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We prove the existence and uniqueness of weak and strong solutions of these
systems and localization properties of the solutions, including the waiting
time effect. Moreover important results on polynomial and exponential decay
and vanishing of the solutions in finite time are also presented. We improve
the results obtained by Chipot and Lovart [1], Corréa, Menezes and Ferreira
2], Raposo et al. [3] and Simsen and Ferreira [4] for coupled systems.
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1. Introduction

For the last several decades, various types of equations have been em-
ployed as some mathematical model describing physical, chemical, biological
and ecological systems. Among them, the most successful and crucial one
is the following model of a semilinear parabolic partial differential equation,
called the reaction-diffusion equation,

5~ 0Au—f(u) =0, (1)
where f : R — R is a nonlinear function and a is a real function called the
diffusion coefficient.

In 1997, M. Chipot and B. Lovat [1] studied the existence and uniqueness of
the solutions for nonlocal problems

u — a(l(u))Au = f(x,t) in Qx(0,7T)
u(z,t) =0 on 00 x (0,7) (2)
u(z,0) = up(x) in Q

where € is a bounded open subset in R, N > 1, with smooth boundary
0, T is some arbitrary time and a is some function from R into (0, +00).
In problem (2), a and f are both continuous functions and [ : Ly(2) —
R is a continuous linear form. This problem arises in various situations,
for instance, u could describe the density of a population (for example, of
bacteria) subject to spreading. The diffusion coefficient a is then supposed
to depend on the entire population in the domain rather than on the local
density, that is, movements are guided by considering the global state of the



medium. The problem studied is nonlocal in the sense that the diffusion
coefficient is determined by a global quantity. In 2004, Corréa, Menezes and
Ferreira [2] gave an extension of the result obtained by M. Chipot and B.
Lovat [1], considering a = a(l(u)) and f = f(z,u) continuous functions.
Indeed, in [2], the authors improved the results in [1, 5, 6] by considering
both stationary and evolutionary situations where the nonlinearity appears
not only in the operator u — a(l(u))Au, but also in the right-hand side where
one has the nonlinear function f. Recently, Simsen and Ferreira [4] studied
the reaction-diffusion problem

ur — a(l(u))Au + [ulP?u = f(u) in Qx(0,7T)
u(x,t) =0 on 00 x (0,7)
u(z,0) = up(x) in Q

They investigate the existence, uniqueness, continuity with respect to the
initial values, exponential stability of the weak solutions, continuity of the
solution and an important result on the existence of the global attractor.
The differential equations are very useful in many areas of science, but the
most interesting real life problems involve more than one unknown function.
In this case, we have the reaction-diffusion system

T Adu— f(w) =0 3)
where u = (uy,...,u,) is the vector of unknowns, f : R™ — R™ is a

nonlinear function, and A is an m xm real matrix of diffusion. In 1998, L.A.F.
Oliveira [7] considered the reaction-diffusion system where A is an m x m
real matrix and f : R™ — R™ is a C? function. In particular, he studied
the exponential decay for some cases. Except for some publications on the
subject, such as the search for travelling-wave solutions and some problems in
ecology and epidemic theory, most authors assume that the diffusion matrix
A is diagonal, so that the coupling between the equations is present only in
the nonlinearity of the reaction term f. However, cross-diffusion phenomena
are not uncommon (see [2] and references therein) and (3) can be treated as
a system of equations in which A is not even diagonalizable.

Raposo et al. [3], in 2008, studied the reaction-diffusion coupled system in a
parallel way, via a parameter a = const > 0, of the form

{ut—a(l(u))Au—l—f(u—v):a(u—v) in  Qx]0,T]
vy —a(l(w)Av — flu—v)=av—u) in Qx]0,T] "’
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with a(§) > 0, f a Lipschitz-continuous function and [ a continuous linear
form. They proved the existence, uniqueness and exponential decay of solu-
tions.

We consider, in our work, a nonlinear coupled system of reaction-diffusion
on a bounded domain with a more general nonlocal diffusion term working
on two linear forms {; and Is.

