
m+1)n0 = l3(u′ + u

′′
m),

− q
′′
m+1 + νn0 · S(u

′′
m+1)n0(ξ) = l4(u′ + u

′′
m,h

′ + h
′′
m)

+ [n · TM (ÂT (u′ + u
′′
m)(h′ + h

′′
m)n], ξ ∈ Γ0,

u
′′
m+1(ξ, 0) = u

′′
0(ξ) = 0, ξ ∈ Ω1,

µ1h
′′
m+1,t + α−1

1 rotroth
′′
m+1 = l5(h′ + h

′′
m,u

′ + u
′′
m),

∇ · h′′m+1 = 0, ξ ∈ Ω1,

roth
′′
m+1 = rotl6(h′ + h

′′
m,u

′ + u
′′
m), ∇ · h′′m+1 = 0, ξ ∈ Ω2,

[µh
′′
m+1 · n0] = 0, [h

′′
m+1,τ ] = l7(h′ + h

′′
m,u

′ + u
′′
m), ξ ∈ Γ0,

h
′′
m+1(ξ, 0) = h

′′
0(ξ) = 0, ξ ∈ Ω1 ∪ Ω2, m = 1, ...

(3.12)

As the zero approximation, we take u
′′
0 = 0, q

′′
0 = 0, h

′′
0 = 0.

The solvability of the problem (3.13) is established on the basis of Theorems 2,4 and the
estimates of nonlinear terms in (3.3). Applying Theorem 2, we should think of um = u′ +u

′′
m

as of vector �elds extended from Ω1 into R3 with preservation of class (which reduces to
inequalities (1.10)). The estimates of f = l2(um) and F = L(um) are obtained in Section 4.
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Let um = u′ + u
′′
m, qm = q′ + q

′′
m, hm = h′ + h

′′
m, Am = A(um),

Y (u, q,h) = ‖u‖
W

2+l,1+l/2
2 (Q1

T )
+ ‖∇q‖

W
l,l/2
2 (Q1

T )
+ ‖q‖

W
l,l/2
2 (GT )

+
∑
i=1,2

‖h‖
W

2+λ,1+λ/2
2 (Qi

T )
,

Ym = Y (um, qm, ρm), Y ′
m = Y (u′m, q

′
m, ρ

′
m), Y

′′
m = Y (u

′′
m, q

′′
m, ρ

′′
m),

N0 ≡ N(u0,h0) = ‖u0‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h0‖W !+λ
2 (Ωi)

,

U(ξ, t) =
∫ t

0
u(ξ, τ)dτ, Um(ξ, t) =

∫ t

0
um(ξ, τ)dτ, Am = A(um),

Z(u, q,h) = ‖l1‖W
l,l/2
2 (Q1

T )
+ ‖l2‖W l+1,0

2 (Q1
T )

+ ‖L‖
W

0,l/2+1
2 (Q1

T )

+ ‖l3‖W
l+1/2,l/2+1/4
2 (GT )

+ ‖l4‖W
l+1/2,l/2+1/4
2 (GT )

+
∑
i=1,2

‖l5‖W
λ,λ/2
2 (Qi

T )
+ ‖l6‖W

λ,λ/2
2 (Q2

T )
+ ‖l7‖W

λ+3/2,λ/2+3/4
2 (GT )

+
∑
i=1,2

‖A‖
W

2+λ,1+λ/2
2 (Qi

T )
.

(3.13)
The following theorem is proved in Section 4.

Theorem 5. Let u ∈W 1+l,1+l/2
2 (Q1

T ), h ∈W 1+λ,1+λ/2
2 (Qi

T ), i = 1, 2 satisfy the condition

sup
t<T

‖U(·, t)‖W 2+l
2 (Ω1) ≤ δ1 � 1. (3.14)

Then

Z(u, q,h) + ‖A∇ · TM (ÂTh)‖
W

l,l/2
2 (Q1

T )
+ ‖n · TM (ÃTh)n‖

W
1+1/2,1/2+l/4
2 (GT )

≤ c(δ1Y (u, q,h) + Y 2(u, q,h) + Y 3(u, q,h) + Y 4(u, q,h)).
(3.15)

If Ym is �nite and Um satis�es (3.14), then the problem (3.13) has a unique solution, and

Y
′′
m+1 ≤ c(Z(um, qm,hm) + ‖Am∇ · TM (ÂT

mhm)‖
W

l,l/2
2 (Q1

T )

+ ‖[nm · TM (ÃT
mhm)nm]‖

W
l+1/2,l/2+1/4
2 (GT )

+N(u
′′
0 ,h

′′
0))

≤ c(δ1Ym + Y 2
m + Y 3

m + Y 4
m + εN(u0,h0)).

(3.16)

It follows that
Y
′′
m+1 ≤ c1(δ1Y

′′
m + Y

′′2
m + Y

′′3
m + Y

′′4
m + (ε+ δ1)N0)

and
Y
′′
m+1 ≤ 2c1(ε+ δ1)N0, (3.17)

provided that
Y
′′
m ≤ 2c1ε1N0, (3.18)

2δ1c1 + 4c1ε1N0 + 8c31ε
2
1N

2
0 + 16c41ε

3
1N

3
0 ≤ 1, (3.19)

ε1 = ε + δ1. The functions (u
′′
1 , q

′′
1 ,h

′′
1) that are the solution of (3.13) with u

′′
0 = 0, q

′′
0 = 0,

h
′′
0 = 0, satisfy the inequality

Y (u
′′
1 , q

′′
1 ,h

′′
1) ≤ c(δ1Y ′ + Y

′2 + Y
′3 + Y

′4) ≤ c0(δ1 + ε)N0.
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If
c0 ≤ 2c1, (3.20)

then (3.18) holds for m = 1 and, as a consequence, for all m = 1, ...,
By estimating the di�erences (um+1−um, qm+1− qm,hm+1−um), as in [5], we show that

the sequence (u
′′
m, q

′′
m,h

′′
m) is convergent to the unique solution of (3.12) and

Y (u
′′
, q

′′
,h

′′
) ≤ 2c1ε1N0. (3.21)

