Solutions with multiple spike patterns for an elliptic system*

Miguel RaAMOSs and Hugo TAVARES

Abstract. We consider a system of the form —?Au + V(2)u = g(v), —?Av + V(z)v =
f(u) in an open domain € of RY with Dirichlet conditions at the boundary (if any). We
suppose that f and g are power-type nonlinearities, having superlinear and subcritical
growth at infinity. We prove the existence of positive solutions u. and v, which concen-
trate, as € — 0, at a prescribed finite number of local minimum points of V' (z), possibly

degenerate.

1 Introduction

Let Q be a domain of RV, N > 3, not necessarily bounded, with smooth or empty

boundary. We consider an elliptic system of the form
—2Au+V(z)u=g), —Av+V(z)v=f(u) nQ, u=v=0 ondQ, (11

where u,v > 0 in 2 and € > 0 is a small parameter. Here V' (z) is locally Holder continuous
and infq V' > 0, while f,g € C*(R) fall into the typical class of superlinear and subcritical

functions, namely we will assume that the following holds:

(fg1) £(0) = g(0) = f'(0) = ¢'(0) = 0;

o f(s) L ogls) .1 1 _N-2
(fg2) sginoospi—l —Sginooﬂ—_l =0, for Somep,q>2W1th];+§> N

(fg3) 0< (1+68)f(s)s < f'(s)s? and 0 < (1 +6")g(s)s < ¢'(s)s?, for some & > 0.
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We look for positive solutions of (1.1) and therefore we let f(s) = g(s) = 0 for s < 0.
Our motivation for the study of such a problem goes back to the work of Rabinowitz

[23] and Wang [28] concerning the single equation
—e?Au+ V(z)u = f(u) in RY, (1.2)

In [23] a mountain-pass type argument is used in order to find a ground state solution for
e > 0 sufficiently small, when V' is such that liminf|,_., V() > infgnx V(2) > 0. In [28]
it is proved that this mountain-pass solutions concentrate around a global minimum point
of V as € tends to 0.

It should be stressed that in these papers no nondegeneracy assumptions were made
upon the minimum points of V; this is in contrast with previous works (see e.g. [2, 15, 20])
where solutions with a spike shape which concentrate around nondegenerate critical points
of V' were constructed. A related problem concerns the case where V(z) = 1 in a bounded
domain 2 under Neumann or Dirichlet boundary conditions, the main issue being then the
location of the concentrating points of the least energy solutions, see e.g. [12, 17, 18, 19].
In [5] the function V is allowed to vanish at some points of RYV. Problems with another
type of nonlinearities were considered by many authors, see e.g. [6, 8, 9, 10] and their
references.

A further step in the study of such problems was made by Del Pino and Felmer in [11],
where the degenerate case in (1.2) was considered in a local setting. Namely, by assuming
that infp V < infgp V with respect to a bounded open set A C €2, a family u. exhibiting
a single spike in A, at a point x. such that V(z.) — infy V, is constructed. In [13] the
author’s approach was extended to the construction of a family of solutions with several
spikes located around any prescribed finite set of local minima of V.

There are at least three difficulties in extending the quoted results to the system (1.1).
Firstly, no uniqueness results seem to be known for the “limit problem” —Au + u = g(v),
—Av+v = f(u) in RY and this is in some cases a crucial assumption in the single equation
case (compare e.g. with [10, Assumption (f5)], [6, p. 268], [13, Assumption (f4)], [17, p.
1448]).

On the other hand, let us introduce the associated energy functional I : H x H — R,

L (u, ) = /Q (e2(Vu, Vo) + V(z)uv} — /Q Flu) — /Q Gv),

2



where F(s) := [J f(£)d¢, G(s) = [ g(€)dE, and H is the Hilbert space H := {u €
HY(Q) : [ V(z)u? < +oo}, with the inner product (u,v)y = [,{(Vu, Vo) + V(z)uv}
(at this point we assume that I, is well defined, i.e. that the constants p and ¢ in assumption
(fg2) are such that 2 < p,q < 2* := 2N/(N — 2); see below for a discussion on this). It
is known that positive solutions of (1.1) correspond to critical points of the functional .
But we see that, with respect to the single equation case, the quadratic part of the energy
functional has no longer a positive sign. From a technical point of view, this causes some
difficulties; for example, it is not clear whether the penalization method as used in [13, p.
138] can be applied to our problem.

From a more conceptual point of view, in the case of a system we also have to face the
indefinite character of the energy functional, since ground-state critical points of I. are no
longer expected to be generated from a direct (essentially) finite dimensional argument.
This difficulty was bypassed in [1, 3] by means of a dual variational formulation of the
problem while in [21, 22, 24, 25] a direct approach was proposed, based on a new variational
characterization of the ground-state critical levels associated to (1.1). In these papers
either the case V(z) = 1 or the “coercive” case liminf|,_o V(z) > infgn V(z) > 0 are
considered.

Our goal here is to establish for the system (1.1) the analog of the main result in [13]

concerning a single equation. Namely, we assume that V is locally Holder continuous and
(V1) V(z) > a >0, for all x € €

(V2) there exist bounded domains A;, mutually disjoint, compactly contained in Q, i =

1,...,k, such that

infV <infV
A; oN\;

(i.e. V admits at least k local strict minimum points, possibly degenerate).
We prove the following.

Theorem 1.1. Under assumptions (V1),(V2),(fgl) — (fg3), there exists e9 > 0 such
that, for any 0 < e < &g, problem (1.1) admits classical positive solutions ue,v. € C%(Q2)N
CHQ) N HL(Q), and:

(1) there exist x; . € Ny, i =1,...,k, local mazimum points of both u. and ve;



(13) ue(Tie),ve(wic) 20> 0, and V(z;c) — infp, V ase — 0;
(i) ue(x), ve(x) < ye~ 2ol v € O\ Ujs A

for some positive constants b,~y, 3. Moreover, the uniqueness of the local mazxima holds in

the following sense:

(1v) if either ue or ve have a local mazimum point at some point z. € Q, 2. # i, Vi =

1,...,k, then it holds: lim._gu(z:) = 0 and lim._,gv(z:) = 0.

As we mentioned before, as a byproduct of our approach, in the case where f = ¢
(single equation case) we improve [13, Th. 0.1] in the sense that no assumption is imposed
on the limit problem associated to the equation in (1.2). As for (1.1), our main result also
improves [24, Th. 1.1], which deals with global minimum points of V" only. On the other
hand, the uniqueness of the local maxima is established only for these points x. such that
either u(z.) or v(z.) remain bounded away from zero; in the single equation case, local
maxima values are always bounded away from zero, as follows from an inspection of the
equation in (1.2) evaluated at a local maximum point z., but this does not seem to hold
true in our situation, due to the possible interaction of the solutions of the two equations.

The rest of the paper is devoted to the proof of Theorem 1.1. In Section 2 we set
a general framework suitable for our proposals, mainly Proposition 2.4. The underlying
ideas are already present in [25] but we provide here a more concise approach which in
particular avoids an extra technical assumption that was needed in [25] and subsequently in
[21, 22, 24] (namely, f2(s) < 2f'(s)F(s) and similarly for g(s)). Section 3 contains the core
of our argument. Indeed, contrarily to the method used in [7, 13], we do not seek for k-spike
solutions by minmaximizing the energy functional over a k -dimensional compact surface,
but we minimize instead I. over the product of k suitable Nehari manifolds. Roughly
speaking, each of these manifolds localizes I. near Hg(A;) x H}(A;) (i =1,...,k), thanks
to a technical condition in its definition which ensures that the manifold is weakly closed.
As it will be clear later on, the main estimate in the proof of Theorem 1.1 is contained in
Eq. (4.7) and it turns out that our setting is rather effective in providing it.