{ ug — ar(l1(u), la(v))Au + M\ ulP~2u = fi(x,t) in  Q2x]0,T] (1)
v — az(li(u),l2(v)Av + X|v|P~20 = fo(z,t)  in Qx]0,T] °

In our case, u and v could describe the densities of two populations that
interact through the functions a; and a;. We assume that death in species u
is proportional to |u[P~2u by the factor A; > 0 and that death in species v is
proportional to [v[P~2v by the factor Ay > 0 with p > 1. The supply of being
by external sources is denoted by f; and f,. In this paper, we are concerned
with the proof of the existence and uniqueness of smooth global solutions for
system (4). The other aim of our work is to study some localization properties
and the asymptotic behavior when ¢ — co. We improve the results obtained
by Chipot and Lovart [1], Corréa, Menezes and Ferreira [2] and Raposo et al.
[3]. To the best of our knowledge, these results are the first in this direction,
for a nonlocal coupled reaction-diffusion system.

This paper is organized as follows. Following the formulation of the problem
and the hypotheses on the data in Section 2, in Section 3, we prove the
global existence and uniqueness of strong solutions. Moreover, in Section
4, we present the localization properties of local solutions. To finalize this
study, we investigate, in Section 5, the asymptotic behavior of the solutions
for large ¢t and the vanishing in finite time property.

2. Statement of the problem

Let Q € RY be a domain with smooth boundary 92. We consider the
problem of finding the couple (u,v) which satisfies the following conditions:

up — ar(l(u), lo(v))Au+ M |ulP~2u = fi(x,t) in  Qx]0,T]

vy — ag(l1(u), lo(v))Av 4+ X |v|P~20 = fo(z,t)  in Qx]0,T] (5)
u(z,t) =v(x,t) =0 on 00Nx]0,T] ’
u(z,0) = ug(x), v(z,0) = vo(x) in Q

where A1, Ay are nonnegative constants and p > 1. In what follows, we make
the following hypotheses:



Hypl: v, up € Lo(Q);

Hyp2: a; : R? — R is bounded with 0 < m < a;(s,7) < M, s,r € R, i =1,2;

Hyp3: a; : R? — R is Lipschitz-continuous with |a;(s1,71) — ai(s2,72)] <
A;ls1 — sao| + Bi|r1 — ra|, s1, 82,11, € R, i =1,2;

Hyp4: I; : Ly(©2) — R is a continuous linear form, that is, there exists a
positive function g; € Lo(2) such that

lLi(u) =l (u) = /Qgi(x)u(x)dx, for all u € Ly(R2), i =1,2; (6)

Hyp5: fi, fo € L2(0, T Lo(82)).

Definition 1 (Weak solution). We say that the couple (u,v) is a weak solu-
tion of System (5) if

u,v € Lo(0,T; Hy () N L, () N C([0,T]; La(9)), (7)
ug, v; € Ly(0,T; HH(Q)), (8)

d
—/ux da:+a1(ll(u),l2(v))/Vu.VX dx+)\1/ luP " uy dx =
dt Jo 0 0
~ [ s 9
Q

d
— [ v dx + as(ly(u), l2(v)) / Vou.Vi dx + )xg/ |2 vy dr =
dt Jo Q Q

=/ﬁwm, (10)
Q

for all x,v € H} (), where (9) and (10) must be understood as an equality
in D'(0,T),
u(z,t) =v(z,t) =0, (z,t) € 02x]|0,T] (11)

and
u(z,0) = up(x), v(z,0) =vo(z), =z €l (12)



3. Existence and uniqueness of global solutions

This section is devoted to the proof of the existence and uniqueness of a
strong solution of System (5). We should point out that the main tools used
in proving the existence and uniqueness of the solution to this system are the
well-known Faedo-Galerkin method and Aubin-Lions lemma. For the sake
of completeness, we state the last one and for simplicity, when there is no
danger of confusion, we omit the domain in the norm’s index.

Lemma 2 (Aubin-Lions). Let By, B and By be Banach spaces, where By and
By are reflexive, By C B C By and the immersion By C B is compact. Let

W ={w:we L, (0,T; By) and w; € L,,(0,T;By)}
be the Banach space with norm

Jwl]| = HwHLPO(O,T;BO) + HthLm(O,T;Bl) :
If po, p1 < 00, then the immersion W C L,,(0,T; B) is compact.

Theorem 3 (Existence). Let p > 1 and 0 < T < +oo. If Hypl-Hyp5
hold, then there ezists a weak solution (u,v) of System (5) in the sense of
Definition 1.

