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‘We consider unsteady flows of a homogeneous incompressible fluid-like material with the
viscosity depending on the temperature and on the shear-rate, and the heat conductivity
being a function of the temperature and its gradient. Restricting to the internal flows
and assuming Navier’s slip at the tangential directions on the boundary, we establish
a long-time and large-data existence of suitable weak solutions to the relevant models.
A combination of L*° truncation method applied to establish the compactness of the
velocity gradient and the Lipschitz truncation method applied to establish to obtain
compactness of the temperature gradient leads to the existence results valid for range of
parameters interesting from the point of view of applications.
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1. Introduction

We consider a homogeneous incompressible fluid-like material with the nonconstant
material moduli: the viscosity depends on the temperature and on the shear-rate and
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the heat conductivity coefficient is a function of the temperature and its gradient.
Owing to the dependence of the viscosity on the shear-rate, the considered material
has the ability to capture shear-thinning or shear-thickening phenomena exhibited
by many non-Newtonian fluids. We refer to Malek and Rajagopal [2005] for a recent
description of features that cannot be exhibited by a Navier-Stokes (i.e. Newtonian)
fluid.

Dealing with a homogeneous incompressible fluid its motion, in our setting, will
be captured by (v,7, e), v being the velocity, 7 is the mean normal stress (the
pressure) and e is the internal energy.

We also assume that there is a one to one (possibly nonlinear) relationship
between the temperature 6 and the internal energy e. As a consequence, the heat
conductivity coefficient k is a function of e and Ve, and the viscosity 7 depends on
e and the shear rate that is usually generalized in a full three-dimensional setting,
to the quantity |Dv|? = Dv : Dv where Dv is the symmetric part of the velocity
gradient V,v.

We are interested in mathematical analysis of the relevant model expressed as
the system of nonlinear partial differential equations (that describe the balance of
mass®, the balance of momentum and the balance of energy. We require that the
model is thermomechanically consistent, i.e., the second law of thermodynamics
expressed in terms of the Clusius-Duhen inequality is met.

We restrict ourselves to internal flows (no flux of linear momentum through the
boundary is allowed). A special attention is however devoted to the slip effects on
the boundary. Regarding the temperature, we permit all possibilities that gamut
the nonhomogeneous Dirichlet and Neumann conditions. These types of boundary
conditions and the structural assumptions on the constitutive quantities specified by
certain growth, coerciveness and monotone-type conditions include various model
parameters.

Our aim in this paper is to establish a long-time and large-data existence result
for the largest range of model parameters. We clarify the precise meaning of the word
"largest” later after formulating our main result. To achieve this aim we incorporate
in our studies the following approaches and tools:

e We deal with the notion of weak solutions as it seems to be a very natural
concept of solution for the equations of continuum thermodynamics, as their relevant
weak formulation is ”equivalent”, at least for incompressible fluids, to the original
formulation of the balance equations over arbitrary (measurable) control volumes.
We may refer to Oseen [1927], Leray [1934] or Feireisl [2004] and many other studies
for details. There are natural bounds on certain quantities: the total energy is
bounded uniformly w.r.t. time, it means e and |v|?/2 belong to L*(0,T; L'), and
all dissipative quantities are at least L'-integrable.

e We prefer to work with the equation for the energy (e + |v|?/2) rather than

2Since the considered fluid is homogeneous, the density is constant at any spatial point  and any
time instant; the balance of mass thus simplifies to divv = 0.
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to use alternative formulations as the equation for the internal energy (or the equa-
tion for the temperature) since these alternative formulations are equivalent to the
equation for the total energy only if the velocity field v is smooth (More precisely,
only if v is an admissible test function in the weak formulation of the balance of
linear momentum).

The idea to use the equation for (e + |v|?/2) (rather than the equation for e or
) in the existence theory has been put in the place firstly in Feireisl and Mdlek
[2006] and has been successfully incorporated in further recent studies Bulicek et al.
[2007a] and Bulicek et al. [2007b]. The advantage of this approach consists in dealing
with the quantity div(7v), T := —wI+ 7 being the Cauchy stress, instead of 7- Vv.
While 7 - Vv is in general only L'-integrable quantity, 7v is not only Li-integrable
quantity with ¢ > 1, but it is also weakly compact.

e We consider the Navier’s slip on the boundary as for this type of boundary
conditions we know how to introduce the pressure globally as integrable function,
at least for C*! boundary. We are not able to treat the Dirichlet (no-slip) boundary
conditions at this moment.

e We incorporate L*°-truncation method that goes back to work Boccardo and
Murat [1992] in order to establish almost everywhere convergence of the velocity
gradient.

e We incorporate the properties of Lipschitz approximations of Sobolev functions
in order to establish almost everywhere convergence of the temperature gradient.

Let Q be a bounded open subset of R"(n € N), Q € C11, with boundary 992,
T > 0 and @Q = Qx]0,T[. Thermal incompressible viscous flows are governed by the
following system of partial differential equations

divv = 2 g;z =0in Q; (1.1)
v +divivev)—divr(,e,Dv) = =Vr +f in Q; (1.2)

= (f—V(;|v2+e+ﬂ')) v in Q; (1.3)
e + div(ve) — divq(-, e, Ve) > 7(-,e,Dv) : Dv in Q, (1.4)

where v is the velocity vector, m denotes the pressure, f denotes the external forces,
and 7 = (7;;) denotes the viscous part of the Cauchy stress tensor T. The density is
constant and it is assumed equal to 1. The internal energy e is a nonlinear invertible
function of the temperature 6 through the specific heat ¢,

0
ez/ cp(s)ds < 6 =6(e),

the heat flux (—q) is given by a general law, and the external source is only consti-
tuted by the dissipative term.
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The boundary 0 is such that 0Q = I'p UT where I'p,T' are open subsets
of 90 with smooth boundaries and such that T'p NT' = (), and meas(I'p) > 0.
Hencefurther, let us assume the Dirichlet condition

e=e, onlpx]0,T[; (1.5)

for the sake of simplicity e, = 0, and the fluid-boundary interactions Hadrian and
Panagiotopoulos [1978]

vy =0 {TT +a(,e)vr =0, on Xp:=Tpx]0,T]; (1.6)

r + ¢ e)|lvr|*2vr =0, on X :=TIx]0,T];

where v, vy are the normal and the tangential components of the velocity vector,
respectively, 77 = 7-n—7yn is the tangential component of 7, which coincides with
the tangential stress tensor or, and ¢ denotes the friction coefficient. Here n = (n;)
denotes the unit outward normal to 0€2. Finally, the radiation heat transfer involving
the frictional work Hutter and Rajagopal [1994]

q(~,6,ve) ) Il+"}/(~,6) = (p(~,6)‘VT‘S, (17)

where the energy dependent function 7 represents a general convective effect.

2. Assumptions and main results

Let us define the following Banach spaces, for p,g > 1 and 0 < k <1,

Wy = {ve WH(Q): vy =0 on 90}
Wik, = {v € WP+ divv =0in Q}
Wy={eeW"(Q): e=0onTp};

endowed with the norms

- lhpo =D lpo+-llors - lw, =1Vl

with || - ||z, denoting the canonical norms in scalar space W*? as well as in the
vector space W#P_ The Sobolev space W% means the Lebesgue space LP. We will
denote by || -||p;x the usual norm in the Bochner space LP(0,T; X) with X a Banach
space.