Once these preliminary settings are established, the proof of Theorem 1.1 follows by
simple arguments, as shown in Section 4. The final Section 5 concerns the following

question. Under assumption (fg¢2), the functional I; may not be well defined in the space



H x H, because it can happen that, say, p < 2* = % < q. However, as explained in
Section 5, we only have to prove Theorem 1.1 in the case where 2 < p = ¢ < 2*. In fact,
given n € N we can define the truncated functions

Fuls) = { f(s) for s <n ons) = { g(s) for s<n (1.3)

A,sP" 1+ B, fors>n flnsp*1 + Bn for s >n

with Ay = f'(n)/((p — 1)nP=2), Bn = f(n) — (f'(m)n)/(p — 1), A = ¢'(n)/((p — P ~2),
B, = g(n) — (¢'(n)n)/(p — 1); we show in Section 5 that the solutions (u, ,v.,) of the
corresponding system obtained by means of Theorem 1.1 applied to the truncated problem
are such that ||ue, ||co, ||Ve, ||oo < C for some C' > 0 independent of n, and therefore they
solve the original problem (1.1) if n is taken sufficiently large. Thanks to this remark, in

Sections 2, 3 and 4 we assume that 2 < p = ¢ < 2*. In particular, we may assume that

the following holds:
(fg4) [F ()| +19'(s)] < C(1 +[s[P~?) with 2 < p < 2N/(N - 2).
(fg5) For every p > 0 there exists C,, > 0 such that

[F($)t] + lg()s| < p(s® +12) + Cu(f(s)s +g(0)1), st ER.

As a concluding remark we mention that the extension of our results to the case where
the concentration of solutions occur at critical points of V' other than the local minima

(in the line of the work in [14]) remains an open problem.

2 A variational framework for superlinear systems

In this section we establish some preliminary results which are needed for the proof of
Theorem 1.1. Given f,g € C(R,R) and V as in the previous section (we recall that
without loss of generality we also assume that (fg4) and (fg5) hold), we consider the

system
—Au+ V(z)u = g(v), —Av+V(z)v = f(u), u,v € H(Q) (2.1)
and the associated energy functional I : H x H — R,

I(u,v) = /Q (Y, Vo) + V(2)uv) — /Q Flu) - /Q Gv).



In the sequel, all integrations are taken over the open set €2. For any u,v € H,let ¥, ,, € H

be such that
I'((u,v) + (Wuw, —Wyup)) (P, —¢) =0, Vo € H. (2.2)

Proposition 2.1. The map © : H x H — H, (u,v) — O(u,v) = ¥, is C .

Proor. The function ¥, , is the minimum point of the strictly coercive functional

6= ~1((w:0) + (6,~0)) = I + (= 0.6) — (w0 + [ Flut6)+ [ Glo—9),

and thus © is well-defined. As for its smoothness, we apply the implicit function theorem
tothemap © : (H x H) x H- — H~,0((u,v), (¥, —¥)) := PI'((u,v) + (¥, —¥)), where
P is the orthogonal projection of H x H onto H™ := {(¢, —¢), ¢ € H}. Indeed, for any
fixed pair (u,v) = (u+ ¥, v — ), the derivative of © with respect to (¢, —¢) evaluated at

(w,v) is given by the linear map

(6, =) = T(¢,—¢) = PI"(n,v)(¢, —9),

that is

T(6.-0)(p. ) = —20n0) — [ Fwoe— [d0op. Vo0
Since f(0) = 0 and |f’(s)| < C|s|*" for |s| > 1 (and similarly for g), we have that Id — T
is a compact operator and therefore we are left to prove that T is one-to-one. Now, if

T(¢,—¢) = 0 we have in particular that

oljg? = / F(0)é* + / ¢ ()6,
and so ¢ = 0. O

Lemma 2.2. If (u,v) # (0,0) is such that I'(u,v)(u,v) = 0 and I'(u,v)(¢,—¢) = 0 for
every ¢, then

sup I" (u,v)(u + ¢, v — ¢)(u+ ¢,v — @) < 0.
peH

PrOOF. This was already observed in [25, Eq. (3.2)] and follows from a straightforward
computation. Indeed, our assumptions on (u,v) imply that minus the second derivative

above equals

Aol + [ 42

s [ -0+ [0@ - L -op
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and this, as a function of ¢, is associated to a strictly convex, positive and coercive

functional (cf. (fg3)), so that its infimum is attained and is positive. O

From now on, given u,v € H and ¢t > 0, we denote W; := Wy, , according to the

definition in (2.2), i.e
I'(t(u,v) + (Ty, =) (¢, —9) = 0, Vo € H. (2.3)
Lemma 2.3. Given u,v € H such that u # —v, the map
a(t) = I(t(u,v) + (U, —¥y))
is C? and, for anyt € R and t # 0,
dt)y=0=a"(t) <0.
Moreover, o/(0) = 0 and " (0) > 0.

PROOF. For any t € R we denote by ¥, € H the derivative of the map ¢t — ¥, evaluated
at the point ¢. From (2.3) we see that

o) = I'(tu,v) + (W, —0y)) (u+ ¥}, v — ¥})
= I'(t(u,v) + (¥, =) (u,v),

and so

() = 1" (t(u,v) + (Uy, —04)) (u + ¥}, v — V) (u,v).

On the other hand, it follows also from (2.3) that
I (t(u,v) + (g, —T))(u+ T — U (h, —) =0Vt Vo (2.4)
and so (by letting ¢ = t*¥} in (2.4))
20" (t) = I" (t(u, v) + (g, —=0))) (tu + tW, tv — tW}) (tu + tW), tv — tW}) Vt.  (2.5)

Now, suppose &/ (t1) = 0 for some t1 # 0. By denoting uy := tyu+ ¥y, and vy := t10— Wy,
we have that (u1,v1) # (0,0) (since u # —v),

I'(ui,v1)(ug,v1) =0 and  I'(uy,v1)(p, —¢) =0 V.



It follows then from Lemma 2.2 that

I"(ug, 1) (w1 + ¢, 01 = @) (u1 + ¢, v1 — ¢) < 0 V.

By letting ¢ = t; ¥} — ¥, we conclude from (2.5) that o/’(t1) < 0, as claimed.

As for the case t; = 0, since I'(0,0) = 0 we have by definition that ¥y = 0 and so
a/(0) = 0. From (2.4) it can be checked directly that ¥}, = (v — u)/2, so that 2a”(0) =
|+ v]|? > 0, since u # —wv. O

Proposition 2.4. Letu,v € H be such thatu # —v, I'(u,v)(u,v) = 0 and I'(u,v)(p, —¢p) =

0 for every ¢, and denote

Then there exists 0 = 0(u,v) > 0 such that
0t)=0(1—t)+o(l—t) as t—1 (2.6)

Moreover,
I(u,v) = sup{I(t(u,v) + (¢, —¢)) : t =20, p € H}. (2.7)
PROOF. The conclusion in (2.6) follows from Lemma 2.3, by observing that, by assump-
tion, /(1) = 0, so that §'(1) = a”(1) < 0.
As for (2.7), suppose that the supremum is attained at some ¢ty > 0, ¢g € H. Then we

must have that ¢p = ¥, and o/(tg) = 0. By Lemma 2.3, the function « has at most one

positive critical point and ¢y # 0, and so we must have that t) = 1 (and ¢9 = ¥; =0). O

For later purposes, we state a variant of (2.7) which is essentially proved in [24, Lemma

2.1] under additional assumptions on f and g.