Proof. Let {w,(x)},en be a Hilbertian basis in Hg(2) and S, the space
generated by wy ws,...,w,, n=1,2,....
Let

(2, t) = Y Un(tyw;(x) and v, (x,1) = > Vin(t)w;(z)
i=1 i=1
be the weak solutions of the following approximate problem corresponding to

(5), where Uy, (t) and Vj,(t) are the solutions of the nonlinear ODE system
in the variable t:

[ v do - as(t (). a(w) [ VunFw do o ds [ Juluw de =
Q Q @
= / fiw dx for all w € S, (13)
)

/Q(vn)tw dz + as(ly (uy), ZQ(vn))/

Vv, .Vw dr + )\2/ P2 ow da =
% Q
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= / fow dx for all w € S,,, (14)
Q

with initial conditions

Un<0) = Ugp, — Z Uomwi — Up n LQ(Q), (15)
=1

v, (0) = vo, = Z Voinw; — v in Lo (£2). (16)
=1

As is well known, System (13)-(16) has a local solution (u,(t),v,(t)) in some
interval [0,¢,[, 0 < t,, < T. We claim that, for any 7" > 0, such a solution can
be extended to the whole interval [0, 7] by using the first a priori estimate
below.

Setting w = u,(x,t) in (13), we obtain

1d

QEH%H%Q + ar(la(un), L(vn)) i + Mlluall, = /Qflun de. (17)

Using the Poincaré and Holder inequalities, we have that
m
|frun| da < C|| All7, + =5 lunllZ
Q 2 0
and using Hyp2, we can write Equation (17) as
d
—lunllz, +mlualy + 2Mluwlly, < ClILAIL, (18)

Integrating (18) over [0,¢] and using the fact that w,(0) — wug strongly in
Ly(2), we obtain

t t
i, +m [ Wl 4200 [l at <

t
< lunla0)I3,+€ [ 1Al de < (19
0

where C' is a constant that does not depend on t and n.
Setting w = v,(x,t) in (14) and applying the same arguments, we obtain

t t
fonll, + [ ol e+ 250 [ ol de <
0 0

7



t
< lloua 0V, +C [ Al dt < C. 20
0

where C' is a constant that does not depend on ¢ and n.
By (19) and (20), we have:

(uy,) and (v,) are bounded in L (0,T; L2(€2)), (21)
(u,) and (v,) are bounded in Ly(0, T; Hy (9)), (22)
(up) and (v,,) are bounded in L,(0,T; L,(€2)). (23)

Then we can extend the solution to the interval [0, T]. Now we need to pass
to the limit when n — oco. We have

(un)e = ar (L (), Lo (vp)) Aty — Ay [unl? 2 un + f1 € HH(Q).

Notice that —ay(l1(uy), l2(v,))Au, defines an element of H~(€), given by
the duality

(—ay (I (up), la(vy))Auy, w)y = a(l(un))/ Vu,.Vwdz, for all w € Hy(Q).
Q
Then
(uy,); is bounded in Ly(0,T; H*(Q)). (24)

Due to the Banach-Alouglu corollary, from (21), (22) and (24), we can extract
subsequences Uy, = Uy, and vy, = v, (which we denote by the same symbol)
such that

Up — U, Uy — v in Lo (0, T Ly (), (25)
U, — u, v, — v in Ly(0,T; Hy (Q)), (26)
(tn)e = us, (vn)e = vp in Lo(0, T; HH()). (27)

On the other hand, H}(Q) <> Ly(Q) — H~'(Q). From (25), (27) and

Aubin-Lions compactness lemma, we obtain
un, — u strongly in Lo(0, T La(2)). (28)
Hence, passing if necessary to a subsequence, still denoted by (u,,), one has

u, — u a.ein Q x (0,7).



Since s — |s[’"* s is a continuous function, we obtain
[P 1y — [u[P " w ace in Q x (0, 7). (29)

From (23) and observing that p’ = -5 > 1 is the conjugate of p > 1, we
conclude that

(Jtn]? 2 1) is bounded in L, (0, T L, (€2)). (30)
Therefore, from (29) and (30), we infer that
|t P2 — |ufP " uin Ly, (0, T; Ly(Q))

and this implies that

T T
/0 /Q]un|p_2 upw dxdt —>/0 /Q|u|p_2 ww dxdt, Yw € L,(0,T; L,(2)).

To conclude the proof, we need to show that

T
/ 1l (un), lo(vy) /Vun Vw dzxdt —

—>/ 1(L(u), la(v /Vu Vw dzdt.

For this purpose, it is sufficient to prove that
ar(li(un), la(vy)) — a1(ly(u), l2(v)) in Ly(0,T).
Since a is continuous, we will show that
ll(un) — ll(U) in LQ(O, T)
In fact,
T T T
/ () — L) dt = / s — )2t < o/ R
0 0 0
This last result is a consequence of the convergence in (28). For the second

equation the process is identical. Now we will verify the initial data. Indeed,
using the regularity result,

u € C°0,T; Ly(Q)).