Hence the problem (3.1), (3.2) is solvable in the time interval (0, T ), and the solution satis�es
the estimate

Y (u, q,h) ≤ cN(u0,h0). (3.22)

Now we extend the solution into the time interval t > 0. In the Eulerian coordinates,
(v, p,H) satisfy the relations

vt + (v · ∇)v −∇ · T (v, p)−∇ · TM (H) = 0,
∇ · v(x, t) = 0, x ∈ Ω1t, t > 0,
v(x, 0) = v0(x), x ∈ Ω1

(3.23)

We verify that these relations imply∫
Ω1t

v(x, t)dx = 0,
∫

Ω1t

v(x, t) · ηi(x)dx = 0, i = 1, 2, 3. (3.24)

If η = ei or η = ηi(x), then

d

dt

∫
Ω1t

v(x, t) · ηdx =
∫

Ω1t

(vt + (v · ∇)v) · ηdx =
∫

Ω1t

(∇ · (T (v, p) + TM (H))ηdx

=
∫

Γt

(T (v, p) + TM (H(1)))n · ηdS =
∫

Γt

TM (H(2))n · ηdS

= −
∫

Ω2t

∇ · TM (H) · ηdx+ lim
R→∞

∫
|x|=R

TM (H)n · ηdS = 0.

Hence the conditions (3.24) hold, i.e.,∫
Ω1

u(ξ, t)dξ = 0,
∫

Ω1

u(ξ, t) · ηi(ξ)dξ = −
∫

Ωi

u(ξ, t) · ηi(U(ξ, t))dξ, i = 1, 2, 3. (3.25)

We proceed by constructing the solution of (3.12) step by step, for t ∈ (jT, (j + 1)T ),
j = 1, .... Assume that the solution is found for t ≤ kT and that

Nj ≡ N(u(ξ, jT ),h(ξ, jT )) ≤ ε, j = 1, 2, ..., k, (3.26)

Uk = sup
t<kT

‖U‖W 2+l
2

≤ δ1 � 1. (3.27)

We consider the problem (...) in the time interval (kT, (k+1)T ) taking (u(ξ, kT ),h(ξ, kT )) ≡
(vk(ξ),hk(ξ)) as the initial data. The solution is sought in the form (...) where (u′, q′,h′) and
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(u
′′
, q

′′
,h

′′
) are found as the solutions of the problems

u′t(ξ, t)− ν∇2u′ +∇q′ = 0, ∇ · u′ = 0, ξ ∈ Ω1, t > kT,

S(u′)n0 = 0, ξ ∈ Γ0,

µ1h
′
t + α−1

1 rotroth′ = 0, ∇ · h′ = 0, ξ ∈ Ω1,

roth′ = 0, ∇ · h′ = 0, ξ ∈ Ω2,

[µh′ · n0] = 0, [h′τ ] = 0, ξ ∈ Γ0,

u′(ξ, kT ) = u′k(ξ), ξ ∈ Ω1, h′(ξ, kT ) = h′k(ξ), ξ ∈ Ω1 ∪ Ω2,

(3.28)



u
′′
t (ξ, t)− ν∇2u

′′
+∇q′′ = ∇u · TM (ÂT (u)(h′ + h

′′
) + l1(u′ + u

′′
, q′ + q

′′
,h′ + h

′′
),

∇ · u′′ = l2(u′ + u
′′
), ξ ∈ Ω1, t > kT,

Π0S(u
′′
)n0 = l3(u′ + u

′′
),

− q
′′

+ νn0 · S(u
′′
)n0(ξ)

= l4(u′ + u
′′
,h′ + u

′′
) + [n · TM (ÂT (u)(h′ + h

′′
)n], ξ ∈ Γ0,

µ1h
′′
t + α−1

1 rotroth
′′

= l5(h′ + h
′′
,u′ + u

′′
),

roth
′′

= rotl6(h′ + h
′′
,u′ + u

′′
), ∇ · h′′ = 0, ξ ∈ Ω2,

[µh
′′ · n0] = 0, [h

′′
τ ] = l7(h′ + h

′′
,u′ + u

′′
), ξ ∈ Γ0,

u
′′
(ξ, kT ) = u

′′
k(ξ), ξ ∈ Ω1, h

′′
(ξ, kT ) = hk(ξ), ξ ∈ Ω1 ∪ Ω2

(3.29)
with u′k = uk − u

′′
k , h

′
k = hk − h

′′
k and with (u

′′
k ,h

′′
k) possessing the properties∫

Ω1

u
′′
k(ξ)dξ = 0,

∫
Ω1

u
′′
k · ηi(ξ)dξ = −

∫
Ω1

uk · ηi(U(ξ, kT )dξ, i = 1, 2, 3,

∇ · u′′k = (I −A(uk))∇ · uk, (S(u
′′
k)n0)τ = l3(uk),

∇ · h′′k(ξ) = 0, ξ ∈ Ω1 ∪ Ω2, roth
′′
k(ξ) = rotl6(uk,hk),

[µh
′′
k · n0] = 0, [h

′′
k,τ ] = l7(uk,hk),

(3.30)

‖u′′k‖W 1+l
2 (Ω1) +

∑
i=1,2

‖h′′k‖W 1+λ
2 (Ωi)

≤ c(ε+ δ1)(‖uk‖W 1+l
2 (Ω1) +

∑
i=1,2

‖hk‖W 1+λ
2 (Ωi)

). (3.31)

The construction of (u
′′
k , h

′′
k) is carried out with the help of the following theorem.