Before we give the precise formulation of that what we mean by weak solution
and before we give the main existence theorem we prove two technical lemmas that
will be frequently use in what follows.

Let us begin by proving a trace lemma.

Lemma 2.1. Let r,c € [1,00[. Let v € L™(0,T; Wb (Q)) N L*°(0,T; L¢(2)). Then
there exists a constant C' := C(||v||y.wr.r, |V|oosne) such that

vl La(o,7;00 (002)) < C (2.1)
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for all a,b satisfying the following relation

r§n,r<c§b§("il)r

nr +rc—nc n—r ’
R T rsmesrsbs B,
r>n,r<c<b< oo, (2.2)

b3

~ nbc+rc —nrc— bre 4+ br?

r>n, c<r<b<oo.

Proof. The key observation that is used in the proof is that there exists continuous
trace operator tr such that

tr - WP (Q) — LP(9Q) (2.3)

for all b €]1, 00). For proof see Triebel [1983]P.

We split the proof into two parts. First one for » < n and second one for r > n.
Part 1 (r < n): Here we restrict ourselves only to the case when ¢ < nr/(n —r).
We use the following embeddings

Wl,'f‘ — Wl,c =1+ E _ E c>r, (24)
c r

Wm’C‘HW%’b m:ﬂ—‘,—l—ﬂ Cgbgu, (25)

c b b n—r
Wk,rqw%,b k22+1_2 eréu’ (26)

r b b n—r

and the standard interpolation inequalities
N Cu rc

vl < lolig vl e e — (2.7)

nr+rc—nc’

Fa 1—4 )
[olljr < llollgrllvllr 0<j<q (2.8)

First note that due to (2.3) it is enough to estimate fOT [v[|1 ,. Thus,
5

T 24), 28) (T am (1_m)
[, Ay A (e
lolls ,
0 b7 (

<

T T T
2.6) (2.8) & N C) s
/O lollg, < / ol o2t < / lol ol (e <)

PIn fact in Triebel [1983] there is not exactly proved the relation (2.3) but we can get it as
a simple consequence of several theorems that are also proved there. First in Subsection 2.2.2
(Remark 3) there is shown that W*=P(Q) = A () for noninteger s > 0 and 1 < p < oo (the
first spaces denotes the Sobolev-Slobodetski space and the second one is the Besov space). These
spaces are introduced in the same Section 2.2.2. Then in Subsection 2.3.5 there is proved that
A;,q(Q) = B;’q(Q) for s >0,1<p< oo, 1< q< oo (the first is again the Besov space and the
second one is the Triebel space, introduced in Subsection 2.3.1). Finally, in Subsection 3.3.3 (Trace
1

theorem) the following trace theorem is established tr : B} ,(Q2) — B;;ﬁ (092) for S*% >0,p>1,
g > 0. As a simple consequence of these three facts we finally get (2.3).
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with v := a(1l — (1 — k)a) and 0 := a(1 — k)a. Hence for ¢ > r we obtain that it is
enough to have

am/l < r - o <pirFre—me
bn+c—cn

For ¢ < r, we have the condition

nr+rc—nc
1—-—a(l—-k%k)) < & <b——-—-—-—.
a1 —of )< “= bn+c—cn

which are exactly the condition (2.2).
Part 2 (r > n): For ¢ > r (and b > ¢) we obtain the same result as above. For
¢ < r instead the interpolation (2.7) we use

ol < [lollé ol (2.9)
Thus we have
r r T kta(l—k) =< (1—k) <
k 1-k arptall—r)—=— all=r)y
Lo, < [ retihezes < [ Jols %,
Thus, we need
r—c br3
k 1-k < Sa<
ak + a ) =" “= Tbe +re —nre — bre + br?
that is again exactly the relation (2.2). O

Let us precise the upper bounds used along the paper at the following lemma.
First we define for p,r > 1

U = LP(0, T; WyP) N L>(0,T; L) (2.10)
E:=L"(0,T;W,) N L>(0,T; L' ()). (2.11)

With this notation we introduce the second interpolation lemma that will be again
used in the following text.
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Lemma 2.2. Letvel and e € £ then
ve LP("+2)/”(Q)7

2(n+1)
L*(¥ >
\AS ( D)7 p= ’/l+2 )
2) —2
gg%%—* ifp <n,
v e L (),
= P20 =1)
p? —2p+2n ’
GELT(n—H)/n(Q),
1)—1
M Zf?"<’l‘L,
(= 1<i< "
erE [ DGk )
r2—r+n -
veve LPr2/Cn ),
lv|?v e LP(+2)/6Gn) (),
Moreover if
l<r<g———
a n+1
om+1 forp>n,
>
e n+1
r:
p(n—1) n
I S S,
max(L o) <" n 3n
for <p<n
- ma (2n—|—1 2np—p—n ) n+2
X b )
1 "t p-DmEl)

then
ev € L1(Q).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.19)

(2.20)

Proof. The relation (2.12) is standard and well known (see, for instance, Malek
et al. [1996]). The assertions (2.15), (2.17) and (2.18) can be also proved by Sobolev
embedding. The trace assertions (2.13), (2.14) and (2.16) are consequence of Lemma
2.1. Indeed, for r = p, ¢ = 2 and a = b = s we obtain (2.14) and for r = r, ¢ =1
and a = b = | we obtain (2.16). We prove only the last relation (2.20) that is in

some sense nonstandard.

First, if p > n then from Sobolev embedding we see that it is enough to have
r > 1 which is exactly (2.19). Notice that the condition on ¢ in (2.19) is due to the

restriction on r.
For p < n we use two standard interpolation inequalities

_ np s—2 np
s < LA 118 2<s< Q=
e < B0, 2<s< 2 T
_ nr m—1 nr
-l < 117200 1<m< B =

n—r’ m nr+r—n

(2.21)

(2.22)
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Next, for an arbitrary s €]2, (np)/(n — p)[ we set m := s’ in (2.22) and we can
compute
T T T, N\
Ll < [l <0 [ 1wl e, < © ( / Iellf;“ﬂ> <c
Q 0 0 0
(2.23)
providing
§< P 5<r (2.24)
n—r p—a«
Since
D ~ s(np+2p—2n) nr
p—a’  s(np+2p—3n)+2ns(nr+r—n)
np+2p —2n nr

B s(np+2p—3n)+2nnr+r—mn

we have that second condition in (2.24) is equivalent to

np + 2p — 2n <nr+r7n 7'n+171' (2.25)

s(np+2p—3n)+2n — n n
Because we want to have r as small as possible we are led to minimalize left-hand
side of (2.25) w.r.t. s. We restrict ourselves only onto the case when p > 3n/(n+2)
that is exactly the same parameter when |v|3 is integrable. With this restriction on
p we see that we must set s as large as possible. Thus, we choose

np

§:= = a=1, 5:n—p¥.
n—p p nr+r—n
And we see that the second condition in (2.24) is valid if
p(n—1)
T2, 2.26
PESCESY (220

that is exactly the relation (2.19). It remains to recover that also the first condition
in (2.24) is valid with our choice of s. Thus, we get after some computation the
condition