9



In this form, it makes sense to calculate u(0). Let us consider § € C1(0,T; R),
with 6(0) = 1 and 6(7) = 0. As a result of the convergence in (27),

/0 (u%,n)@dte/o (u',n)8dt, n € Ly(Q). (31)

Performing integration by parts in (31),

(un(0),7) — / ()0t — —(u(0), ) — / (wn)dt.  (32)

Using the convergence in (26) and (32), (u,(0),n7) — (u(0),n) for all n €
H}(Q). But u,(0) converges strongly to ug in Ly(€2) and consequently weakly
in Ly(Q). Therefore (u,(0),n) — (ug,n) for all n € HY(Q). From the unique-
ness of the limit, (u(0),n) — (ug,n) for all n € HY(Q). Thus u(0) = ug. In
a similar manner we can conclude that v(0) = vy. Hence Problem (5) has a
solution. O

Clearly, the regularity of (u, v) can be improved if we assume more regular
initial data.

Theorem 4. Ifuy, vy € Loo(2) and fot I fllz.. dt < C, then the weak solution
(u,v) of System (5) satisfies
U,V € Loo(0,T; Loo(£2)).

Proof. If k > 0 and if we multiply the first equation by u?*~!

in ), we obtain

1 d
__/uzk du + (2k — 1)a1(ll(u),l2(v))/ a2 gt
2k dt J, ;

+)\1/ || P2k =2 dx:/flu%_l dz.
Q Q

and integrate

Then
1 d 2% 2%k—1 k1 d 2%k—1
ol < Ul el Sl < 1 el 25

Simplifying the factor Hu||2£;1 and integrating in ¢ results in

t
lallza, < lwollza, + / 1o d.

Making k£ — oo, we then obtain the estimate for u. With the same process
we can obtain the estimate for v. ]

10



In fact, if the conditions of the last theorem are valid, then the solution
is a strong solution in the sense that u;, Au € Lo(0,T; Ly(€2)).

Theorem 5. Suppose that ug, vy € Loo(Q) N HY () and fot | fll., dt < C.
Then System (5) admits a strong solution (u,v).

Proof. Multiplying the first equation by Awu and integrating in {2, we have

/ wAu dr — / a1 (I (w), lo(v)) (Au)? dz + )\1/ lulP?ulu dx =
Q Q Q

:/flAu dz.
Q

Applying Green’s theorem to the first and last terms of the left-hand side,
we obtain

/Q Vo, - Vu do + /Q oy (11 (w), 1o (v)) (Au)? da+

o= 1) [ P Vu do = — [ fidud,
Q Q
and hence

1d

3o |17 det [ ot ) ) S dot

hp— 1)/ (P2 Vuf? dz = _/ £ A de.
Q Q

Integration in [0, ¢] leads to

5 [vut e [ ] ot L) B0y dodr

t 1 t
Falp — 1)/ / luP~2|Vu|? dedt = —/ |Vuo|? dx —/ / fiAu dxdt.
0 Ja 2 Jq 0 Ja

By Cauchy’s inequality and the lower bound of a;, we conclude that

t t
1/ Vu? d:c+m/ /(Au)2 dazdt+)\1(p—1)/ /mw?ywy? dwdt <
2 Q 0 Q 0 Q

¢ ¢
< 1/ |V dw—l—C/ /fl2 dxdt+ﬁ/ /(Au)2 dxdt.
2 Jo 0 JQ 2 Jo Ja

11



Simplifying,

¢ ¢
/ |Vul? do +m/ /(Au)2 dzdt < C (/ |Vuo|? dx +/ /fl2 da:dt) .
v 0 Jo 0 0 Ja

Using the same arguments for v and the hypothesis of the theorem, we can

prove that
Au, Av € LQ(O, T‘7 LQ(Q))

Recalling the first two equations we can now show that
wy = ay(l1(u), lo(v)Au — M |ulP2u + fi € Ly(0,T; Ly(2))

and
v, = as(ly(u), ly(v) Av — o|v|P2v + fo € Ly(0,T; Ly(Q)).

Next we prove the uniqueness of strong solutions.

Theorem 6 (Uniqueness). Letp > 1 and 0 < T < 4o0. If Hypl-Hyp) hold,
then there is at most one strong solution to Problem (5).