Proposition 2.5. Let (up,v,) be a Palais-Smale sequence for the functional I, namely

0 < liminf I'(uy,vy,) < limsup I(uy, v,) < +00 and

pin = 1" (s o) | (rcrry = SUp{ T’ (un, vn) (&, )|, 6,9 € H, ||l + [[f] < 1} — 0.

Then

sup{I(t(tn,vn) + (¢, =) : t =0, ¢ € HY = I(upn,vs) + O(u?). (2.8)



ProOOF. We prove a slightly more general result. Let

Vn = ’I/(umvn)(umvn)’ —i—sup{\['(un,vn)@, -9)l, ¢ € H, ||9]| <1} < 2up

and let us show that the quantity appearing in (2.8) is I(un,v,) + O(v2). Some of this
follows as in [24, 25] and so we only stress the differences. We denote U} := Wy, 4, (cf.
(2.2)) while U}* stands for the derivative of the map ¢t — W} evaluated at the point t.

Since I(up,v,) > 0 we must have that w, # —v,. Moreover, since
/(f(un)un + g(vn)vn) = 2<u7’l7 vn) - I/(u’m vn)(unv Un)
= Ql(urmvn) _Il(unvvn)(unyvn)v

our assumptions imply that

lim inf/(f(un)un + g(vn)vy) > 0. (2.9)

n—oo

Also, from
Iy + WY, v = UT)(PY, =) = I (up, 00) (P, =0F) = —I'(up, vn) (¥], —¥7) = O(v)

we readily see that

[1PT][ = O(v). (2.10)

Now, let
an(t) == I(t(up,v,) + (U7, —U7)).

It can be shown that sup;>q o (t) = ay(ty,) for some ¢, > 0 and that the sequences ||uy||,
||vn]| and |t,| are bounded (cf. [24, p. 160-162]; here we make use of property (fg5)). In
particular, by recalling the definition of ¥} we see that (¥}), is bounded as long as t
remains bounded. We claim that the same conclusion holds for (U}™),, as well. Indeed, by

differentiating (2.3) and by letting ¢ = ¥}" we see that
I" (t(un, vn) + (W7, —U7)) (un + B4, vn — B3°) (93", —0)") = 0,
that is
2P = (P, vn — un) — /f'(tun + U7 (un + W)WY+ /9'(75% — W) (v — W)W
< (U v, — uy) — /f'(tun + U u, Uy + /g/(tvn — UM, U
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and the conclusion follows. This, combined with (2.10), shows that ¥} — 0 as t — 1,
uniformly in n. Then, as shown in [25, Eq. (3.10)], there exist some small §,7 > 0 such

that, for every large n,

sup  all(t) < —n/(f(un)un + g(vn)v,) <0, (2.11)
te[1-6,1+4]

where we have used (2.9) in the last inequality.

Our conclusion follows easily from (2.11). Indeed, we see from (2.10) that
ap (1) = I'(un + WY, v = UT) (un, vn) = I'(tn, 0n) (tn, vn) + O(vn) = O(vn)  (2.12)

and so, thanks to (2.11), o, (1 — &) > 0 > o, (1 + ) for large values of n. By Lemma 2.3
we must have then that ¢, € [1 — §,1 + 0]. Going back to (2.11)-(2.12) we deduce that

ltn, — 1| = O(vy).
As a consequence,
an(1) = an(tn) + O((1 = t,)?) = an(ty) + O(2). (2.13)

On the other hand, by expanding the map ¢ — I(u, + tU}, v, — t¥}) up to the order 2

and by using (2.10) we see that
an(1) = I(up, vn) + O(2). (2.14)

It follows from (2.13)-(2.14) that ay,(t,) = I(un,vs) + O(v2) and this proves Proposition
2.5. O
Remarks. 1) In the case Q = RV, for a given A > 0 let us denote by I, the energy

functional associated to the problem
—Au+ Au = g(v), —Av + v = f(u), u,v € HY(RY),

and by ¢(\) the corresponding ground-state critical level, that is c¢(\) = inf{I)(u,v) :
(u,v) # (0,0) and I} (u,v) = 0}. Then, under the assumptions of Proposition 2.5, we also
have that

I (up, vy) = c(A) +0(1), as n — oo. (2.15)
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Indeed, let u,v € H be such that, up to a subsequence, v, — u and v, — v weakly in
HY(RY). Clearly, I} (u,v) = 0 and by using the invariance by translation of the problem
we may assume that (u,v) # (0,0). By applying Fatou’s lemma we see that

21\ (u,v) = /(f(u)u —2F(u) + g(v)v — 2G(v)) < 2liminf Iy (up, vy)

n—o0

and the conclusion follows.
2) Thanks to Proposition 2.5, we may apply the argument in [24, Lemma 3.1] to deduce
that the map Rt — R™, X\ — ¢()), is increasing. Also, as a simple consequence of (2.7),

the ground-state critical levels are monotonic with respect to the potentials F' and G.

3 Nehari manifold

In the following, for each i = 1,...,k, we fix open sets such that A; € A, € 1~Xz €  and
cut-off functions ¢; such that ¢; = 1in A} and ¢; = 0 in RN \Kz, we also denote A := U; Ay,
/~X = UZT\Z

Following an idea introduced in [11, 13], we fix small numbers a1, ag > 0 in such a way
that 2f'(a1) < a:=infqV, f/(s) = f'(a1) Vs > a1, 2¢'(a2) < a, ¢'(s) = ¢'(a2) Vs > aq,
and set f(s) := f(s) if s < a1, f(s) = f(a1)s + (f(a1) — a1 f’ (al)) if s > a1 and similarly
for g(s). Then we introduce

f@,5) = xa () f(s) + (1 = xa(2))f(s)

and a similar function g(z, s), and the corresponding energy functional

(u,v) /{5 (Vu, Vo) + V(z)uv} — / T, u) /QG(:U v),

where F(z,s) := [; f(z,£)d¢, G = [y g(x,€)d¢. Similarly to [11, 13], this trunca-
tion technique will be helpful in both brmgmg compactness to the problem and locating
the maximum points of our solutions. The relevant properties of f(z,s) and g(z,s) are

displayed in the next lemma, whose proof is elementary.
Lemma 3.1. The function f(z,s) (and also g(x,s)) satisfies:
(1) f(x,s) =o(s) as s — 0, uniformly in z € Q;

(i4) ]gﬁ(:z,SH <O+ [sPP2) with2 < p < 2N/(N —2), Vo € Q, s € R;
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(iii) (14 6")f(z,s)s < 52%(:5,5), with ' >0, Vz € A, s € R;
(iv) 0 < 2F(x,s) < f(x,s8)s, Ve € Q\ A, s € R, s #0;

(v) fx,s) < f(s), Ve € Q, s € R;

(vi) for some (arbitrarily small) 6 = d(ay,az) > 0,

[f (2, 8)[ + [g(z;8)] < dls|, Vo e Q\A, s €R; (3.1)

(vii) for every p > 0 there exists Cy, > 0 such that

|f(z, )t + |g(x, t)s| < p(s* + 1) + Oy (f(z,8)s + g(x,t)t), Vo € Q, s5,t €R. (3.2)

We denote by N the set of functions (u,v) € H x H satisfying
J'( _ _ ! . N 2 2 N+1 s
S(u,v)(p,—p) =0Vp € H, J.(u,v)(up;,vp;) =0, (u*4+v*) > Vi=1,...k
A;

and [[(u, v)[[2 = [[ul Z+[v]2 = (€2 [ [Vul*+ o V(@)u?)+( [o [VolP+ [ V(z)v?). Tt can
be shown that N; is nonempty. Indeed, let us fix points x; € A; such that V(z;) = infs, V

and let us consider a fixed pair of solutions u;, v; € H'(RY) of the system
—Au; + V(zi)u; = g(vi), —Av; + V(zi)vi = f(ui),
corresponding to the ground-state critical level (cf. the Remark following Proposition 2.5)
ci = Iy (g (ui, vi)-

We let
Ui e(7) == Qi(@)ui((x — 23) /),  wie(x) = gi(z)vi((w — 25)/e).