Theorem 6. For arbitrary λ, l ∈ R3, r ∈W l
2(Ω1), d ∈W l−1/2

2 (Γ0), a ∈W 1/2+λ
2 (Γ0) such

that dτ = 0, aτ = 0, and ` ∈ W 1+λ
2 (Ω2), there exist w ∈ W 1+l

2 (Ω1) and g ∈ W 1+λ
2 (Ωi),

i = 1, 2, satisfying the relations∫
Ω1

w(ξ)dξ = λ,

∫
Ω1

w · ηi(ξ)dξ = l, i = 1, 2, 3,

∇ ·w = r(ξ), ξ ∈ Ω1, ν(S(u0)n0)τ = d(ξ), ξ ∈ Γ0,

(3.32)

∇ · g(ξ) = 0, ξ ∈ Ω1 ∪ Ω2, rotg(ξ) = rot`(ξ), ξ ∈ Ω2,

[µg · n0] = 0, [gτ ] = a(ξ), ξ ∈ Γ0,
(3.33)

17



and the inequalities

‖w‖W 1+l
2 (Ω1) ≤ c(|λ+ |l|+ ‖r‖W l

2(Ω) + ‖d‖
W

l−1/2
2 (Γ0)

), (3.34)

∑
i=1,2

‖g‖W 1+λ
2 (Ωi)

≤ c(‖`‖W 1+λ
2 (Ω2) + ‖a‖

W
1/2+λ
2 (Γ0)

). (3.35)

Proof. We set

w = W (ξ) +
3∑

i=1

ciei +
3∑

i=1

diηi(ξ),

with W satisfying

−∇2W (ξ) +∇P (ξ) = F , ∇ ·W (ξ) = r(ξ), ξ ∈ Ω1,

T (W , P )n0(ξ) = d(ξ), ξ ∈ Γ0,
(3.36)

where F is the constant vector such that

|Ω1|F =
∫

Ω1

∇r(ξ)dξ −
∫

Γ0

d(ξ)dS.

Then the problem (3.36) has a solution satisfying the estimate

‖W ‖W 1+l
2 (Ω1) ≤ c(‖r‖W l

2(Ω) + ‖d‖
W

l−1/2
2 (Γ0)

).

(the regularity of the boundary Γ0: Γ0 ∈ W
3/2+l
2 is su�cient for this). The constants ci and

di are chosen so that (3.32) holds and

‖w‖W 1+l
2 (Ω1) ≤ c(‖W ‖W 1+l

2 (Ω1) + |λ|+ |l|) ≤ c(|λ+ |l|+ ‖r‖W l
2(Ω) + ‖d‖

W
l−1/2
2 (Γ0)

).

The vector �eld g(ξ) can be de�ned as g(ξ) = g∗(ξ, 0) where g∗ is the solution of

rotg∗(ξ, t) = rot(`∗(ξ, t) + a∗(ξ, t)), ∇ · g∗(ξ, t) = 0 ξ ∈ Ω1 ∪ Ω2,

[g∗τ ] = a∗(ξ), ξ ∈ Γ0,
(3.37)

`∗ ∈ W
2+λ,1+λ/2
2 (RT ) is the extension of ` ∈ W 1+λ

2 (Ω2) into RT vanishing for large |ξ| and
satisfying the inequality

‖`∗‖
W

2+λ,1+λ/2
2 (RT )

≤ c‖`‖W 1+λ
2 (Ω2), (3.38)

whereas a∗ is the extension of a such that a∗(ξ, t) = 0 for ξ ∈ Ω2, a∗ ·n0 = 0 for ξ ∈ Γ0 and

‖a∗‖
W

2+λ,1+λ/2
2 (Q1

T )
≤ c‖a‖W 1+λ

2 (Γ0). (3.39)

By (2.8), ∑
i=1,2

‖g‖W 1+λ
2 (Ωi)

≤ c
∑
i=1,2

‖g∗‖
W 2+λ,1+λ

2 (Qi
T )
≤ c(‖`∗‖

W
2+λ,1+λ/2
2 (QT )

+ ‖a∗‖
W

2+λ,1+λ/2
2 (Q2

T )
) ≤ c(‖`‖W 1+λ

2 (Ω2) + ‖a‖
W

1/2+λ
p (Γ0)

),
(3.40)
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q.e.d.
Thus, we have constructed (u

′′
k ,h

′′
k) satisfying (3.30) and (3.31).

The functions (u′, q′,h′) satisfy the inequality similar to (3.9) and, as a consequence,

N ′
k+1 ≡ N(u′k+1,h

′
k+1) ≤ c0e

−βTN(uk,hk) ≡ e−βTNk. (3.41)

To solve (3.29), we make use of the estimate of nonlinear terms

Z(k) ≤ c(δ1Y (k) + (Y (k))2 + (Y (k))3 + (Y (k))4), (3.42)

where Z(k) and Y (k) are the expressions de�ned in (3.13) and calculated in the cylindrical
domains Qi

kT,(k+1)T . The inequality (3.42) follows from the estimates obtained in Section 4
and from the remark at the end of the section.

Repeating the above arguments, we prove the existence of a unique solution of the problem
(3.29) and the estimates

Y (k)(u, q,h) ≤ cN(uk,hk),

Nk+1 ≤
1
4
Nk.

The same estimates are true for t ∈ (jT, (j + 1)T ), j < k.
If β is so small that eβT < 4, then

(
k∑

j=1

Y (j)2e2jβ)1/2 ≤ c(
k∑

j=1

N2
j e

2jβ)1/2 ≤ cN0, (3.43)

which yields a uniform estimate for Uk:

Uk ≤ c(
k∑

j=1

Y (j)2e2jβ)1/2 ≤ cN0 ≤ cε.