L —

T np—n-+2p
However, because n > p we obtain again after some computation that

pn=1) _ _ np
p—1)(n+1) " np—n+2p

Hence, for (2.19) the first condition in (2.24) is valid. O

Definition 2.1. We say that the problem (1.1)-(1.7) is a (p—q) coupled fluid-energy
system if

o7 :Q XRXM,xn, — M, is a Carathéodory function, that is, measurable with
respect to (z,t) € Q for every (e, ) € R x M, xp, and continuous with respect to



Unsteady flows of incompressible viscous heat conducting fluids 9

(e,5) € R x M, for a. a. (z,t) € Q. It satisfies 7(-,-,0) = 0, the p—coercivity,
the growth condition and the strict monotonicity:

Ip>1, v >0: 7(e,) 50 > v, x]P, (2.27)
J* > 0: |7(- e, 50)| < V([P 4 1), (2.28)
(t(-ye,22) —=7(,e,0)) : (3¢ =€) >0, Vs, € My, ¢ # ¢ (2.29)

where M, «,, denotes the set of real symmetric matrices of the type n x n;
e q:0Q xR xR" — R"is a Carathéodory function obeying

Jg>1 Fue>0: q(e () ¢ > vaC]% (2.30)
F*>0: [q(-e Q) <o (¢T7 +1); (2.31)
(al,e,¢) —a(-,e, ) - (C—») >0, V( xeR" (2.32)

Next we define what we mean by weak solution to the problem defined in Def-
inition 2.30. Lemmas 2.1 and 2.2 give us the precise bound on parameters p, q,l, s
for which it makes a good sense to define weak (distributional) solution.

Definition 2.2. Let 7, q satisfy Definition 2.1 with parameters p > ng—J:‘Q, q> 27?++11-
Moreover, let
. S 0- .
ess ;relg eo(z) > 0; (2.33)
feL?0,T;(Wy")"),  vo€Lkay, €€ L'(Q). (2.34)

Let a: ¥p xR — R and ¢,7: ¥ xR — R be Carathéodory functions such that
~(-,0) = 0 and

Ja* >0: 0<al-,e) <a¥, (
Jp* >0: 0< p(,e) <p*, VeeR, ae. in X (2.36
Iy >0: |y e) <y (le|' +1), Ve€eR, ae. in % (
(- e)sign(e) >0, Ve e R, ae. in X. (

We say that (v,7,e) is a weak solution to the (p — ¢) coupled fluid-energy system
(L1)-(1.7)if vel, e € £ for some r > q—1, and

e { LPe2/2)/(Q) if p < (3n +2)/(n +2)
LP(Q) if p> (3n42)/(n+2),

v eEX = LY (0,7 (W#p)/) n Lp("+2)/(2”)(0,T; (W#p(n+2)/[p(n+2)*2n]>/)
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satisfy

(Opv,w) — (v v,Dw) + (7(-,e, Dv), Dw) +/ a(,e)vy-wrp dS dt
Yp

+/Es0(~,e)lvT|S*2vT cwp dS dt = (£, w) + (m, divw) (2.39)
for all w € L (0, T; Wx'™),
(Bre, 6) — (ev,V6) + (a(- e, Ve), Vo) + /E 7€) dS dt
> (1(-e, Dv), Dvg) + / (vl dS dt (2.40)
for all ¢ € C'(Q); ¢ > 0,

V2
- (2 te, am) T (ale,Ve) = 7(- e, DV)v, V) + /E 2(e)é dS dt

v[? ) ) / 2
=(f,vep) + —+4e+w|v,Vop | — af-,e)|lv dS dt
v+ (1 6) = [ at.eltvrio o)
2
+ (|v(2) + 607¢(0)>
for all ¢ € C*(Q); ¢(T) = 0,
completed by initial conditions
2 2
v(-,0) = vo, ("’2 + e> (-,0) = ‘V%' + e, (2.42)

where p’ = p/(p — 1) is the conjugate exponent to p, and the symbol (-, ) denotes
a generic duality pairing, not distinguished between scalar and vector fields.

Theorem 2.1. Under the assumptions (2.33)-(2.38), if p > 3n/(n + 2) and

n+2)—2)/n ifp<n
(R o o)
p(p”+2(n—1))/(p” —2p+2n) ifp>mn;
—1(n+1)/n ifg<nn+2)/(n+1
l<i< (g —1)( )/ fq, ( )/( ) (2.44)
where Logy = LE=m 4 (gntg—n)(gntq—2n—_1) L then there ewists a weak

n+1 (gn+g—n)(gn+q—2n—1)+n(n+1
solution (v,e,m) to the (p — q) coupled fluid-energy system (1.1)-(1.7), for all r

satisfying (2.19). Moreover,
e(z,t) >0, fora.e (x,t)€Q. (2.45)
It represents the existence of a solution for

n=q¢g=2: 1<r<4/3 p>3/2
n=3,¢g=2: 1<r<5/4 p>9/5.
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Corollary 2.1. If the assumptions of Theorem 2.1 are fulfilled with e, # 0 and
(2.33) replaced by

Je>0: essinf ey(z)> e, (2.46)
z€Q
and vy additionally verifies v(-, min(e, e,.)) = 0 and the monotonicity property
~(-,e)sign(e — min(e, e.)) > 0, Ve € R, a.e. in 3, (2.47)

then, e > min(e, e,.) a.e. in Q.

3. Approximate results

The proof of Theorem 2.1 will be done by using a sequence of approximative prob-
lems. Here, we give all theorems about the existence of approximative problems
that will be proved in the next sections. In what follows the symbol M, is the
”Helmholtz-mollification”, i.e., we define

M (v) == (xv) xw—Vn
with w denoting a mollifier with support in a ball of radii %,

0 if dist(x,00) < 2
(.’E) = H
1 elsewhere,

and 7 is due to the Helmholtz decomposition, that is,

An = div[(xv) *w] in Q,
Vn-n =0 on 09, /ndazzO.
Q

Next Theorem establishes the existence of solution to the problem with mollified
convective term.

Theorem 3.1. Let the assumptions (2.33)-(2.44) be fulfilled under p > 2(n +
1)/(n+ 2). For each 1 € N, there exists (v,,e,,m,) in U x € X Lp,(Q), Ov, €
L¥(0,T; (WJ{,’p)’), satisfying

divv, =0, (3.1)
(Orvy, W) + (Dvy, Mu(vy) @ w) + (T(ey, Dvy), Dw) — (my,, divw)
—|—/ aley) vy - wr dS dt —|—/ (e ) Vup|* *Vyup - wr dS dt = (£, w)  (3.2)
b b
for all w € LP(0,T; Wji,’p),

(Oreps )+ (M (vie), Vepd) + (e Vep), Vo) + / (e, dS dt

= (t(eu, Dvy), Dv,uo) + / een)|vupl o dS dt (33)
b
for all ¢ € L=(0,T; Wy /(r—q+1)),

vu(-,0) =vo, eu(-,0) = eo.
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Next, let us state the quasi-compressible approximative problem.