Our next proposition shows that N, is nonempty if ¢ is sufficiently small. Its proof is

postponed to the end of the present section.

Proposition 3.2. There exists €9 > 0 such that for every0 < e < eg and everyi =1,...,k
there is V. € H}(Q) and points t1z,. .., tg- € [0,1] such that the functions

k k
Ug 1= E ticUie + v, and U = E ticVie — U,
=1 =1
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satisfy

Jé(ﬂE’EE)(gbiﬂsa ¢i§€) = 07 Vi = 1’ RN} k? (33)
J (e, 0:)(p, =) =0, Vi=1,....k Yo € Hy (), (3.4)
and
k
Je(te,ve) =N () et 0(1)) ase— 0. (3.5)
i=1
Moreover,
@)z e, (3.6)
A

for some n > 0.
We will denote by ¢, the infimum
Ce = 1]{[15 Je .

We know from Proposition 3.2 that

k
c. <&V <Z ¢+ 0(1)) ase — 0. (3.7)
i=1

It will follow from Proposition 3.3 below that ¢, > 0 and that any sublevel set N.N{(u,v) :
Je(u,v) < C} with C' > 0 is weakly closed (for our purposes, thanks to (3.7), we may
take, say, C' = 2eV 3", ¢;).

We will show in Section 4 that c. is indeed a critical point of J. over the space H x H.
Here we make some preliminary considerations and prove two auxiliary results that will
be needed in Section 4, namely Propositions 3.3 and 3.7.

Functions in N, are zero points of the functional K, : H x H - RF ¢ H—,

K. (u,v) := (J(u,v)(pru, $10), . .., Jo(u, v)(dru, drv), PJL(u,v)),

where P : H x H — H™ = {(¢,—¢), ¢ € H} is the orthogonal projection. We can
identify R¥ with the subspace span{(u¢;,v$;), i = 1,....,k}. For any (u,v) € N, its

derivative K/ (u,v) is given by

KL (u,0)((,€) = (11(C,€), -, (€, ), P! (u,0)(¢,€)) e RF @ H ™,

where PJ!(u,v)((,§) has a meaning according to Riesz’s theorem and
NZ(C’ 5) = Jé(u7 U)(¢1Ca ¢l£) + J!(u’ U)(Qbiu, QS’L,U)(Ca g)a 1= 1a R k.
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Let us concentrate on K (u,v) restricted to the space R¥ @ H~. Similarly to the proof of
Proposition 2.1, we can check that Id — K/(u,v) is compact. Now, for any given ¢) € H
and A1, ..., A\x € R, not all of them zero, by denoting ® := >, \i¢;, @ := @+, 0 := P —1),

we have that
(KL (u,v)(@,D), (@,0))e = J.(u,v)(D%u, ®*v) + J (u,v) (T, 7) (T, 7).

We shall prove below that this expression is negative (cf. Proposition 3.7), provided ¢ is
small enough. This shows in particular that K(u,v) is one-to-one (and thus an isomor-
phism) in the space R¥ @ H~. As a consequence, the tangent space of the manifold N, at
the point (u,v) is given by KerK/(u,v). Then, according to the Lagrange multiplier rule,
N, is a natural constraint for the functional J.; namely, if the infimum c. is achieved at

(u,v) € N then there exist A1,...,\x € R and ¢) € H such that

T (u,0)(C, ) = JL(u, 0)(RC, RE) + I (u,0)(W,0)(C,8), V(£ € H.

By letting (¢, &) = (w,v), so that J.(u,v)(w,v) = 0, we conclude from the previous ob-
servation that we must have » = 0 and \; = ... = Ay = 0, hence (u,v) is indeed
a critical point of J.. (It can also be observed that, in fact, we can reduce ourselves
to a finite dimensional manifold by working instead with the functional J. : H — R,
Jo(u) == Jo((u, u) + Py, —Wyu)), cf. (2.2); we leave the details for the interested reader.)

We now make this ideas precise. Except when indicated otherwise, all integrals take

place over RV, by extending u and v by zero.

Proposition 3.3. For every Cy > 0 there exist €9, Do, ng > 0 such that, for every

0<e<e,
(w,v) € Noy  Jo(u,0) < Coe = [[(w,0)|2 < Doe” and / (W2 4 v2) > noe?,
A

for every i = 1,..k. Also, J.(u,v) = noe™ (whence c. > noe™ ).
PrOOF. 1. Let ® := ) . ¢; and { :=1— @, so that £ > 0in Q2 and £ = 0 in A. Since
JL(u,v)(Pu, v) = 0, we have that
[ U@t gow) < [t g oo
A
= (u, Pv)e + (v, Pu)e (3.8)

= 2<u7 U)E + <U - u?&(v - u)>€ - <u7§u>5 - <U>£U>€-
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Now, since £ > 0,

(u, €. = & / Vule + / V(@) + & / WV, VE) > oDl (3.9)

and similarly for (v, £v)., with o.(1) — 0 as € — 0. On the other hand, since —A(v —u) +
V(z)(v—u)= f(z,u) — g(z,v) in Q and again by £ > 0, we have that

= uo-we). = [(faw - gl o)e-we<s [0+ (310
for a small § > 0. Finally, since J.(u,v) < Coe®V,
2w vy < 2 / (F(2,u) + G, v)) + 2CoeN
< Z/A(F(u)+G(v))+5/(u2+v2)+2005N. (3.11)

Since f(s)s > (24 ¢')F(s) and similarly for g(s), for some ¢’ > 0 (as follows from (iii) in
Lemma 3.1), we see from (3.8) — (3.11) that

/A(f(U)u +g(v)v) < O+ 0:(1)) [ (u, )| |2 + Cge™, (3.12)
for some 0 > 0 and some C, Cjj > 0 (independent of § and ¢). Thus, going back to (3.11),
2(u, v)e — (v, du)e — (u, Pv)e < 2(u,v)e < C(8 + o (1)) ||(u,v)||2 + CeV. (3.13)

2. Next, it follows from our assumptions that J.(u, v)(¢p;v, d;u) = 0 for every i = 1,... k,

that is
(u, diu)e + (v, Piv)e = /(f(% w)v + g(z,v)u)d;. (3.14)

Then, thanks to (3.2) and (3.12),
(u, Du)e + (v, Dv)e < pl| (u, V)| + Cu(8 + 0c (1)) (u, v) |12 + Coe™. (3.15)
3. We combine the estimates in (3.10), (3.13) and (3.15) to deduce that

[(u, )2 = (u, ®u)e + (v, Pv)e + (v — u, E(v —u))e + 2(u, v)e — (v, Pu)e — (u, Pv).