This shows that δ1 is small for small ε. Letting k → ∞ in (...), we obtain the inequality
equivalent to (1.14). This completes the proof of Theorem 1.

In conclusion, we outline the scheme of reconstruction of e(ξ, t) satisfying (1.7), (1.8) with
u,h, q found above. We follow the approach in [4]. Let e1(ξ, t) be a vector �eld such that

∇ · e1(ξ, t) = 0, ξ ∈ Ω1 ∪ Ω2,

[n0 × Pe1] = Ψ, [n0 · e1] = 0, x ∈ Γ0.
(3.44)

(in fact, we can set e1 = 0 in Ω2 and de�ne e(1)
1 as the solution of

∇ · e(1)
1 = 0, ξ ∈ Ω1, n0 × Pe(1)

1 = Ψ, n0 · e(1)
1 = 0, ξ ∈ Γ0).

Since Γt is close to Γ0, such a vector �eld can be constructed. Next, we solve the problem

rotE = −µ(ht −Φ)− rotPe1, ∇ · P−1E = 0, y ∈ Ω, [E] = 0, y ∈ Γ0. (3.45)
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By Proposition 1 in [3] (proved by Dr. N.Filonov) the equation ∇ ·h(ξ, t) = 0, ξ ∈ Ω1 ∪Ω2

and [n0 × Pe1] = Ψ on Γ0 imply (µ(ht(z, t) − Φ(z, t)) + rotPe1) · n0 = 0, ξ ∈ Γ0, so the
problem (3.45) is solvable. The solution is expressed by the formula

E(ξ, t) = E1(ξ, t) +∇Z(ξ, t),

E1(ξ, t) = − 1
4π
rot

∫
Ω

µ(ht(z, t)−Φ(z, t)) + rotPe1(z, t)
|ξ − z|

dz,

∇ · P−1∇Z(ξ, t) = −∇ · P−1E1, ξ ∈ R3, [Z] = 0, [n0 · P∇Z] = 0, ξ ∈ Γ0.

Now we set
Pe = α−1

1 ProtPh− µ1(L−1u× h), y ∈ Ω1, (3.46)

which implies
Pe = E + Pe1 +∇χ1, ξ ∈ Ω1 (3.47)

with a certain single-valued χ1. Finally, we set

Pe = E + Pe1 +∇χ2 + C(t)∇w(ξ) = E +∇χ2 + C(t)∇w(ξ), ξ ∈ Ω2, (3.48)

where w and χ2 are solutions to the problems

∇ · P−1∇χ2(y, t) = 0, y ∈ Ω2, χ2(ξ, t) = χ1(ξ, t), ξ ∈ Γ0, (3.49)

∇ · P−1∇w(ξ) = 0, ξ ∈ Ω2, w(ξ, t) = 1, ξ ∈ Γ0, w → 0, |ξ| → ∞. (3.50)

For determination of C(t) we should impose on e(2)(ξ, t) a normalization condition, for
instance,

∫
Γ0
e(2) · n0dS = 0, which coincides with

∫
Γt
E(2) · ndS = 0. Since

I =
∫

Γ0

n0 · ∇wdS 6= 0,

we have
C(t) = −I−1

∫
Γ0

(E(2) +∇χ2(ξ, t)) · n0ξ)dS. (3.51)

We pass to the estimates. The vector �eld e(1)
1 can be constructed so that

‖e(1)
1 ‖W 1

2 (Ω1) ≤ c‖Ψ‖
W

1/2
2 (Γ0)

, ‖e(1)
1 ‖W 1+λ

2 (Ω1) ≤ c‖Ψ‖
W

1/2+λ
2 (Γ0)

, (3.52)

∀t > 0. Applying the �rst inequality to the �nite di�erence e(1)
1 (ξ, t−h)− e(1)

1 (ξ, t), we easily
deduce from (3.52) the estimate

‖eβte
(1)
1 ‖

W 1+λ,0
2 (Q1

∞)
+ ‖eβte

(1)
1 ‖

W
λ/2
2 (0,∞;W 1

2 (Ω1))

≤ c(‖eβtΨ‖
W

1/2+λ,0
2 (G∞)

+ ‖eβtΨ‖
W

λ/2
2 (0,∞;W

1/2
2 (Γ0))

.
(3.53)

Let Φ1(ξ, t) = µ(ht(z, t)−Φ(z, t)) + rotPe1(z, t). By the Calderon-Zygmund theorem,

‖∇E1‖L2(R3) ≤ c‖Φ1‖L2(R3), (3.54)
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in addition, ∑
i=1,2

‖∇E1‖W λ
2 (R3) ≤ c

∑
i=1,2

‖Φ1‖W λ
2 (R3). (3.55)

As for the L2-norm of E1, it can be estimated only in a �nite domain, for instance, in Ω∗ =
suppu∗. We have

‖E1‖L2(Ω∗) ≤ c‖Φ1‖L2(R3). (3.56)

Applying (3.55) and (3.54) to the �nite di�erences ∆t(−h)∇E1 and ∆t(−h)E1, we conclude
that ∑

i=1,2

‖eβt∇E1‖W
λ,λ/2
2 (Q∞)

+ ‖eβtE1‖W
0,λ/2
2 (Q∗

∞)
≤ c

∑
i=1,2

‖eβtΦ1‖W
λ,λ/2
2 (Q∞)

, (3.57)

where Q∗
∞ = Ω∗

1 × (0,∞).
We proceed with the estimate of Z keeping in mind that P − I has a compact support

Ω∗. Let
Z(ξ, t) = Z(ξ, t)− |Ω∗|−1

∫
Ω∗
Z(η, t)dη.