Proof. Let (uy,v1) and (us,vs) be two solutions of System (5). Then

(ui)e — ar(l(ui)la(vi) ) Au; 4+ A fui[P"2u; = fi 1=1,2
(vi)e — az(li (ui)lo (Vi) Avi + A |vilP v = fo o

Subtracting, integrating in {2 and multiplying the first equation by r = u;—us
and the second equation by s = v; — vy, we obtain

1d _ _
512, + an (), L)) I7ll7 + M (ua P 2un — JuaP"%uz, uy — uz) <

2 dt
< Jar (1 (u2), o (v2)) — ay (I (), Ta(v1))| / Vuy - Vr de,
IslZ, + az(li(wr), la(01))llsl 3 + A2 (jor[P 201 — 02?202, 01 — v2) <

S |a2(l1(u2),l2(02)) - ag(ll(ul),lg(ul))\/va -Vs dzx.

1d
2 dt

Adding and using the fact that (Jui[P™2u; — |ua|P 2ug, uy — ug) > 0 and
(Jo1[P~2v1 = |va|P~2vg, v1 — v2) > 0, we have

12



5 77 (I, + Isl1Z.) + m(lirlig + lsllz) <

S ’al(ll(UQ), lQ(Ug)) — CL1(Z1<U1), 12(U1>>| /Q VUQ -Vr dZL’—F

+|CL2(Z1(U2), ZQ(UQ)) - a2(l1(u1), l2(U1))| / V’UQ - Vs dz.
Q
From the properties of [;, it follows that

1d
2dt
< (A1l (u2) = li(w)| + Billa(va) — la(vr) Dl well g |7 23+

(17112, + IslZ) + m(llrllz + lIslF) <
+(Ao|li(ug) — li(ur)| + Balla(va) — la(vi) ) lvall g 81| 2
< (Al (uz — w)| + Billa(ve — v1)|)[Juel g 7] g2+
+(Az|li(ug — ur)| + Balla(va — v1) ) [vall g [ 81| 2
< Ci(llug —willz, + lv2 — villz)[Jwzll gallr | g+

+Co([lug = willL, + [lva = villzo) o2l g ll 1]y

Thus
1d 2 2 m 2 9 M(t) 9 )
5 7 Ul + lIsllz,) + S (il + lisl) < —=(rllz, + lsllz,).
with o oo
M(t) = ﬁHUQH?{& + ﬁ”vz”% € L1(0, 7).
Now defining y(t) = (||r[IZ, + lIs]|Z,).
d
L <My, y(0)=0.

Hence y(t) = 0 and consequently u; = uy and vy = vs. O

4. Localization properties

In this section, we study some localization properties of solutions for these
systems. We assume that all the hypotheses of the existence and uniqueness

13



theorems are fulfilled.
Take zo € €2, py €]0, dist(zg, 0)] and define

B,=B,(vo) ={zx e R": |z —zo| < p} C Q,

S, = Sy(x0) = 0B,(xy).

The first property we study is stable localization. In what follows, we assume
that

u(z,0) =0 and v(z,0) =0 a.e. in B,,. (33)

Definition 7 ([8]). A function p(t) : [0,tT[— [0, +o0[, p(0) < po, is called a
rate at the point xo if for each t € [0,t*],

u(z,t) =0 a.e. in Byyy(vo) = {x: |z — x| < p(t)} C Q.

Definition 8 ([8]). A function u(x,t) is said to have the property of stable
localization if for some xy € ) there exists a strictly positive rate p(t), at
the point xo, defined on the whole of [0, 00[, such that

liminf p(t) > 0.

t—o0

We introduce the local energy functions for wu:

bu<,0, t) = Hu('vt)HQLg(Bp)? Eu(ﬂ) = sup bu<p7 7-)7
0<r<T

t
Bupt) = [ [ VuP dir, o) = sup Eu(p.),
0o JB,

0<r<T

t
Du(p,t):/ lu|? dedr and  D,(p) = sup Dy(p,7).
o /B,

0<7<T

The local energy functions for v are defined analogously. By sup we mean
ess sup. We set

b=b,+b,, E=F,+F, and D=D,+D,.
Without loss of generality, we always assume that

[_)u(p) + Eu(ﬂ) —I—Eu(p) +l_7v(p) +Ev(p) +Ev(p> < M, p<py, t<T (34)

14



Some steps are very similar for both functions, so, in those cases, we only
present the theory for u and, if there is no danger of confusion, we omit the
index u. Since E and D are monotone and non-decreasing in p and t, the
following weak derivatives exist:

E,(p,t) = fg fs |Vul? dsdr, D,(p —f(f fS |ul? dsdr
Ei(p,t) fB |Vu|2 de, Dy(p,t) fB |u|p dx
Ep(p:1) fs [Vul® ds, Dy(p, ) fs ul” ds.