Theorem 3.2. Under the assumptions of Theorem 3.1, for each € > 0, there exists
(Ve, e, me) inU x € x LP(0, T; W2P(Q)), dyv. € LP (0, T; (WaP)'), satisfying

(Opve, W) + (Dve, M, (ve) ® W) + (T(ez, Dv.), Dw) — (7., divw)
+/ ale)ver - wr dS dt —i—/ o(e)|Ver|* 2ver - wr dS dt = (f,w) (3.4)
Sp )
for all w € LP(0,T; WaP),

(Bree, &) + (Mou(v2), Veed) + (e, Ver), V) + [E () dS dt

= (1(ec, Dve), Dveoh) +/ plee)|ver|’d dS dt (3.5)
b
fOT all ¢ € LOO(O,T7 W’I‘/(T*Q“’l))?
e(Vrme, Vo) + (divve, ¢) =0, for all p € WHP(Q) and a. a. t € (0,T); (3.6)

VE(',O) = Vo, 68('70) = €o-

4. Proof of Theorem 3.2 (u, e fixed)

For arbitrary w € Wlb’p and ¢ € W, /(,_q41), there exist regularizing sequences in
Wi;ﬁ and Wp, respectively, with 3 > n.

4.1. The Faedo-Galerkin approximation scheme

For € > 0, consider the solution of the homogeneous Neumann problem for the
Laplace equation (see, for instance, Galdi [1994])

eArn(t) = divv(t) in Q
Vr(t) - n=0 on 09
/ m(t)dr =0,
Q
which satisfies
ellm®llzp < COQP)IVEp:  Yv(t) € Wy" (4.1)

ellm@)]1,r < CEQr)Iv(E)lor, Vv(t) e Wﬁ,’p NL"(Q), ae. t€]0,T]. (4.2)

Denote by F. : W]{/p — W2P(Q) the well defined continuous operator such that
Fo(v) =m, and let {(w’,w?)};en be a basis of W]{,’B x Ws with 5 > n. From the
Carathéodory theory Zeidler [1990], there exists a local-in-time solution

N
vV e (who W) @ v M (2, ) = e M () w (@),
j=1

M
eN,M c <’LU1,~ . ’wM> PN eN’IVI($7t) _ Zd;\’,M(ﬁwj(x)’
Jj=1
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to the following system of ordinary differential equations, for every M, N € N,

d . . A
SN ) — (M (v M) 6 v ) 4 (( N, DY), Dwd) +
NM _j N,M|s—2 N,M __j
Ha(e™ Mt wi) 4+ (p(e™M M) v M A M wg) —
—(.7:5(V ’M)aij):(ﬂw )a .]:17 aN; (43)
d . _ _
(€M) = (MM (), o) + (q(e™M, Vet M), V) +
+H(y (™M), w?) *( (MM, DY) DN )
(MMM P wl), =1, M, (44)
under the initial conditions v{', eéV’M given by the projections of vy and the mol-
lification elYof ey (after extending eq by € outside ), respectively, onto linear hulls
of the base’s vectors. Note that
v — vy strongly in L%(Q),
eg ™M — el strongly in L%(9),
el — ey strongly in L'(9).

Using the fact that div. M M(VN M) = 0, we have the standard estimates, indepen-
dently of M,

sup VMM @)[3.0 + [IDVVMD o + VYR s, + I
te[0,7) (4.5)
+el|[Va¥ M o < lIvoll3.q + ClIEll} o = R,

sup ™M (@)]3 o + [IVe™ M8 5 < lled 13,0 + C(N), (4.6)
t€[0,7)
la(e™™, veM M )|d o < CUIVEM MG o +1), (4.7)

d

H NM < C(N), (4.8)

2(0,T)

0™ ”q’,(Wq)’ < O(N, ). (4.9)

Hence, using Lemma 2.2, it follows
€™Ml gnr2)/mq < C(N); (4.10)
N Mjpes < C(N), e>0. (4.11)

The global-in-time existence of (vV, e") is a consequence of the above estimates.

4.2. Passage to the limit as M — oo (u,e firzed)

In order to pass to the limit with M, when M tends to infinity (N fixed), we can
extract a subsequence, still denoted by (vV:M eN:M) verifying (4.5)-(4.11) and
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consequently

CN’M N CN Weakly* in LOO(O’ T)a

d d

aCNJW N %CN weakly in L2(07 T)a
eNvM RN eN Weakly* in LOO(07T1 LQ(Q))’
NM (N weakly in L7(0,T; Wy);

9N M 9N weakly in L7 (0,73 (Wy));
M, N strongly in L™(Q), for 1 <m < g(n+2)/n;
eNoM _ N strongly in Ll(2)§

(MM, Ve M) s gV weakly in L7 (Q).

Since we also have ¢V*™ — ¢V strongly in C(0, T') due to the Arsela-Ascoli Theorem,
we obtain the system

LN, wi) = (Mu(vN) @ vV, Vw) + (r(e, DvY), Dw) +
+ (MW wh) + (p(eM) VY P2 wh) — (Fe(vY), Vwd) =
H(€N,0) = (N Mu(vN), Vo) + (q(eV,VeN), V) + (v(eN), ¢) =
= (r(eN, DvN) : DVN, ¢) + (p(e™) [V [%, 0), Vo € Wy, ae. in]0, T, (4.13)
providing that
q(eV,vel) = q". (4.14)

Indeed, applying the strictly monotone assumption (2.32), using the Galerkin equa-
tion (4.4) and passing to the limit as M — oo, we conclude that

(@ —a(e™, V), V(e - ¢)) >0,
and (4.14) follows by using the Minty method.

4.3. Minimum principle

First, we prove that e/ > 0 a.e. in Q. We use the function ¢(x,t) := min(0, e (x,1))
as a test function in (4.13) to get (note that this is a possible test function because
d) =0on ZD)

t t
1620 + / / a(e™, veN) . veN + / / AeM)e <0,
0 JQ[eN<0] 0 JI'[eN<0]

Hence, we get that ¢ = 0 that directly implies that e > 0.

Hencefurther, the set [S] means {z € @ : S(z)} with S denoting a sentence
to be point-wisely satisfied. Analogously for T'[S], Q[S] or simply {S} whenever the
meaning is not ambigous.



Unsteady flows of incompressible viscous heat conducting fluids 15

4.4. Estimates independently of N

The existence of the pressure 7 € W?2?(Q) such that it belongs to a bounded set
independent on N is due to (4.1)-(4.5), and the following relation holds

/{atvN + MYy V)IVY —divr (e, DvV)} v = /{f — vV} v
Q Q

a.e. in]0,T[ Vv (wh - wh).