We have ∫
Ω∗
P−1∇Z · ∇Zdη = −

∫
Ω∗
P−1E1∇Zdη +

∫
∂Ω∗

P−1E1 · nZdS (3.58)

Due to the Poincare inequality

‖Z‖L2(∂Ω∗) ≤ c‖∇Z‖L2(Ω∗),

we deduce from (3.58)
‖∇Z‖L2(Ω∗) ≤ c‖E1‖W 1

2 (Ω∗).

Moreover, in view of the equation

∇2Z = ∇ · (I − P−1)∇Z −∇ · P−1E1

and the estimate
‖I − P−1‖W 1+l

2 (Ωi)
≤ cδ1, i = 1, 2,

we have
‖D2Z‖L2(R3) ≤ c(‖∇E1‖L2(R3) + ‖E1‖L2(Ω∗))

and ∑
i=1,2

‖D2Z‖W λ
2 (Ωi)

≤ c(
∑
i=1,2

‖∇E1‖W λ
2 (Ωi)

+ ‖E1‖W λ
2 (Ω∗))

≤ c(
∑
i=1,2

‖∇E1‖W λ
2 (Ωi)

+ ‖E1‖L2(Ω∗)).

By virtue of this and the preceding inequality applied to ∆t(−h)Z, there holds∑
i=1,2

‖eβtD2Z‖
W

λ,λ/2
2 (Qi

∞)
+ ‖eβt∇Z‖

W
0,λ/2
2 (Q∗

∞)

≤ c(
∑
i=1,2

‖eβt∇E1‖W
λ,λ/2
2 (Qi

∞)
+ ‖eβtE1‖W

0,λ/2
2 (Q∗

∞)
),

(3.59)
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hence ∑
i=1,2

‖eβt∇E‖
W

λ,λ/2
2 (Qi

∞)
+ ‖eβtE‖

W
0,λ/2
2 (Q∗

∞)
≤ c

∑
i=1,2

‖eβtΦ1‖W λ,λ/2(Qi
∞). (3.60)

Now, using formulas (3.46) - (3.48) for e and (3.51) for C(t), we obtain

‖eβt∇e‖
W

λ,λ/2
2 (Q1

∞)
+ ‖eβte‖

W
0,λ/2
2 (Q1

∞)

≤ c(‖eβt∇Φ2‖W
λ,λ/2
2 (Q1

∞)
+ ‖eβtΦ2‖W

0,λ/2
2 (Q∞,1)

),

‖eβtD2χ1‖W
λ,λ/2
2 (Q1

∞)
+ ‖eβt∇χ1‖W

0,λ/2
2 (Q1

∞)
≤ c(

∑
i=1,2

‖eβtΦ1‖W
λ,λ/2
2 (Qi

∞)

+ ‖eβt∇Φ2‖W
λ,λ/2
2 (Q1

∞)
+ ‖eβtΦ2‖W

0,λ/2
2 (Q∞,1)

),

‖eβtD2χ2‖W
λ,λ/2
2 (Q2

∞)
+ ‖eβt∇χ2‖W

0,λ/2
2 (Q2

∞)

≤ c(‖eβtχ1‖W
1/2+λ,0
2 (G∞)

+ ‖eβtχ1‖W
λ/2
2 (0,T ;W

1/2
2 (Γ0)

+ ‖eβtD2χ1‖W
λ,λ/2
2 (Q1

∞)
+ ‖eβt∇χ1‖W

0,λ/2
2 (Q1

∞)
),

‖eβtC‖
W

λ/2
2 (R+)

≤ c(‖eβtE2‖W
λ/2
2 (0,∞;W 1

2 (Ω2)
+ ‖eβt∇χ2‖W

λ/2
2 (0,T ;W 1

2 (Ω2)
)

‖eβt∇e‖
W

λ,λ/2
2 (Q2

∞)
+ ‖eβte‖

W
0,λ/2
2 (Q∗

∞)

≤ c(‖eβt∇E‖
W

λ,λ/2
2 (Q2

∞)
+ ‖eβtE‖

W
0,λ/2
2 (Q∗

∞)

+ ‖eβtD2χ2‖W
λ,λ/2
2 (Q2

∞)
+ ‖eβt∇χ2‖W

0,λ/2
2 (Q2

∞)
),

(3.61)

where Φ2 = α−1
1 ProtPh−µ1(L−1u×h). Using the results of the next section for the estimates

of Φ1 and Φ2, one can show that e possesses a �nite norm∑
i=1,2

‖eβt∇e‖
W

λ,λ/2
2 (Qi

∞)
+ ‖eβte‖

W
0,λ/2
2 (Q∗

∞)
,

that is estimated by the data of the problem.
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4 Estimates of nonlinear terms

In this section the proof of Theorem 5 is presented. We estimate all the non-linear terms in
(3.3).

We start with some auxiliary inequalities for the product of two functions u(x), v(x) given
in a domain D ⊂ Rn. We shall use the relations

‖uv‖W l
2(D) ≤ c(‖u‖W l

2(D)‖v‖W
3/2+η
2 (D)

+ ‖u‖
W

3/2+η
2 (D)

‖v‖W l
2(D))

≤ c‖u‖W l
2(D)‖v‖W l

2(D), if 2l > n.

‖uv‖W l
2(D) ≤ c‖u‖W l

2(D)‖v‖W
n/2+η
2 (D)

, η > 0, or

‖uv‖W l
2(D) ≤ c‖v‖W l

2(D)‖u‖W
n/2+η
2 (D)

, if 2l ≤ n.