Theorem 9 (Stable localization). Let (u,v) be a solution of Problem (5) in
B,, x (0,T),(B,, C Q) with1l <p<2 and assume that

U(%,O) = 07 U(l’,O) = 07 fl(xao) = 07 f2<l‘,t) = 07 (l’,t) S B,Oo X [OaT]

Then
u(z,t) =0 and v(x,t) =0 for a.a. (z,t) € B, x R, (36)
where p is defined by the formula in (45).

Proof. If we multiply the first equation of (5) by u and integrate in B, for
p < po, we obtain

1d

u dx+/ ay|[Vul? + A\ |ulf? dm:/ auNVu - n ds.
2dt B s,

P

Integrating in ]0, ¢[ and since we assume (33), we conclude that

1 t t
—/ u? dx—l—// ay|Vul? d:L‘dT+// Mul? dxdr =
2 /B, 0o JB, 0o JB,
t
:/ / auVu - n dsdr.
0o Js,

Changing the notation, we have

%b(p) +mE(p,t) + M D(p,t) < I. (37)

15



Now we evaluate [ in the following way:

¢
Il < M// \Vu| Ju| dsdr
0 Js,
¢
M / \Vu|® dsdr
0 Js,
< (// |u|® dsd7>

Next, we apply the multiplicative inequality

N

IA

AN
M\H

_ 0
lullzaes,y < C (IVullias,) + 07 lullzys,)

with
n(2—q) +q

0:
n(2—q) +2q

and we use

253 p) p(g q) 2—
lullzys,) <lull i,y llullr gy = llullL?

In our notation, we have

1
ullz,B,) <0 T Dy

and (39) takes the form

1
lllsas,) < € (B2 -+

Recalling (38), we have successively

11| < M (E (// Juf? dsd7>

< C(E,)? (/0 <E2+p })29 (b”ﬁ’) D?

16

5
sollullz,

<1, 1<q<2,6:—(

Bp)’

t
/ lu> dsdr
o Js,

2q

p<q=

N

% (l[ullyes,) "
")

4—p

4

(38)

(39)

< 2.



—(2-p) (- t 2
0

—(2-p)(1— ¢ 2
R ( / (Er+ D) dT)
0

(2=p)(1-0)

<Cp K\ (B,)? b4 (B+ D)

N

< C,O_MKI (Ep>

[SIE

< CP_MKI (Ep>

N[

(2=p)(1-6)
bt

(b+E+ D) :

N

< Cp K, (Ep)

(2—p)0

with K7 = max(1,b 1 (p,)) max(1, p3?).
Substituting the last inequality in (37), we obtain

2—p)(1—6
1, 2op)0-0)

b+ E+D<CpK, (E,)? (0+E+D)*"
or 1_(2-p)(1-0) 1
(b+E+D)* * <Cp K (E,)*.
If we set
y = 2-p=0)
2
then
1-v

E < p7269(CK1)2EP
or, in a more complete notation,
_].—V _ J—
B < g (CK, ) (B,

Similarly,

1—v

B, < p P CK,)* (By),
Adding these two inequalities, we have
(Eu+ E,)"" < p 2 K,(E, +E,), < B < p*Z‘SeKEp

and integrating this inequality in |p, po[, we obtain

w w Kw — =V
Py —p° < — (B () —E (p), w=1+200.
Thus E’(p) = 0 if the function p(t) satisfies
Kw—y
pe(t) = p5 — ——E (po)

(42)

(43)

(44)



This result implies that if the global energy

(bu(po) + Eulpo) + Dulpo) + bulpo) + Eulpo) + Dul(po))

is not large, then p(t) > 0 and there exists a cylinder B, x R™ where u and

vV are zero a.c..

]

Now we investigate the waiting time property in the sense of the following

definition.

Definition 10 ([8]). Given o € 2, let
po =sup{p > 0:u(x,0) =0 a.e. in B,(zy) C Q}.