Arguing as in Consiglieri [2000], we get

Iv(M)llis < lleollio + In; (4.15)

leMloo,r@) < In + Tlleolle +1Q1/2; (4.16)

IVeN|rq < C{In +lleollna} x NI 70y ™; (4.17)
Iy = |lr(e™, DvN) : DvN g + lle(eM)IvE 11z

for every exponent 1 < r < ¢ —n/(n + 1) (cf. Boccardo et al. [1997] or Boccardo
and Gallouét [1989]). From (4.5), the standard energy estimates hold

VM cor2() < C; (4.18)
V¥l < C; (4.19)
I7(eN, DvM)|IP, o < CUIDVYP 5 +1). (4.20)

Using Lemma 2.2, we can deduce from (4.15)-(4.17) that

VN pnt2)/m. < C; (4.21)
||@NHr(n+1)/n,Q <, (4.22)
”VN X VNHp(nJ’_Q)/(Qn),Q <C. (4.23)

Next, using the standard procedure (see for example Consiglieri [2006]) we can
estimate time derivatives such that for p > 2n/(n + 1):

T
’ 1 ’
L 10 Wyt <€ (24 1) IV + CIEIEL 1 (420

T
10 1w, oy = / s (@ ol <
W,

v/ (r—gt1) =1
< lla(e™, Vel g-1).0 + CeN lr/g=1).0 + I1(E)l1,s + In.  (4.25)
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4.5. Passage to the limit as N — oo (u, e fized)

In order to pass to the limit with N, when N tends to infinity, we can extract a
subsequence, still denoted by (vV, e 7). verifying (4.15)-(4.25) and consequently

vV < v weakly* in L>(0,T;L%);
vV =~ v weakly in LP(0,T; WyP);
v — v weakly in  L¥' (0,73 (WpP)');

v¥ = v strongly in L™(Q), for 1 <m < p(n+2)/n;

vV — v strongly in L*(Zp);
vN = v strongly in L*(Z ), for s fulfiling (2.44);
eV —~e  weakly in L"(0,T;W,), forl<r<q—n/(n+1);
eV — e strongly in L™(Q )7 for 1 <m <r(n+1)/n;
N

eV —e  strongly in LY(X), forl fulfiling (2.44);
™ =7 weakly in LP(0,T; W*P(Q));

7(eN,DvY) = 7 weakly in LPI(Q);

q(eV,veV) ~q  weakly in LT/(q_l)(Q).

Since we can compute
IVG ~m3g = (v, 9xY) — (Va, Vm) (Y, V(¥ — 7)) (4:26)
we can conclude the strong convergence
val¥ — Vrin L2(Q). (4.27)

Moreover, because of validity of the following energy equalities

||VN(T)||§’Q +/QT(€N,DVN) : DvN +/

Yp

(M)A + / SNV +

e VAV |2 = /Q £ 4 o2

V(D)Eq + / 7Dyt / a(e)lvrl? + / @)Vl +
Q b b))

| Vrl2g = /Q £yt volZo.

we can apply the strict monotone assumption (2.29), pass to the limit as N —
oo, and use the Minty method (we already have point-wise convergence of eV) to
conclude that

T(e,Dv) =T. (4.28)
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Moreover, we can easily obtain obtain the strong convergences®
(e, DvY) : DvY — 7(e, Dv) : Dv in L}(Q) (4.29)
p(eM)IVE " = p(e)lvr]* in LY(E). (4.30)

We argue as in Boccardo et al. [1997] to pass to the limit with the nonlinear
term q(e’V, Ve®) in the energy equation and to conclude that

q(e,Ve) = q. (4.31)

Indeed, using the continuity of q(x,t,-,-) and Vitali Theorem, it is sufficient to
prove that Ve® a.e. converges to Ve (cf. Section 4.6).
Then (v, e, ) is the corresponding limit to solution (3.4)-(3.6).

4.6. Almost everywhere convergence of Vel

By the strict monotonicity assumption (2.32), it is sufficient to prove that, for some
6 > 0 and for some subsequence still denoted by e!V,

Nlirilw Q[(q(eN, VeN) —q(elV,Ve)) - V(e —e)])? = 0. (4.32)

Let us decompose the integral as

/ [(a(e™,VeN) —q(e™, Ve)) - V(N —e))’ :/ [-]0 +
Q {Jel>k}

+/ [...]0+/ [-]
{lel<k: [eN =T, (e)|>6} {lel<k: [eN =Ty, (e)| <8}

N,k N,k,v,6 N, k,v,6
= IVF 4 ) T A

where k,v,d > 0 are constants independent on N, T} is the k-truncation,

Tk (e) = max(—k, min(k, T, (e))), (4.33)
and T, is the time regularization
t
T,(e) = 1// é(z, ) explv(s —t)]ds (4.34)

with € denoting the zero extension of e outside [0,7]. Here we use the notation
introduced in Section 4.3.

Using Holder inequality, the assumption (2.31) and the estimate (4.17), we ob-
tain for 0 < r/q <1

, r \Oq/r —taq/r
L < (19e¥ I, + Vellg) ™ fmeas({le] =k} "
< S 1-0q/r . .
< C'[meas({|e| > k})] Nkt oo 0 (4.35)

°Indeed, to show (4.29) it is enough to take into account the weak convergence 7(e’V, DvV) —
7(e, Dv) the strict monotonicity of 7 and the fact that (7(e, DvV), DvN) — (7(e, Dv), Dv).
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Since the integrand is positive, we can argue as before

v [4
L < / [(a(e™,Ve™) —a(e", VTi(e))) - V(e — Ti(e))]
{leN =Tk, (e)|>6}
1-6q/r
< C [meas({|e" — Ty, (e)| > 6})] a/ N e 0, (4.36)

taking into account that the characteristic function verifies the following properties
[Boccardo et al., 1997, Lemma 3.2], for almost every § > 0,

Im  XqeN -7y, (e)|>6) = X{le=Th.. (e)|>8}> VK, v >0,

N—+o0
L X{le=T o (@)1>8} = X{le-Tu(e)|>6}, V> 0.
As done to I3"""% now using Holder inequality (with exponents 1/6 and 1/(1—6))

we obtain

I < / [(a(e™,VeN) —a(e™,VTi(e))) - V(eV — Ti(e)))’
{leN =T, (e)|<6}

( / 2 -1) meas(@)]"*
{leN =T . (e)| <0}

0
= (Ii\]’k’”’(S + Iév’k’u’é) [meas(Q)]*~°.

IN

We can write, using the fact that |y, (e)| <k,
L= / q(e™, VTi(e)) - V(eN — Ti(e))
{leN =Tk, (e)| <6}
:/ A(Th+s(e), VIi(€))) - V(Tiys(e) — Tr(e)) +o(1) (4.37)
{le=Tk,.(e)| <6}
:/ ale, VTi(e)) - V(e = Ti(e)) + o(1) = o(1),
{le=Tk,v (e)| <5}
where o(1) vanishes as N — +oo. When we look for
kv / a(e™, VeN) - V(€N — Tiu(e) + Tiw(e) - Tk(e))
{leN =Tk . (e)| <6}

= Iév’k’”’é +/ q(eN7 VeN) -V (Tk,(e) — Ti(e))
{leN =Tk, (e)| <6}

< 1P 4 la(Trrs(e), Vs (@)l V(Tho (€) — Ti(e) .0,

we take ¢ = Tj(e™) € W, as a test function in (4.13) and recalling (2.31) we can
rewrite the estimates (4.6)-(4.7) as

IVTi(eM)lI o < (leollre + C) k;

la(Ti(e™), VT8 o < Ok + 1).
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Then, for every k > 0,

VTi(e") | 7 VTk(e) in LY(Q),

and we can conclude the strong convergence of T}, ,(e) to Tj(e) in LI(0,T; W,) as
v tends to infinity.
Now, it remains to show that

Iév’k’l"é = / q(e™,vel) - v(eN — Ty, (e)) — 0.
{leN =T . (e)| <6}
Thus, taking ¢ = Ts(e™ — T} . (€)) as a test function in (4.13) we have
I3 = (9N Ts(eN — Tiu(e))) — (Ve - M, (vY), Ts(e™ — Tiu(e)))
- / V(M Ts(eN — T (e)) dS dt —|—/ o(eM|VN*Ts(eN — Ty, (e)) dS dt
Z+ (r(e™, DvN) : DV, Ty(eN — Tiy(e)))
< (CIVE g + 17 s + CIDVYE o + 9" IVVIIs ) 8

applying the following property [Boccardo et al., 1997, Lemma 3.1]:
(0™, T5(eN — Ty (e))) > o(1), Vk,v,d. (4.38)

Thus recalling the estimates (4.17), (4.15), (4.19), (4.20) and taking § — 0, we
conclude (4.32).