(4.1)

In addition, there holds

‖uv‖W 1
2 (D) ≤ c(sup

D
|u(x)|‖v‖W 1

2 (D) + sup
D
|v(x)|‖u‖W 1

2 (D)). (4.2)

We proceed by estimating the nonlinear terms in (3.3) under the assumption that the
inequality (3.12) holds. The elements of the matrix A are homogeneous quadratic functions
of the elements of the matrix L = I +∇U , hence

sup
t<T

‖I −A‖W 1+l
2 (Ω) ≤ c sup

t<T
‖U‖W 2+l

2 (Ω1) ≤ cδ1,

sup
t<T

‖A‖W 1+l
2 (Ω) ≤ c.

(4.3)

We estimate the term (I −A)∇q. By (4.1) and (3.12),

‖(I −A)∇q‖
W l,0

2 (Q1
T )
≤ c sup

t<T
‖I −A‖W l

2(Ω)‖∇q‖W l,0
2 (Q1

T )
≤ cδ1‖∇q‖W l,0

2 (Q1
T )
. (4.4)

We also need to estimate

‖(I −A)∇q‖
W

0,l/2
2 (Q1

T )
= ‖(I −A)∇q‖L2(Q1

T ) + ‖(I −A)∇q‖
Ẇ

0,l/2
2 (Q1

T )
,

where

‖u‖
Ẇ

0,l/2
2 (Q1

T )
=

( ∫ 1

0

dh

h1+l

∫ T

h
‖∆t(−h)u(ξ, t)‖2

L2(Ω1)dt
)1/2

, ∆t(−h)u = u(ξ, t− h)− u(ξ, t)

(we assume that T ≥ 1). Since

|∆t(−h)(I −A)| ≤ c

∫ h

0
|∇u(ξ, t− τ)|dτ ≤ ch sup

Q1
t−h,t

|∇u(ξ, τ)|, (4.5)

we obtain

‖(I −A)∇q‖
Ẇ

0,l/2
2 (Q1

T )
≤ c(sup

Ω1

|I −A|‖∇q‖
Ẇ

0,1/2
2 (Q1

T )
+ sup

Q1
T

|∇u(ξ, t)|‖∇q‖L2(Q1
T ))

≤ c(δ1‖∇q‖W
0,1/2
2 (Q1

T )
+ ‖u‖

W
2+l,1+l/2
2 (Q1

T )
‖∇q‖

W 1,0
2 (Q1

T )
).

(4.6)
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We proceed by estimating the norm of

(∇2
u −∇2)u =

(
(A− I)∇ ·A∇+∇ · (A− I)∇

)
u

We have

‖(∇2
u −∇2)u‖

W l,0
2 (Q1

T )
≤ cδ1‖∇ ·A∇u‖

W l,0
2 (Q1

T )
+ ‖(A− I)∇u‖

W 1+l,0
2 Q1

T )

≤ cδ1‖u‖W 2+l,0
2 (Q1

T )
,

in addition, we need to estimate ‖(∇2
u −∇2)u‖

Ẇ
0,l/2
2 (Q1

T )
. Since

‖∆t(−h)(A− I)∇ ·A∇u‖L2(Ω1) ≤ c(δ1‖∆t(−h)A∇u‖W 1
2 (Ω1)

+ ‖∆t(−h)(A− I)∇u‖W 1
2 (Ω1) + ‖

∫ h

0

∂A

∂t
dτ∇ ·A∇u‖L2(Ω1),

‖∆t(−h)∇ · (A− I)∇u‖L2(Ω1) ≤ c‖∆t(−h)A∇u‖W 1
2 (Ω1),

it holds

‖∆t(−h)(∇2
u −∇2)u‖L2(Ω1) ≤ cδ1‖∆t(−h)D2u‖L2(Ω1) + ch sup

t<T
‖U‖W 2+l

2 (Ω1)‖u‖W 2,0
2 (Q1

T )

and

‖(∇2
u −∇2)u‖

W
0,l/2
2 (Q1

T )
≤ c(δ1‖u‖W

l/2
2 (0,T ;W 2

2 (Ω1)
+ sup

t<T
‖U‖W l+2

2 (Ω1)‖u‖W 2,0
2 (Q1

T )
).

The inequality
‖l2(u)‖

W 2+l,0
2 (Q1

T )
≤ cδ1‖u‖W 2+l,0

2 (Q1
T )

(4.7)

is proved in the same way as (4.4 ), whereas

‖L(u)‖
W

0,1+l/2
2 (Q1

T )
≤ ‖(I −AT )u‖L2(Ω1

T ) + ‖(I −A)ut‖Ẇ
0,1/2
2 (Q1

T )
+ ‖∇uu‖

Ẇ
0,1/2
2 (Q1

T )
. (4.8)

The �rst norm in the right hand side is estimated as in (4.7), the second is treated as in (4.5),
and the last one is estimated with the help of

‖∆t(−h)(∇uu)‖L2(Ω1)

≤ ‖∆t(−h)∇u‖L2(Ω1) sup
Ω1

|u(ξ, t)|+ sup
Ω1

|∇u|
∫ h

0
‖ut(·, t− τ)‖L2(Ω1)dτ :

‖∇uu‖
Ẇ

0,l/2
2 (Q1

T )
≤ c(sup

Q1
T

|u(ξ, t)|‖∇u‖
W

l/2
2 (0,T ;W 1

2 (Ω1))
+ ‖ut‖L2(Q1

T ) sup
Q1

T

|∇u(ξ, t)|). (4.9)

We pass to the estimates of l3(u) and l4(u). At �rst we consider the expression

S(u)n0 − Su(u)n = (S(u)− Su(u))n+ S(u)(n0 − n).