We say that u(x,t) has the generalized waiting time property if, for
some t* > 0, the function p(t) = po is a rate at the point xo on the interval

0,¢%].
In this case, we assume that for 0 < py < R,

/ |uo|2d:v:0,/ lvo|*dz =0, x € B,,,
B

) By
filz,t) =0, folz,t) =0, (x,t) € By, x [0,T]

and, in addition,

T _p_
/ |u0|2dx—|—/ |U0|2dx+/ / |f1|p_ dxdr+
B, B, 0o JB,

T B 1
+/ \fol " dadr < e(p—po)t,
o JB,

where v is defined in the previous theorem.
We assume that

sup/ lul? 4 |v]? do+
te[0,T] J B

T
—I—/ / \Vul® + [Vu|* + [ul’ + |v|P dedt < Mp < oo
o JBg

and that the parameters Mg, v, R, po satisfy

Mg\ ™7 .
G:MR—C5 (—R> (R—po) 1_”—068(R—,00)

X =

v

=0,

(48)

(49)

(50)

where C5 = C5(b(R)) and Cg(p, n) is a constant in embedding inequality.
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Theorem 11 (Waiting time effect). Let (u,v) be a local weak solution of
Problem (5) in Brx]0,T| with 1 < p < 2 and suppose that (46)-(50) hold
Then

u(z,t) =0 and v(z,t) =0, (x,t) € B,, x [0,T]. (51)
Proof. Repeating the arguments of the proof of Theorem 9 for py < p < R
we arrive at the inequalities

by + Eu(p;t) + Du(p,

1
t) < Ci(Ey), ™" + Coe (p— po)i (52)
1 1
by + Eo(p,t) + Dy(p,t) < C3(Ey),™" + Cae (p— po) X (53)
Adding the last two inequalities, we obtain
_ 1 1
b+ E(p,t) +D(p,t) < CsE; ™ + Cee (p — po) (54)
and, using the properties

¢
E, <V, \I/=E+D:// (|Vu?| + | Vo?| + [uf” + [v]") dedr
o JB,

sup —W,(p,7) = sup
T€[0,t] 8p

¢
(/ / (|Vu?| + | Vo3| + [ul” + [v]") dsd7'>
T€[0,t] 0 Js,
T
— </ / (|Vu?| + | Vo?| + [ul” + [v]") dsd7> =
o Js,

0
I sup v P )
ap (TE [0,¢] ( )>
we can rewrite (54) in the form
1 1
W(p) < CsWp™" 4 Cee (p — po) i, (55)
where
Wi(p) = sup ¥(p,t) / / (|Vu?| + |Vo?| + [ul” + [v]")
t€[0.7]
Let us now consider the problem
1 1

o(p) = Cs0p" + Coe (p—po)i s po < p < R. (56)

19



This problem has a solution of the form

(p) = Mg (R — po) ™ (p — po)

if the parameters Mg, v, R ,pg satisfy

N

(57)

Mg\ ™ .
G:MR—C5 <TR) (R—po) 1*”—06€(R—p0)

NI

=0.

For fixed parameters Mg, v, pg it is sufficient to choose R sufficiently large
and ¢ sufficiently small. It is easy to verify that ¢(p) is an upper bound for
W (p) and, since ¢(py) = 0 and due to the monotony in p of W, the proof is
completed. O

5. Asymptotic behavior for large ¢t

We terminate with the study of the asymptotic behavior of the solutions
when ¢t — oco. For this purpose, we introduce the global energy function

1
b(t) = §/Qu2—|—v2 dx.

Theorem 12 (Exponencial decay). If fi = fo =0 and \y = Ay = 0, then
function b, with (u,v) a solution of Problem (5), satisfies

b(t) < b(0)e ™
for a a positive constant which depends on m and €2.

Proof. Multiplying the first equation by u, the second by v, integrating in §2
and adding these two equations, we obtain

%b(t) —f—/Qal(ll(u),lg(v))]Vu|2 dx + /Qag(ll(u),lg(v))|VU]2 dx = 0.

By the lower bound of a; and applying Poincaré’s inequality, we conclude
that

d
%b(t) +2Cmb(t) < 0.
So
b(t) < b(0)e™2C™",
Thus the claim is proved with o = 2C'm > 0. ]
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Theorem 13 (Polynomial decay). Suppose that p > 2 and that (u,v) is
solution of Problem (5).

i) If fi = fo =0, then b satisfies the estimate

p—1 b(0)»*
o0 S et e

where p =% and C depends only on N, p and (2.
ii) If f1 Z0 or fo £ 0, there exists K > 0 and B > 0, depending only on
N, p and 2, such that
K :
| fille, € ———= =12 (58)
(Bt + 1)1

implies that
0
o)< 2O
(Bt +1)s—t
Proof. Multiplying the first equation by u and integrating in €2,