5. Proof of Theorem 3.1 (u fixed)

In order to pass to the limit, when & tends to zero, the estimate (4.24) is no more
valid. To estimate 7. independently of € we choose w = V7). as a test function in
(3.4), where 7. is the solution of the following homogeneous Neumann problem for
the Laplace equation (see, for instance, Galdi [1994])

Ane(t) = |me (O] 2ma(t) — ﬁ / (O 2. ()da in ©
Q
Vne(t) -n =0 on 99

/Qns(t)dx =0,

which satisfies
In:)Il5, < C(p)llme®),, ae t€]0,T] (5.1)

Then it results

, 6
Imely g = 2 1
i=1
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where, using embedding, Holder and Young inequalities,

I := (0yve, V) < 0!

’ 1 ’
I, = _/QMH(VE) e DV < CIMu(v) © Vel o + 2l

’ 1 ’

I; = A 7(ee, Dve) : DV < C||7(ec, Dve)|?, o + EHWEHZGQ;
I, = / alec)ver - Ve;

P35}
= [ pledlverl ver - Vs

bl

’ 1 ’

Iyi= - /Q £V < IED g + gl o

For p > 2(n+1)/(n+2), the integrals I5, I3 and I are estimated independently of
¢ due to (4.21), (4.20) and (2.34), respectively. To estimate the remaining boundary

integrals, i.e., terms Iy, I5 it is enough to combine Lemma 2.1 with our assumptions
on s-(2.43):

O Vil 1+ 15 g <
Cfo ||V5||1 I‘Ddt"_ 6||7TEHZ’,Q p=n;
1 /
I3 W o+ 31l g <
P

s 1
C JyIvellP Cp Rdt + Sl g, >

We can extract a subsequence, still denoted by (v, e., 7. ), verifying (4.15)-(4.22)

aWe give only a formal proof of this inequality. We denote by f- function solving the equation
. 1
ANfe =divve = —Ame
€
with homogeneous Neumann boundary condition. Then we obtain that

1 1 ’ ’
B= 0 T = = [ 0 e = = (I (DI = I O)) <0

because m¢(0) = 0 since divve(0) = 0.
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such that
v. = v weakly* in L*°(0,T; L%);
v. =~ v weakly in LP(0,T; WyP);
Ov. = dv  weakly in L” (0,T; (WaP));

ve — v strongly in L™(Q), for 1 <m < p(n+2)/n;
v. — v strongly in L?(Zp);
ve — v strongly in L°(X), for s fulfilling (2.44);
ee —e weaklyin L"(0,T;W,), forl<r<qg—n/(n+1);
e — e strongly in L™(Q), for1<m<r(n+1)/n;
e. — e strongly in LY(X), for [ fulfilling (2.44);
e =~  weakly in LP (Q);

7(ee,Dv.) = 7  weakly in L” (Q);

ale.,Ve.) =@  weakly in L™/ @D(Q).

Furthermore (v, e, ) is the limit solution given by

(Ov, W) + (Dv, M, (v) @ W) + (1(e, Dv), Dw) + /2 ale)vy - wp dS dt

+/E<p(e)lvT|5*2vT cwrp dS dt = (£, w) + (, divw) (5.2)
for all w € LP(0, T; Wy?),
(Bre, @) + (M,(v) - Ve, ¢) + (a(e, Ve), V) + /E v(e)p dS dt
= (7(e, Dv), Dv¢) +/E<p(e)|vT|S¢ ds dt (5.3)

for all ¢ € L0, T; W,/ (r—q+1)),
divv =0, v(-,0) =vg, e(-,0)=ep,
providing that 7 = 7(e, Dv), @ = q(e, Ve) and
v. = v strongly in LP(0,T; WxP).

Arguing as in the section 4.5 we use the monotonicity assumption (2.29) to get for
all p € LP(0,T; W)

0 < (7(ee, Dve) — 7(ec, Dy), Dve — D) (5.4)

and taking w := v, as a test function in (3.4) we obtain after passing to the limit
as € — 0 and using (5.2)

(T —7(e,Dy),D(v — ) > hII(l) —(me,divv,) = lin(l) ellVreli3.0 >0

and we can conclude that 7 = 7(e, Dv) by using the Minty method. Note that it is
not required the strong convergence of the pressure since (3.6) holds for ¢ = 7.
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Finally, it remains to prove that @ = q(e, Ve). Again using the continuity of
a(x,t,-,-) and Vitali Theorem, it is sufficient to prove that Ve, a.e. converges to
Ve. Indeed, the argument used for N in Section 4.6 can be repeated for €.

Then (v, e,7) is the corresponding limit solution (3.2)-(3.3).

6. Proof of Theorem 2.1

First, we rewrite the system (3.2)-(3.3) into the form of equations (2.39)-(2.41). To
do it, we set in (3.2) w := v, ¢ add the result equation to (3.3) and obtain

OV, W) + (v, @ M (vy,), Dw) + (t(ey, Dv,,), Dw)

+/ ale ) Vuy - wr dS dt —|—/ (e ) Vupl* Vg - Wy dS dt
Sp b

(6.1)
= (f,w) + (m, divw)
for all w € LP(0, T; Wx?)
v |2
- <| ;| + eu’at¢> +(al,eu Vey) = 7(- e, DV vy, Vo)
= <fa Vu¢> +/ @('7eu)|vMT|S¢ ds dt — / 7('7€u)¢ ds dt
by b (6.2)
2 2
+ ((lv‘z‘l +en +m> vu,w) + <V2°| + eo,cb(O))
for all ¢ € C*(Q) : ¢(T) = 0,
(Oren, ) = (euMyu(viu), Vo) + (alen, Vey), Vo) +/27(6u)¢ ds dt
— s (6.3)
= (1(ey, Dv,), Dv, ) + . wlep)|Vup|° e dS dt
for all ¢ € L0, T Wy /(r—q11))-
We decompose the pressure 7, such that w, := m,1 + 7,2 where the two

particular pressures, 7,1 and 7, 2, belong to bounded sets of LP("+2)/(27)(Q) and
v (Q), respectively, independently of u. For each ¢ €]0, T, let us introduce 7,1 as
the unique solution to the problem (for details see Bulicek et al. [2007b])

—(mu1 (1), Ad) = (v, @ M, (v,,) (1), DV), Y € W2P(Q) : Vo e WhP,
/ T (H)dz = 0, (6.4)
Q

and define 7, 5 := 7, — 7,,1. Since divv, = 0, 7, 2 solves at each time level

(2, 80) = [

7(eu, Dv,) : DV —l—/ aley)vup - Vo +
Q

I'p

+/¢(6M)|VMT|S_2VMT-V¢—/f~V¢, Vo € WHP(Q): Vo e WaP. (6.5)
r Q
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Using (4.23) and (4.20), it follows that

7,1 lpn+2) /2y, 0 < C5
72l @ < C.