Let n∗0 ∈ W 1+l
2 (R3) be the extension of n0 ∈ W

1/2+l
2 (Γ0) in R3 and n∗ = An∗0/|An∗0|. We

have

‖S(u)n0 − Su(u)n‖
W

1/2+l,0
2 (GT )

≤ c‖S(u)n∗0 − Su(u)n∗‖
W 1+l,0

2 (Q1
T )

≤ c(‖(S(u)− Su(u))n∗‖
W 1+l,0

2 (Q1
T )

+ ‖S(u)(n∗0 − n∗)‖W 1+l,0
2 (Q1

T )
) ≤ cδ‖u‖

W 2+l,0
2 (Q1

T )
.

(4.10)
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Moreover, from

‖ ∂
∂t

(S(u)n0 − Su(u)n)‖L2(GT ) ≤ ‖S(ut)n0 − Su(ut)n‖L
(
2GT )

+ ‖S′u(u)n‖L2(GT )

+ ‖S(ut)(n0 − n)‖L2(GT ) + ‖Su(u)nt‖L2(GT ),

where S′u(u) = (A−T
t ∇u) + (A−T

t ∇u)T , it follows that

‖ ∂
∂t

(S(u)n0 − Su(u)n)‖L2(GT ) ≤ c(δ1‖∇ut‖L2(GT ) + sup
Q1

T

|∇u|‖∇u‖L2(GT )),

‖ ∂
∂t

(S(u)n0 − Su(u)n)‖
Ẇ

0,λ/2−1/4
2 (GT )

≤ c(δ1‖∇u‖Ẇ
0,λ/2−1/4
2 (GT )

+ (1 + sup
Q1

T

|∇u|) sup
Q1

T )

|∇u|‖∇u‖L2(GT ))

and
‖ ∂
∂t

(S(u)n0 − Su(u)n)‖
W

0,λ/2−1/4
2 (GT )

≤ c(δ1‖∇u‖W
0,λ/2−1/4
2 (GT )

+ (1 + sup
Q1

T

|∇u|) sup
Q1

T )

|∇u|‖∇u‖L2(GT ))
(4.11)

Similar estimates hold for n0 · S(u)n0 − n · Su(u)n and

Π0S(u)n0 −ΠSu(u)n = (I − n0 ⊗ n0)S(∇u)n0 − (I − n⊗ n)Su(∇u)n.

From (4.10), (4.11) is is easy to deduce

‖l3(u)‖
W

1/2+l,1/4+l/2
2 (GT )

+ ‖l4(u)‖
W

1/2+l,1/4+l/2
2 (GT )

≤ c(δ1‖u‖W
2+l,1+l/2
2 (Q1

T )
+ ‖u‖2

W
1+l,1/2
2 (Q1

T )
+ ‖u‖3

W
1+l,1/2
2 (Q1

T )
).

(4.12)

The next step is the estimate of l5(u,h), l6(u,h) and A(i). By (4.1),

‖(I − P)h‖
W 2+λ,0

2 (Qi
T )
≤ c sup

t<T
‖I − P‖W 1+λ

2 (Ωi)
‖h‖

W 2+λ,0
2 (Qi

T )
≤ cδ1‖h‖W 2+λ,0

2 (Qi
T )

; (4.13)

in addition,

‖Pth‖L2(Qi
T ) + ‖(I − P)ht‖L2(Ω) ≤ c(δ1‖ht‖Lp(Qi

T ) + sup
Qi

T

|h|‖∇u‖L2(Qi
T ). (4.14)

We proceed by estimating the Ẇ 0,λ/2
2 -norm of Pth in the cylinder Q1

T where L = 1 and
Pt = LT

t L+ LTLt (the formula

Pt =
LT

t L+ LTLt

L
− LTL

L2
Lt, ξ ∈ Ω2,

leads to the same result). We have

‖∆t(−h)Pt‖L2(Ω1) ≤ c(‖∆t(−h)Lt‖L2(Ω1) + ‖LT ∆t(−h)L‖L2(Ω1)

≤ c(‖∆t(−h)∇u‖L2(Ω1) + h sup
Q1

t−h,t

|∇u|‖∇u‖L2(Ω1),
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hence

‖(∆t(−h)P)th‖L2(Ω1) + ‖Pt∆t(−h)h‖L2(Ω1)

≤ c
(
sup
Ω1

|h|(‖∆t(−h)∇u‖L2(Ω1) + h sup
Q1

t−h,t

|∇u|‖∇u‖L2(Ω1)) + h sup
Q1

t−h,t

|∇u|‖ht‖L2(Ω1)

)
,

which yields
‖Pth‖·W 0,λ/2

2 (Q1
T )
≤ c sup

Q1
T

|h(ξ, t)|(‖∇u‖
W

0,λ/2
2 (Q1

T )

+ sup
Q1

T

|∇u|‖∇u‖L2(Q1
T )) + c sup

Q1
T

|∇u|‖ht‖L2(Q1
T ).

(4.15)

In addition, it holds

‖(∆t(−h)P)ht‖L2(Ωi) + ‖(P − I)∆t(−h)ht‖L2(Ωi)

≤ c(δ1‖∆t(−h)h‖L2(Ωi) + ‖ht

∫ h

0
∇u(·, t− τ)dτ‖L2(Ωi),

and, as a consequence,

‖(I − P)ht‖W
0,λ/2
2 (Qi

T )
≤ c(δ1‖h‖W

0,1+λ/2
2 (Qi

T )
+ sup

Qi
T

|∇u∗|‖ht‖L2(Qi
T )). (4.16)

Together with (4.13)-(4.15), this inequality yields the desired estimate of the norm of (I−P)h,
that is controlled by the right hand side of (3.13). The same is true for the W λ,λ/2

2 - norms of
l6, rot(L−1u× h), Φ (the last two terms are of a lower order).