< O+ 8+ o), )12 + G (6 + 0c(1)) | (w, 0|12 + (C + Cg)e™ (3.16)
By choosing a small > 0 and, subsequentely, a small § > 0 we conclude that
[|(u, 0)||2 < Doe™ (3.17)
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for every small €. This proves the first part of Proposition 3.3.
4. Next, we go back to the equation in (3.14). By replacing if necessary ¢; by gb? in the
definition of the set N., we may assume that |V¢;|> < C¢;. Therefore,

wom)e = & [[VuPor+ [Viontoi+e [u(vu,0)

5 <52/|Vu\2¢i+/‘/(x)u2¢i> —0’52/u2, (3.18)

while (3.17) and the assumption that [, (u*+v?) = V! imply

C'e? /u2 < DpeN 2 < 5/V(x)(u2 + v?) ¢y, (3.19)

for a small § > 0, provided € > 0 is sufficiently small. By proceeding in a similar way with

the function v we conclude that

(e + (0.0l > 5 (2 [(TuP + [DoPro+ [V 426 ). 320

As for the right-hand member of (3.14), we recall that (3.1) holds and also that |f(s)| <
§|s| + Cs|s|* ~! and so

/’f(fﬁyu)v@ < 5/(U2 +v?)¢; + Cs /A u[* o), (3.21)

with

21 _ G261y .
/A Nl = /A I o
< c( [l + [ |v¢i|2*)
2%/2 2*/2
< c</<\w?+yw?)¢i> +C</(u2+v2)q§i>

thanks to Sobolev’s inequality. Thus, since 2*/2 > 1,

2+ /2
/ lu* | < C </(|Vu]2 + |Vv]?)g > —1—5/ (u® 4+ v?) ;. (3.22)
A

If we combine (3.14), (3.20), (3.21), (3.22) we see that, for some small § > 0,

82/(|W’2+’WFMH/V(@(U?M?)@ < C(/(Ivuﬁﬂv@!?)@)%/z
i 6/ (u? +v%)¢i (3.23)
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if £ is sufficiently small. Since (u? + v?)¢; # 0, this implies that

o< [qwut s wetio< o (fumat+ we)
and so, since 2*/2 = N/(N — 2),
52/(|vu\2 Vo) > neV, (3.24)
for some n > 0. By combining (3.17), (3.23) and (3.24) we also deduce that
/A (u® +v*) = moe™

for some 79 > 0. At last, it may be observed that the coefficients of the e¥-term in (3.16)
are bounded above by a (fixed) multiple of J.(u,v), and this, together with (3.24), yields
that

Je(u7 ’U) Z 771€N7

for some n; > 0, which completes the proof of Proposition 3.3.

For further reference, we mention that (3.2), (3.14), (3.20) and (3.24) show that

[+ gop) > me. (3.25)

for some 72 > 0. O

Lemma 3.4. Under the conditions of Proposition 3.3, leti € {1,...,k} andy € H. Then

Qi = (0 = Wi, ¥)e — (v = u, iv))e = 0: (D23 .,
where o(1) — 0 as € — 0, uniformly in u,v, .

ProOF. Clearly,

lie] =

& - ws, v -2 [ ¢<v¢i,v<v—u>>]
< ¢ (/v—u\ wul+ [ 1o rvw—u)r) < 0ol 0) 1l

and the conclusion follows from Proposition 3.3. O

Lemma 3.5. Under the conditions of Proposition 3.3, let i € {1,...,k} and denote
Bie = (u, $v)e + (v, G{u)e + 2(diu, div)e — 2 /(f(x, wu + g(@,v)v)¢;.
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Then

B’i,s < 05(1)€N,
where o-(1) — 0 as € — 0, uniformly in u,v.

PROOF. We may subtract the quantity 2J.(u,v)(¢;u, ¢p;v) = 0 in the expression of j3; .,
the resulting quantity being then given by

2(u, (] — di)ue +2(v, (67 — di)v)e + 2(v—u, (¢ — ¢7)(v — u))e
2 [yt gl 0)0) (- 61+ o(DE,
where the o-(1)eV term arises from the quantity 2(¢;u, d;v)e — (u, p2v). — (v, P2u)e =
2e? [uv|V¢;|?. Since ¢; — ¢7 > 0in Q and ¢; — ¢? = 0 in A, and since —A(v —u) =
f(x,u) — g(x,v), the third and fourth terms above can be estimated in a similar manner,

vielding that
e < 20, (62 = 0u)e + 200, (67 — )0+ 3 [ (2 +2)(6: = 6) + 0. (VY.
Moreover, {u, (62 — d5)u)e = < [ [Vul2(6? — 61) + [ V(@)u(é? - é1) + oo(1)e" and 50
Bie < /(2V(x) — 0)(u? + v?)(¢? — &) + 0. (1)e.

By letting § < 2infpnr V, the conclusion follows. O
The expression for 4. which appears in our next lemma is suggested by the one in the

proof of Lemma 2.2.

Lemma 3.6. Under the conditions of Proposition 3.3, let v € H, pi,...,ur € R with
S 42 =1, and denote ® := 3, i and

o=l + [ L0

v

b [ T @t [P - 20Dy

Then there exists n > 0 such that

Ye = ne + ||| 2.

PROOF. We may assume that p; = 1 for some i. By recalling that f'(s) > (1+¢")f(s)/s

and similarly for g(s) for some §' > 0 we see that

e 12 > 2+ 8 [ (D24 20 ).

i
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We use the change of variables u®(z) := u(ex), v°(x) = v(ex), ¥°(x) = Y(ex). If the
expression above is not bounded below by some ne” then there exist sequences e — 0 and

[|4°||1 — 0 such that
/A‘/ (f (u)u® + 2 (u?) 9" + g(v7)v" = 29(v)9%) — 0.

Since (uf). and (v¥). are bounded in H'(R™), this contradicts (3.25) and proves Lemma

3.6. O

Proposition 3.7. Under the conditions of Proposition 3.3, there exists g > 0 such that

forany 0 <e <eg, any € H, and any i € {1,...,k},

T (u, 0)(¢Fu, Fv) + I (u,0) (D + ¢, v — ) ($iu + 9, piv — ) < 0.

PROOF. A straightforward computation shows that the above expression is given by
20 ¢ + Bie — 7ie, Where these quantities were defined respectively in Lemmas 3.4, 3.5
and 3.6 (here ;. stands for the expression in Lemma 3.5 with p; = 1 and p; = 0
if j # i). According to these lemmas, for £ small enough this is bounded above by

0c (DNl — eNn/2 — ||1||? for some 1 > 0, and the conclusion follows. O
We conclude this section with the
PRrROOF OF PROPOSITION 3.2.
1. For every t = (t1,...,t;) € [0,1] x --- x [0, 1], let
u 7= Ztiui,g, Vg = Z tiVi e, (3.26)
i i

and let W_7 be such that

Te((uez,v.7) + (Ve —Vop)) (0, —¢) =0, Vo € Hy(9), (3.27)
that is, U_; € HE(Q) is such that

—252A\115j +2V(z)¥_; = —EQAUEj +V(x)v.z + EzAuayg —V(z)u_3;

et

_f('r7 Ue T + \Ijs,f) + g(.%', Vet — \Ijs,f)' (328)
We have that, uniformly in ¢ and in ¢,
/ (52|V\If€j|2 + V(x)\I/?z) <C
Q b
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and

/ (1902 + V() e2) ~0 ase—o. (3.29)
QA ’

Indeed, concerning for example the less obvious property (3.29) we observe that
_2€2A\I]5,E + QV(x)\I]a,f = _f(qja,f) + g(_\ljei) in \ Ka

and this readily implies the estimate in (3.29) over the set Q\A. As for A\ A, in view of the
change of variables y = ez + z;, let us denote ¢ (x) := ¢;(ex + z;), V¥ (x) := Vi(ex + x;),

)

Ue(z) = VU, z(ex + @), A := Aizwi fe(x,5) == f(ex + x4,5) and so on, so that, taking

€

the previous remark into account, (3.29) will be a consequence of showing that, for every

i=1,....k,

/~ (IVEE]? + VE(U9)?) =0 ase — 0, uniformly in Z. (3.30)
Re\as

To that purpose, let us fix w; C A; and let & be a cut-off function such that & = 1 in
Ki \Aj, & = 01in w; and & = 0 outside a small neighborhood of /N\l Then, over the support
of §§(z) := &i(ex + x;), the function WE satisfies

—2AF +2VEVE = tifi(w,u;) — fi (@, tiug + W3)

—tig; (z,vi) + g; (z, tivi — ¥7) + o(1), (3.31)

since |[(1 — ¢f)uil| g1 rnyy — 0 and [[(1 — ¢§)vil| g1y — 0 as € — 0. If we multiply this

equation by WZ£F and integrate by parts we see that
2 [(VUP+ VAR & < [ (0w - St U5
+ [ (g7 tivs) — 17w, 00) 5 € o)

<c/ (Jus] + Jex]) 192] 4 o(1) = o(1),
RN\AS

since u;,v; € L*(RY) and since [py ]\Il%|2 is bounded uniformly in e and in ¢. This proves
(3.30) and establishes (3.29).