Thus, we conclude the following uniform estimates
10villze < € (14 IVl i+ IVl 2y mc)
||6uVuH1,(Wg)' < C;
for 1/6=1—n/[r(n+1)] — n/[p(n + 2)] > 0,
1Beesllv,owsy < C.

In order to pass to the limit in (3.2) and (6.2)-(6.3) when x4 tends to infinity, we
can extract a subsequence, still denoted by (v, e,, 7,), verifying (4.15)-(4.22) such
that

v, —v weakly* in L*®(0,T;L%);

v, —v weaklyin LP(0,T;Wy"); (6.6)
Ovy — Ov weakly in X

v, — v strongly in L™(Q), for 1 <m <p(n+2)/(2n); (6.7)

v, — v strongly in L*(Xp);
v, — v strongly in L*(X), for s fulfilling (2.44);
L™(0,T;W,), forl<r<qg—n/(n+1);
e, — e strongly in L™(Q), for 1 <m <r(n+1)/n; (6.10)
e, — e strongly in LY(X), for [ fulfilling (2.44);
m, —=m  weakly in Lp("+2)/(2")(Q);
mu — w1 strongly in L™(Q), for 1 <m < p(n+2)/(2n); (6.11)
Tuo — m  weakly in L (Q);
T(ey, Dv,) =7 weakly in L” (Q);
aleu, Ve,) =@  weakly in L™@=D(Q).

e, —~ e  weakly in

Note that (6.11) is consequence of (6.4) together with (6.7). Then (v,e,n) is the
limit solution (2.39)-(2.41), if we prove that Dv, is a.e. convergent to Dv (see
Section 6.1), and as in the sections 4 and 5, we need at least pointwise convergence
of Ve, to Ve. However the method that has been successfully used in the section
4.6 cannot be used here because the term uVe is not integrable function anymore.
We introduce the method of Lipschitz truncation function (cf. Section 6.2). This
method was firstly used by Kinnunen and Lewis in Kinnunen and Lewis [2002]
to improve integrability of very weak solution to the incompressible Navier-Stokes
equations with power-law relationship. For proof of existence of solution to Navier-
Stokes equation it was firstly used by Diening, Ruzicka and Wolf in Diening et al.
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[2006]. The authors were able to establish the existence of solution for all p > %
by using this method. However this method cannot be simply used also on heat
equation because of L' term on the right-hand side. To be more concrete, the most
important ingredient of this method is the fact that dissipative term has some g — 1
growth and apriori estimates gives boundedness in some ¢ space. In our setting this
is not true because our estimates on the Ve are only in the space L" (r < ¢) and
the growth of q is ¢ — 1. However this not true for Tj(e). For this function we have
desired estimates and growth. Hence, the main idea is to used Lipschitz truncation
method onto this function. The second problem is that for using this method we
need to say something about time derivative of T (e). However, our limit function
do not have time derivative, hence we are led to use this method only for double
sequence (en, ey,). Moreover, it will be clear from the proof (cf. Section 6.3), we in
fact do not know anything also about time derivative of Ty (e,) but we have some
information about this derivative for some mollified function 7y s(ey,).

6.1. Almost everywhere convergence of Dv,,

As in Section 4.6 by the monotonicity assumption (2.29), it is sufficient to prove
that, for some # > 0 and for some subsequence,

klim [((ex, Dvg) — T(ex, D)) : D(vj — v)]‘g =0. (6.12)
—+x Jo

We adapt the argument described in Frehse et al. [2000] for flows with shear
dependent viscosity. Let u € N and set

g = (IVVul + V)P + (I (e, D) | + [7(e, DV)[)(| DV, + [DV]).

From the estimates (4.19) and (4.20), there exists a constant K > 1 such that

Oﬁ/g#dxdth.
Q

Let > 0 be arbitrary and fixed, there exists L < §?/¢/K and a subsequence
{Vi}tren C {vu}uen that satisfy (for details see Frehse et al. [2000])

Ep={(z,t)€Q: L* <|(vp — V)(z,t)] < L} : gedx dt < 67/7.
Ey

Thus, we can decompose the following integral as

/Q[(T(ek,DVk) —7(ep, Dv)) : D(vi —v)]? =

:/ [...]0+/ [--]° ;:1f7L+1§’L_
{lvik—v|>L} {lvk—vI<L}
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Using Holder inequalities for 8 < 1 and (6.6)-(6.9) we get

]
5 < ( /Q gk) meas({|vi —v| > L))"
< K%meas({|vy —v| > L})]* e 0,

I§’L < (I;f’L + If’L)g[meas(ﬂvk —-v| < L})]l_e

I;f’L = / 7(ek, Dvy) : D(vi — V),
{lve—v|<L}

Dk = / T(ex,Dv) : D(v —vy) — 0.
{lvi—vl<L} k=too

In order to estimate I:],f ’L, we define

e = ) (1 i (P 1)),

By using (6.6)-(6.9) and |wy| < L a.e. in Q, we get

wi — 0  weakly in LP(0,T; WrP);

wi — 0 strongly in L™(Q), for 1 <m < +o0; (6.13)
wy, — 0 strongly in L™ (Xp);

wi — 0 strongly in L™(X).

Next, we decompose wy, as
Wi = Wk div + V1 ,
due to L™-theory for the Laplace operator, it follows that
Vn, — 0 strongly in L™(Q), for all 1 <m < +oo, (6.14)
and consequently
Widiv — 0 strongly in L™(Q), for all 1 <m < 4o0. (6.15)

On the other hand, using the LP-regularity for the Laplace operator it follows that

T
| IOyt < CRDIVE

< C(Q,p)lldivwel o

<c (/ V(v —v>|P+L/ V(v —v>|p>
Ey {|V)¢7V|<L2}

<C (/ gedx dt + i/ grdz dt> < vl (6.16)
Ey K Q
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Then
Wiaiv — 0  weakly in  LP(0,T; Wli,’p); (6.17)
Wiy — 0 strongly in L*(Xp); (6.18)
Widaiv — 0 strongly in L°(%). (6.19)

Next, after some calculations we can decompose the integral I;f L as

= / 7(ex, Dvy) : Dwi iy + I55 + 19" + I0F,
Q

IPE = / 7(ex, Dvy) : DV,

(i<t |V —V‘ (6.20)

IPE = / 7(ek, Dvy) : D(vi — v)ki,
{lve—vI<L} L

Vi —V
IEE ::/ T(ex, Dvg) : LL) ® V(v — v]).
{lvie—v|<L}

From (6.16) and the uniform estimates (4.19)-(4.20) we have
15517 < |7 (ex, Dvi)[|% o CO < CO.