Since the expression
ATAn∗

|An∗|2
− n∗

|n∗|2

has the same properties as I − L, I − P, the norm

‖A
TAn∗0
|An∗0|2

− n∗0
|n∗0|2

)µh‖
W

2+λ,1+λ/2
2 (Qi

T )

is also estimated as ‖(I − P)h‖
W

2+λ,1+λ/2
2 (Qi

T )
above.

We proceed by estimating the norms of∇u ·TM (h̃) and n·TM (h̃)n, where n = An0/|An0|,
h̃ = ÂTh = Lh. We start with �nding a bound for Lh in terms of h.

We have

‖h̃‖
W 2+λ,0

2 (Q1
T )
≤ c sup

t<T
‖L‖W 2+λ

2 (Ω1)‖h‖W 2+λ,0
2 (Q1

T )
≤ c‖h‖

W 2+λ,0
2 (Q1

T )
,

‖(Lh)t‖L2(Q1
T ) ≤ c(‖ht‖L2(Q1

T ) + sup
Q1

T

|h|‖∇u‖L2(Q1
T ))

‖∆t(−h)Lth‖L2(Ω1) ≤ c‖
∫ h

0
∇u(·, t− τ)dτh‖L2(Ω1),

which implies

‖(h̃)t‖Ẇ
0,λ/2
2 (Q1

T )
≤ c(‖ht‖W

0,λ/2
2 (Q1

T )
+ ‖∇u‖L2(Q1

T ) sup
Q1

T

|h(ξ, t)|). (4.17)
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Hence
‖h̃‖

W
2+λ,1+λ/2
2 (Q1

T )
≤ c(‖h‖

W
2+λ,1+λ/2
2 (Q1

T )
+ ‖∇u‖L2(Q1

T ) sup
Q1

T

|h(ξ, t)|). (4.18)

We continue the estimate of ∇u · TM (h̃):

‖A∇ · TM (h̃‖
W l,0

2 (Q1
T )
≤ c‖∇h̃h̃‖

W l,0
2 (Q1

T )
≤ c sup

t<T
‖h‖W 1+λ

2 (Ω1)‖h‖W 2+λ,0
2 (Q1

T )
, (4.19)

‖∆t(−h)TM (h̃)‖L2(Ω1) ≤ c(‖∆t(−h)∇h̃‖L2(Ω) sup
Ω1

|h̃|+ ‖∆t(−h)h̃‖L6(Ω1)‖∇h̃‖L3(Ω1))

≤ c(‖∆t(−h)h̃‖W 1
2 (Ω1)‖h̃‖W 1+λ

2 (Ω1),

‖(∆t(−h)A)TM (h̃)‖L2(Ω1) ≤ ch sup
Qt−h,t

|∇u| sup
Ω1

|h|‖∇h‖L2(Ω1),

from which it follows that

‖A∇ · TM (h̃)‖
W

0,l/2
2 (Q1

T )
≤ c(‖h̃‖

W
2+λ,1+λ/2
2 (Q1

T )
sup
t<T

‖h‖W 1+λ
2 (Ω1)

+ sup
t<T

‖u‖W 1+l
2 (Ω1) sup

t<T
‖h‖W 1+λ

2 (Ω1)‖∇h‖L2(q)T 1)),
(4.20)

and the norm of h̃ is estimated by (4.18).
Finally, we estimate ‖n · TM (h̃)n‖

W
l+1/2,l/2+1/4
2 (GT )

. By (4.1),

‖n · TM (h̃)n‖
W

l+1/2,0
2 (GT )

≤ c‖n∗ · TM (h̃)n∗‖
W l+1,0

2 (Q1
T )

≤ c‖TM (h̃)‖
W 2+λ,0

2 (Q1
T )
≤ c sup

t<T
‖h‖W 1+λ

2 (Ω1)‖h‖W 2+λ,0
2 (Q1

T )
,

‖ ∂
∂t

(n · TM (h̃)n)‖L2(GT ) ≤ c(sup
GT

|h|‖h̃t‖L2(GT ) + sup
Q1

T

|h|2‖∇u‖L2(GT )),

(4.21)

‖∆t(−h)TM (h̃)t‖L2(Γ0) ≤ c(‖∆t(−h)h̃t‖L2(Γ0) sup
Γ0

|h|+ ‖h̃t‖L2(Γ0) sup
Γ0

|∆t(−h)h̃|,

‖(∆t(−h)nt) · TM (h̃)n‖L2(Γ0) ≤ c sup
Γ0

|h|2‖∆t(−h)∇u‖L2(Γ0),

‖(∆t(−h)n)TM (h̃)nt‖L2(Γ0) ≤ ch sup
Q1

t−h,t

|∇u| sup
Γ0

|h|2‖∇u‖L2(Γ0),

which implies

‖n · TM (h̃)n‖
W

0,l/2+1/4
2 (GT )

≤ c(sup
GT )

|h|‖ht‖W
0,λ/2−1/4
2 (GT )

+ sup
GT

|h|2‖∇u‖
W

0,λ/2−1/4
2 (GT )

+ ‖ht‖L2(GT )‖h̃W
λ/2−1/4
2 (0,T ;W 1+η

2 (Γ0))
+ sup

GT

∇u| sup
GT

|h|2‖∇u‖L2(GT ))

(4.22)
It is clear that ‖n ·TM (h̃)n‖

W
l+1/2,l/2+1/4
2 (GT )

is controlled by the right hand side of (3.15).

Remark. We have estimated all the nonlinear terms in (3.3) in the time interval (0, T ),
but the same estimates hold for t ∈ (kT, (k + 1)T ), provided that the condition (3.14) is
satis�ed for t ≤ (k + 1)T .
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