2. Now, let us introduce the continuous function

91}66) = Jé((ug,fv Ua,f) + (\Ije,f7 _\Ija,f>)(u5,f¢i7 Us,f¢i)7 (332)
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where u_3, v.7 and V_; were defined in (3.26) and (3.27). We claim that there exist

et

€0, it > 0 such that, for any 0 < ¢ < g9 and every points t; € [0, 1], j # 1,
02'75(751,...,1 — ... ,tk) >0> H@a(tl,...,l —i—u,...,tk). (333)

We observe that, by Miranda’s theorem and by the definition in (3.27), this yields the
desired conclusion (3.3) (and also (3.4), thanks again to (3.27)).

3. In order to prove (3.33), and in view of Proposition 2.4, let us consider ¥;, € H'(R")
such that

+g(tiv; — ¥y,) — tig(v;)  in RY, (3.34)

Since ¥, is a continuous map as a function of ¢;, we can use Lebegue’s dominated con-

vergence theorem to deduce that
/~ (V(z;) = V(ex + x;)) \I/i — 0 ase— 0, uniformly in ¢;,

and thus also
/7\E (V(zi) = V(ex + ;) ¥y, (¥ — V) = 0 ase — 0, uniformly in %. (3.35)
Similarly, we have that
/RN\AE (V¥ >+ V(z;)¥7) -0 ase— 0, uniformly in ¢;. (3.36)
Now, by comparing (3.31) and (3.34) we see that

“2A(VF = Wy,) + 2V (U — Wy, ) =2(V(2i) — Vi) ¥y,
+ G (fi (wi) = fwi)) + f(toug + Vg,) — f5 (Liug + UF)

+ tilg(vi) = g; (vi)) + g; (tivi — W3) — g(tivi — Wy,) + o(1).

By recalling that f;(z,s) = f(z) if z € A] and by adding £(f; (v, tyu; + V§,) — g5 (@, tv; —
V7)) in the right-hand member of the above equation, we conclude from (3.30), (3.35)
and (3.36) that

/~ IV (UE — )? + V(ez + ;) (¥ — ¥;,)> -0 ase — 0, uniformly inf. (3.37)
Ay
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4. At last, let us consider the map introduced in Proposition 2.4, namely
0i(ti) = Iy gy (tius, vi) + (W, —Wy,)) (ui, 7).
Taking (3.32) and (3.37) into account we see that, for any ¢ = (¢1,...,t),
e N0 (1) = 0:(t;) +0-(1) = 6:(1 — t;) + o5, (1 — t;) + 0-(1), (3.38)

where

Oti(l — tl)

1= 0 asty; —1 and o.(1) — 0 as e — 0, uniformly in .
—

Clearly, this implies the desired conclusion (3.33).
As for the estimate (3.5), we observe that it follows from (3.29), (3.36) and (3.37) that

e NI (U, 0) = Ty (tie(uiyvi) + (W, , =Ty, ) + o(1).

On the other hand, it follows from (3.38) that ;. — 1 (and hence ¥y, . — 0) as € — 0,
and (3.5) follows. At last,

[ @)z [ ez ne,

for some 7 > 0, and this concludes the proof of Proposition 3.2. O

4 Proof of Theorem 1.1

We use the same notations as in the previous section.We recall that ¢, := infy_J. and we
denote

T (u,v) = /N (e2(Vu, Vv) + V(z)uv — F(z,u) — G(z,v)).
A
Our main result in this section is the following.

Theorem 4.1. For every small € > 0 there exists (uz,v:) € N such that
Ja(u&‘a UE) = C¢ and Jé(ua, Ua) =0.

Moreover,

k
Ji(ue,ve) = eV (c; +0(1)) Vi and ce = (Z ¢+ 0(1))
i=1

as € — 0.
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PROOF. 1. By the considerations at the beginning of Section 3, for any small £ > 0 there
exists a constrained Palais-Smale sequence for the functional J. at the level c., that is

there exist sequences (uy,,v,) € N;, A\ € R (i =1,...,k) and ¢, € H such that, for any
G{eH,

Jé(una 'Un)(<7 g) = Jé(una Un)(q)nCa q)ng) + Jg(una 'Un)(q)nun + ¥n, Prun — ¢n)((a g) + On(l)

where 0,(1) — 0 uniformly for bounded ¢,§ as n — oo, and ®, := >, \I'¢;; moreover,
Je(tp,vy) — co. This can be checked in [27] (or in e.g. [16, p. 207 & 219] if one works
instead with the reduced functional mentioned just before Proposition 3.3). Let A, :=

(3, (AM?)Y2. We claim that
An— 0 and Yy, — 0. (4.1)

Indeed, we let ¢ = (Ppun + Vn)/An, & = (Prvn, — ¥n)/An so that J.(uy,v,)(¢, &) = 0.
Similarly to Proposition 3.7 we find that, for some n > 0,

1A%+ ||énl12 < 0 (1) (] + [16nlle)

with 0,(1) — 0 as n — oo. Then (4.1) follows. (In case A\, = 0 by letting ((,§) =
(¥n, —1bp,) we immediately get that v, — 0.)

2. Tt follows from (4.1) that (uy,,v,) is a (bounded) Palais-Smale sequence for J., namely
Je(tn, vy) — ¢ and J.(up,vy) — 0 as n — co. Up to a subsequence, let (u.,v:) be a weak
limit of the sequence (uy,, vy )n. Of course, J.(ue,ve) = 0 and (ue, v:) € N.. Moreover, since
2T (tn, ) = 2Je(Un, Un) — JL (U, Un) (U, V5) 00 (1) = [(f (@, wn)un + g(z, vo)vn) +0n (1),
we can use Fatou’s lemma to deduce that J.(ue,ve) < ce, so that actually J.(ue, v:) = ce.
3. Let £ be a cut-off function in RY such that £ =0in A and £ = 1 in Q\ A’. By testing
JL(ue,ve)(Eve, Eue) = 0 we see that

/ (€2 Vue)? + V(z)u? + 2|V |? + V(z)v?) = o.(eV) as e — 0. (4.2)
O\AY

This, in turn, readily implies that

(e, ve) = Jo(pite, pive) + 0 (e™) Vie{l,...,k}, (4.3)

and that i
JE(UE7 va) = Z Ja(¢iuav ¢iva) + 05(5N)- (44)

i=1
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Also, {(¢; — Due, pive)e + (piue, (¢; — 1)v2)e = 0-(e’V) and therefore
2Jc(piue, pive) = (U, Pive)e + (e, Pitie)e + 08(5N) - 2/(F(377 piue) + G(x, give))

> / (s = 2F(u2) + glo2)o- — 26(0.) + o0-(Y)

> 0 [ e+ glou) + 0.(N)
> el (4.5)
as follows from (3.25).