1d

2% u dx+/a1(l1( ), I (v))|Vul? dx+)\1/ |ul? dx—/flu dx. (59)

By Holder’s theorem,

/WPM>C(/ud0, =

Substituting this last inequality in (59) and ignoring the second term, we

obtain L d
ST u da:+C’(/u dx) /fludzv

If f1 =f,=0, addlng the last inequality to the similar inequality for v, we
arrive at the following differential inequality for b:

> 1.

l\DI"@

(60)

b’ 4+ Cb* <O0.
Integrating, we obtain

b(0)#!
=1+ Ct(p— b0y

bt
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If fi # 0, then we can write (60) as

1d

5 Qu2 da:—l—C(/QuQ dx)ug (/fo dx)Q(/QUQ dx)z. (61)

Adding (61) to the equivalent for v, we arrive at a new differential inequality
for b: )
b’ + C1b" < Cy(t)b2.

Here Cy(t) = Cmax{|| fillL,, || f2llz,} and introducing the function g(t) = bz
and using (58), we can write the last inequality in the form

C K
g+ 7192“_1 S
(Bt + 1)2-1
Now we consider the ODE
Ci, o, K
b + 71[32“ L= i - (62)
(Bt +1)2=1
If the constants satisfy
2p—1 2p—1

|
3
—
=
|
—_
SN~—
o
—
(=)
SN~—
|
N[

K <Cb(0)2, B=(b(0)":
then
1
_ b
(Bt +1)% 0

are solutions of this equation and are upper bounds for the functions g.
Reverting to function b, we get the desired estimate. O]

Theorem 14 (Vanishing in a finite time). Suppose that 1 < p < 2 and that
(u,v) is solution of Problem (5).

i) If f; =0, i=1,2, then (u,v) vanishes in a finite time, that is,
u(z,t) =0 and v(z,t) =0 in Q fort > t*,

where t* depends only on ||uo||L,, ||vollz,, p and Q.
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ii) If f1 Z0 or fo Z0, then there exist € >0 and t' > t* such that

¢35

2—2p

il SE[“E] o2, (63)
+

with t; > t', v defined by (65) and where 0 < € < € implies that (u,v)
vanishes in a finite time.

Proof. Multiplying the first equation by u and integrating in €2,

1
4 u dx—i—/ (L (), (0) [Vl dx—i—)\l/ |ul? dx:/flu dx
or L d
o7 u dx+C/|Vu|2 |ul? dx—/flu dx. (64)

By the multlphcatlve inequality,

0 2(1-6)
/u2 dr < (/ |Vul? d;z:) (/ |ul? dx) <
0 Q 0

2(1-0)

6420-0)
< (/ |Vul? dz + |ul? dw) , 0€]0,1[.
0

Therefore i
/ \Vul? dz + |ul? dov > (/ u? d:p) :
Q Q
where »
= < 1. 65
P=0r20-0) ° (65)

Substituting this last inequality in (64), we have

;Z u dx+C(/u d:v) /fludx (66)

If f;=0,i=1,2, adding the last inequality to the equivalent inequality for
v, we arrive at the following differential inequality for b:

b’ + Cb* < 0.
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Integrating, we obtain
6! < b(0)! 7 — Ct(1 — p),

whence 6(0)!
—p
szfortZt*:L<oo
C(l—p)
and the same occurs for v and v.
Now suppose that f; #Z 0 and write (66) as

1d g : :
37 Qqu:v—l-C(/QUQd:B) S(/fod:v> (/QUQdZE) : (67)

Adding (67) to the homologous inequality for v, we arrive at a new differential
inequality for b: )

b+ C1b" < Cy(t)b2.
Here, Cy(t) = C max{||fil|1,, || f2||z,}- Using (63) and introducing the func-
tion g(¢) = b2, we can write the last inequality in the form

g/_i_ﬁg?,u—l S E 1_i 2—2u
2 2 trl,
Now we consider the ODE
C k=T
R T R F L 68
b+ o 2[ th | (69)

The solutions of this equation are upper bounds for the functions g. It is
easy to verify that if h(0), e and ¢, satisfy

C h(0) €

2u—1

. (69)

then the functions

are solutions of (68).
For a given h(0), we can always choose € and ¢; such that (69) is true and
hence the claim is proved. O
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6. Conclusions

We studied a nonlinear system of parabolic equations. The existence

and uniqueness of strong global solutions was proved and we derived some
localization and asymptotic properties of the solution. The application of
the Euler-Galerkim finite element method to this problem is in progress.
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