4. Since u. — u in L*(A}), we may assume that |u.| remains bounded by a function in

L%*(A]) as e — 0, and similarly for |v|. So, by letting us(x) := u-(ex + x;)¢;(ex + ),

V&

x) = ve(ex + x;)pi(ex + x;), Lebesgue’s dominated convergence theorem implies that
K]

/|v 25) = View + 2| ()2 + (05)2) = 0 as e — 0.
Therefore, thanks again to (4.2),
JE(¢iu£7 ¢iva) = 6I\IIV(:B )( (Rl 1) + 08( N)a (46)

in particular (cf. (4.5)) 0 < liminfe_.o Iy (y,)(u§, v§) < limsup,_g Iy (q,)(uf, v§) < oo, and

R}

also
sup{ | I, (uf, v5) (6, ¥)], ¢,9 € H'(RY), [|9|] + [[¢|| < 1} — 0.

Then, by Proposition 2.5 and the Remark following it,
Ly 2y (ug, v5) = ¢+ 0:(1), as e — 0.

Thus, by (4.6),

Je(itte, dive) = € (c; + 02(1)). (4.7)
5. At last, we observe that, thanks to (4.7), (4.4) and (3.7),

N> ei+0.(1) < J(dite, dive) + 0: (V) = J(uz, ve) = ¢ < Zcz +oe(1
and sozequality holds, tlzlat is,
> Je(iue, dive) = EN(Z ¢i £ 0(1)). (4.8)

Combining (4.7) and (4.8) leads to the conclusion that, for every i € {1,...,k},

Je(@itte, dive) = €™ (¢; + 0c(1)).

Taking (4.3) and (4.4) into account, this completes the proof of Theorem 4.1. O
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From now on we consider the positive functions u. > 0, v. > 0 given by Theorem 4.1,

which satisfy
—2Au. + V(2)ue = g(z,v.), —e*Av. + V(x)ve = f(z,us), ue,v. € H{(RY). (4.9)

At this point we need to show that (u.,v.) solves our original problem (1.1) and that the
properties (i)-(iv) of Theorem 1.1 hold true. Most of this follows from standard arguments

and therefore we will be sketchy.

Lemma 4.2. The pair (ue,ve) solves (1.1) and moreover:
lim sup{us,v:} =0 and liminf min{supu.,supv.} >0, (4.10)
=0 \A =0 A Ay

for everyi=1,... k.

PROOF. The crucial step in the argument consists in showing that for given points z. € A;

the following holds:

lim iélf min{u:(z:),v:(2:)} >0 = liII(l) V(ze) = i/I\lfV. (4.11)

e— e—m ;
Indeed, up to subsequences we have that z. — Zz € A and that the functions . (z) :=
ue(ex + 22), Ue(x) := v(ex + 2.) (which are bounded in H'(RY), thanks to Proposition

3.3) converge weakly in H'(R") and in C?2

2 (RY) to a nonzero solution (%, ) of the system

AT+ VE@)u=g[@), —-AT+V(E)T=f(@m), uvcHRY) (4.12)

(c.f. [13, Lemma 2.3]); moreover, simple arguments (as in e.g. [11, Lemma 2.2]) imply that
Iy z)(w,v) < liminf. g E%Jg(us, ve), where Iy (z) denotes the energy functional associated
to (4.12). By denoting by cy(z) the corresponding ground-state critical level, we deduce
from Theorem 4.1 that cyz) < ¢;. Thus, as mentioned in the second Remark following
Proposition 2.5, we must have that V(Z) < infa, V, whence V(Z) = infy, V, and this
proves (4.11).
Now, it follows from (4.11) and our basic assumption infs, V' < infsy, V that supyy, ue —

0 and supgy, ve — 0, for every i = 1,...,k. Since, according to (4.9), —A(us +v:) <0
over 2\ A, the first conclusion in (4.10) follows from the maximum principle. By recalling
that f(x,u) = f(u) if either z € A or z € Q\ A and w is small, and similarly for g(z,v),

we have that (ue,v:) solves (1.1).
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As for the second conclusion in (4.10), suppose that, say, supy, ue — 0 for some i €
{1,...,k} and let u®(x) := u(ex), v¥(x) := v(ex). Then we have that sup,c,, /- fBS(y) (u)? —
0 for every S > 0 and therefore fNR(Ai/E)(us)p — 0 as e — 0, according to P.L. Lions’s con-
centration lemma (see e.g. [29, Th. 1.34]), for any neighborhood Ng(A;/e) := {x € RV :
dist(z, A;/e) < R}. It then follows as in (4.2) that fAi/5(|VUE|2 + V(ex)(uf)? + |V |2 +
V(ex)(v¥)?) < og(1) as € — 0, where og(1) is small for large values of R. This contradicts

the fact that, according to Proposition 3.3, liminf. . fAi/g((uE)2 + (v°)?) > 0. O
Our next result concludes the proof of Theorem 1.1 (see also Section 5).

Proposition 4.3. The functions u., v. satisfy the properties (i)-(iv) stated in Theorem

1.1.

PROOF. (sketch) It follows from our previous lemma that for every i = 1,..., k there exist
Tie, Yie € Nj such that u(x;.) = maxy, u. and v(y;-) = maxy, v.. Moreover (cf. (4.10)
—(4.11)) w(zie),v(yie) = b > 0 and Im V' (z;.) = imV (y;c) = infy, V as e — 0. We
claim that x; . = y;. if € is sufficiently small. Indeed, we let u.(z) := u.(ex + x;.) and
Ue(z) = ve(ex + xi¢), to arrive at a limit problem as in (4.12) with V(Z) = inf,, V. We
know from [4] that w and v are radially symmetric with respect to the origin and that they
are decreasing functions. Let & . := (i — yic)/e. In case | | — oo it follows as in [11,
p. 13] and from the estimates in Theorem 4.1 that 2¢; < ¢;, a contradiction. Thus (§; ) is
bounded and since §; . is a local maximum of v, it follows from our previous observation
that & . — 0. By applying then the argument in [25, p. 3276], which is based on the fact
that either @”(0) # 0 or v”(0) # 0, we conclude that & . = 0 for small values of ¢, thus
proving the claim.

Similarly, if z;. € A; is a given local maximum point of, say, u. such that 0 <
lim sup,_,o us(2i¢) then the preceding argument yields that z;. = y;. (= i) for small
values of ¢ and this, together with the first statement in (4.10), establishes property (iv)
of Theorem 1.1

As for property (iii) and keeping the same notations as above, we may assume that b is
so small that ¢ := info V — f(b) /b—g(b) /b > 0. Since the limit functions @ and v are radially

symmetric and thanks also to the first statement in (4.10), we can choose R > 0 so large

and ¢ so small that 7. (z) + v.(z) < b Va € Ow, where w := RN \ (U]-#(Aj_xi’s) U Br(0)).

£

The uniqueness of the maximum points implies that in fact @.(z) +7:(x) < bVr € w. Asa
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consequence S(@e) | 9(ve) < f(g;) + 94 (”8) < (b )+g( ) < info V in w and so —A(u. +7.)+

) Ue+TVe Ue+Ue

c(tu: +7.) < 0 in w. The conclusion also holds for a slightly smaller A7 € A; and " :=
A
RV\ (U (=
of points y1, .. .,¥yy, in such a way that 9(U;.A}) C Ugozl (Bs(ye) \ Bsi(ye)) C UjxiAj and
|z —ye| > 26 V€ Vz € Q\Uj A Let w € HY(RY\ B1(0)) be such that —Aw+6%w = 0 and

—Tie

JUBR(0)); we fix A7, small numbers 0 < ¢’ < § < \/c and a finite number

are 21l < w(x) < age ! V]z| > 1, for some ay,az > 0. Tt follows from the maximum
principle that 7. (z) + 7-(z) < dow(x) + S0, Aew(x — yz*m”) in w”, for some \g > 0

26 il 282 =blo—yy|
and some 0 < Ay < Ce?/¢. Hence u.(z) + ve(z) < C(e” + Ze e = ) over

Q\ UjziA]. Since 6|z — yo| — 202 > plx — x| for every z € Q\ Uj4A; and a small p > 0,
(iii) follows. O

5 The case p # q

In Section 4 we have proved Theorem 1.1 except that we have worked with a truncated
problem, as explained at the end of Section 1. The full statement of Theorem 1.1 will
be established once we prove uniform bounds in L>°(€Q) of the solutions constructed so
far. So, let us suppose that p,q > 2 are such that 1/p+ 1/q > (N — 2)/N with, say,
2<p<2*=2N/(N —2)and p < gq.

Given n € N, we consider the functions f, and g, already defined in (1.3). Then, for
a fixed n, thanks to Theorem 1.1 there exists o, > 0 such that for 0 < € < g, there are

positive solutions u., ve of the problem
—2Au+V(2)u = g,(v), —e*Av+V(z)v = fo(u) in Q, u,v € HY}(Q), (5.1

satisfying the conclusions of that theorem; at this point, all the quantities appearing in

the theorem depend of n. Moreover, by Theorem 4.1 we have

k
I?(uavs) =N <Z Cin + On(1)> as € — 0,

i=1
where I"(ug,v.) = [{e?(Vu, Vv) + V(z)uv — F,(u) — Gp(v)} with obvious notations, and

¢in is the ground-state critical level of
—Au+ V(z)u = gn(v), —Av+V(z;)v= fn(u) in RY. (5.2)

Therefore, given n we can consider £g, > 0 small enough such that for 0 < ¢ < ¢¢,, we

have I”(ug,ve) < 2eN Zle Cin-
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Lemma 5.1. For every n € N there exists €9, > 0 such that, for every 0 < e < egg,, we

have

IgL(Uaava) < CENv

for some C > 0 independent of n and €. In particular, also

[ntucr + gutoes) < 2. (5:3)

Proor. We only have to prove that ¢; , < C, with C' > 0 independent of n, for any fixed
i=1,...,k. We recall that from our assumptions on f we have that f'(s) > f(s)/s >
f(1)s? for some 0 < §' < p —2. We set

ey o | 160 <t
S) = ’ / ’
=Y T g - 19 s

Then, for a small A > 0 (namely, A < (1+4d)f(1)/f'(1)) it follows easily that AR, < fy,
thus also Ahy < f,,. We proceed in a similar way with the function g, yielding some function
hg such that Ahy < g,. Then, according to the second Remark following Proposition 2.5,
we conclude that ¢;, < cyy s ARy where the latter quantity refers to the ground-state

critical level associated to the problem
—Au+V(z))u=Ay(v),  —Av+V(z;)v=(u), uveHRY).

The final conclusion follows from the fact that the left-hand side of (5.3) is bounded by

2(2;5/) I (ug, ve), according to our assumption (fg3). O

We denote by x; . the maximum points of u. and v, over A;, as mentioned in Theorem

1.1.

Lemma 5.2. Given p > 0, i € {1,...,k} and n € N, there exists g, such that for

0 < e < eopn we have us(x),ve(x) < 1, for all v € Q\ Uj; Aj such that |x — x; .| > p.

PROOF. According to Theorem 1.1 we have uc(x),v:(z) < vnef%k”*mivf', for all z €

O\ Ujz Aj. Then we just have to choose €g,, < pfBn/log Vn. ]

Taking the previous lemma into account, we are left to the analysis of the behavior of

ue (), ve(x) over small neighborhoods of the points x;.. To that purpose, we introduce
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a cutoff function ¢; such that ¢; = 1 in Boy(w;c), ¢; = 0 in RV \ Bs,(;.), and denote

¢ie(x) = ¢i(ex + x;.). We also consider the functions

Ue () = uc(ex + xig), Ue(z) = velex + 24 ),

which satisfy, in the whole space RY,

{ _A(a€¢i,s) = —V({-::L’ + xi,e)aa‘d’i,s + gn(ﬁs)ﬁbi,e - aeAﬁbi,a - 2<Vﬂ5, v¢i,s>

_A(@sfbi,a) = —V(El‘ + xi,e)ﬁs(ﬁi,a + fn(ﬁ6)¢i,a - ®6A¢i,6 - 2<v®57 véi,a) <5.4)

We now use the same variational setting as in [26]. We define s,t¢ such that s +t = 2,

N 2N 2N
st < 5 and p < 5755, ¢ < ooz

injections H*(RY) — LP(RY), HY(RN) « L4(RYN). The linear map A° : H® — L? will

(see [26, p. 1453]). This implies the following continuous

denote the canonical isomorphism A®(u) := ((1 + |€|?)2]@(€)])Y, where ™ is the Fourier
transform and Y is its inverse. To be precise, in our next lemma we take instead A® given

by A%(u) == (o + |€]2)2|a(€)])Y, o := infq V.

Lemma 5.3. Given n € N, there exists g, such that for 0 < e < g, we have

aeticllms + |0@iell gt < C, with C' > 0 independent of n and e.

PROOF. We know from (5.3) that [(fn(te)le + gn(te)te) < C. Also, for every s > 1,
|fn(s)] < C|s|P~t and |gn(s)| < C|s|7! with 1/p +1/q > (N — 2)/N. Therefore our
argument is quite similar to the one in [26, p. 1457] and so we only stress the differences.
We first add on both sides of the first equation in (5.4) the term V(z;)u.¢; . and then
use the test-functions A~'A%(u.¢; ). With respect to the computations in [26], we now

have addicional terms
[ = Vi s oA A s) — [ 0AT A @) a0
- 2 / (Viie, Vi c) A" A* (Tiehi o).
Since V' is a-Hélder continuous over Bs,(x;.) (for some o > 0), we see that
[ = Vier+a)nen A~ A% wetn) < 0 Clnctic
Also, for some positive constant C,, depending on n but not on &,
—/ugAtAs(uaqi>l-7g)A<z>i,a — 2/<Vu5, Vi) AT A (Ui ) < €Oy ||Ucticl s
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Therefore, proceeding similarly with the second equation in (5.4) and by choosing e,

small enough, it follows as in [26] that

e @i cllirs + 100icllzpe < p " Clllucdiclltis + 10icllFpe) + Clllaediclls + vbiellre).

So, provided p > 0 is chosen sufficiently small, the conclusion follows. ]

Lemma 5.4. Given n € N, there exists g, such that for 0 < e < g, we have
l|te]|oo + [|velloo < C, with C > 0 independent of n and €.

PrROOF. Thanks to Lemma 5.3, we can bootstrap similarly to [26, p. 1450 & 1451].
After a finite number of steps and by taking if necessary a smaller g ,,, we conclude that

| @eicll sz + ||0@ic|| g2 < C. The conclusion follows from the imbedding H? (RV)

L= (RN). O
Our final result completes the proof of Theorem 1.1 in its full generality.

Proposition 5.5. There exist ng € N and €9 > 0 such that for every 0 < € < €y our

solutions ug,ve of problem (5.1) with n = ng satisfy all the assertions of Theorem 1.1.

PROOF. According to Lemma 5.4 we may choose ng € N large enough so that ||ug||ec +
|velloo < np for every 0 < e < gq.p, and in this way we solve the original problem (1.1).

The conclusion follows then from Proposition 4.3. O
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