For the integrals Ig’L and I?’L, we can argue as in the estimate (6.16) concluding
that

Pt < / grdz dt + L/ngdz dt < 2679 < 269,
Ey

1Bt < / grdx dt+L/ grda dt < 26779 < 25Y/9,
Ey Q

for0<d<1landp>1.

Finally to study the remaining integral in (6.20), we choose w = wy, iy (diver-
genceless function) as a test function in (3.2) and we pass to the limit as k¥ — +oo
to obtain (6.12). Indeed we use the convergences (6.15), (6.18)-(6.19) and observe
that

(v, Wi div) = (0¢(Vie — V), Wi) + (Oc(Vie — V), Vi) + (0v, Wi div)
> <3t(Vk — V), VT]k> + <6tvywk,div> k—>—+)oo O’

applying the convergences (6.14) and (6.17).

6.2. Lipschitz truncation

Here, we give several lemmas that will be needed in what follows. Let us begin with
introductory remarks. We denote by the symbol d, the modified parabolic metric,
that is defined on R™*! such that
|t — s|1/ 2
do(X,Y) :=max |z —y|,—7— |, a>0,

al/2
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where X, Y € R X := (z,t), Y := (y,s). We also define the so-called parabolic
cube Q% by

Qu(X) :={Y eR"do(X,Y) <R}, R>0.
Next, we introduce an important covering lemma.

Lemma 6.1. Let E C R"! be an open bounded set. Then there exists family of
cubes {Q%, (Xi) Yien and family of smooth functions {v;}ien such that

Uek,.=Uew =F

i=1 i=1

4R; < do(X;,0E) <8R;, VieN, with0< R; <1 (6.21)
R; > 2R; = Q%,(X;) N Qx,(X;) =0

Qf,/a(Xi) N QR /a(X;) =0 Vi,jENi#]

card(4;) < C(n), Vi e N with A; :={j € N: Q%r, (Xi) N Q%r, (X;) # 0y

¥i € C5°(Q2g,/3(Xi)), VieN
aRZ|0ppi| + Ri|Vib;| < C(n) in R™ Vie N

> hi(X)=1, VX€E.
i=1

Moreover,
QR,(X;) CQig,(X;) CE, Vj€A;. (6.22)

The proof can be found in [Diening et al., 2006, Lemma 3.1, Remark 3.8 and
Proposition 3.4].

For sake of completness, we also introduce the notation of some types of the
maximal function. All properties of such function that will we described bellow are
also proved in [Diening et al., 2006, (see Appendix A)].

We define M for some g > 0, g € L%(0,00; L*(R™)), as the parabolic maximal
function

M(g)(z,t) := sup ][ sup ][ 9(y,s) dy | ds.
0<p<oo 0<R<oo

(t—p;t+p) Br(z)
Moreover, we also define M% as

M (g)(,t) == sup ]1 oy, s) dy ds.
Q% (z,t)
Q% (x,t)

The following properties are valid

[M(9)|a;e < llglla;ze
M*(g) < M(g) inR"H
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Note that we use the following notation for mean value over the set Q% for an
integrable function u:

uQg = ][u dz dt.
Q%

Next lemma is an important Poincaré inequality.

Lemma 6.2. Let u, f € L'(Q%) and Vu,q € LY(Q%) satisfy

- / wib= | q-Vo+ / fo Ve CEQR). (6.23)
Q Qe

7 Qf

Then
/ lu—Tigs| < CR (/ Vul + alq +aR|f>. (6.24)
QR Q%

Proof. The proof for Q1 is the same as the proof of Theorem 5.1 in Diening et al.
[2006]. For general Q% we assume that it is a cube with center 0. Let u be defined
on Q%. Then we define the function v on Q1 as v(x,t) := u(Rx,aR?t). Then we

can derive that
Opv(x,t) = aR*0y p2yu( R, aR*t) 629 (Rdiv, q(Rz,aR?*t) + R* f(Rz, aR?t)) .

Thus, we are in position to apply our estimate for Q1 to obtain

/ [o(a,1) — Te1| < C </ Vo, t)| + aRlq(Re, aR?)| + aR2|f(Rx,aR2t)> .
ok Qi
After standard substitution, we easily obtain (6.24). O

Finally, let E C @Q be an open set and u € L*(Q). Let {Q% } be the covering
of E from Lemma 6.1 and {t;} be the corresponding partition of unity. Then we
introduce the following truncation operator L% such that

u(x,t) if (z,t) e Q\ F
LEYu(x,t) = i
E ( ) Z'I/JZQQ%Z if (fE,t) ekl
i=1
It is also proved in Diening et al. [2006] that

L% ulla,o < cllufla,ze

The last lemma of this subsection deals with the most important behavior of the
Lipschitz truncation and say something about its time derivative.
Lemma 6.3. Let Q be an open bounded set in R", 0 < T < oo, @ := Qx]0,T7.
Let w € L>(0,T; L2(Q)) N L"(0, T; WA (Q)), f € LYQ) and q € L™ (0, T; (W,)),
(1 <r <o), be such that

ou=divq+ f
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in sense of distribution. Moreover, let E CC @ be an open set such that
M*(|Vul) + aM(|q|) + aM*(|f]) < C < 400, a.e.inQ\ E. (6.25)

Then there holds
VLEu € L*(0,T; L>(Q2))

) (6.26)
O (L3u) (LHu—u) € L™ (Q\ E)
and for all g1 € C () and all ¢p2 € C3*(0,T) we have
T
/ (Opu, T (LBu)p1)po dt = —/ (u— LEu) 0 (Te(LFu)) p102 dx dt—
0 @ (6.27)

—/ T (LGu)]p102 da dt — / (u— LGu) To(LYu) 1 (Opp2) da dt
Q Q
where T, is the usual truncation function and

T = [ "T.(5) ds.

The proof can be found in [Diening et al., 2006, (see Theorem 3.9)]. To be correct
there is proved this conclusion without the truncation function 7.

6.3. Pointwise convergence of energy gradient

First, we relabel e, = e,(,) = ¢, and we define cut-off function ¢ € C§°(Q) such
that

C(.%‘, t) =G (t)Cg(l‘),

where (1 € C§°(0,T) and (2 € C§°(Q2) such that ((z,t) = 1 if dist(x,0Q) > n > 0,
n < t < T —mn. Thus, we are in the position to apply local theory of monotone
operators. Indeed it is enough to show that for some 6 > 0 it holds

lim [¢(a(en, Ven) — alen, Vem)) - Vien — em)]’ = 0. (6.28)

n,m—oo [n

We can split the integral appearing in (6.28) such (after using monotonocity of q)
that

0< /Q (C(@(ens Ven) = alen, Vem)) - V(en — e’

:/ [...]0+/ [.]" =L +1, fore>0. (6.29)
{len—em|<e} {len—em|>e}

For 6 < r/q, we have

L<C [Vem|t + |Ven|*
{|en*em|>5}

r=04 pn m—oo

< C[meas({(x7t) € Q : |en($7t) - €m($7t)| > E})] r — 0.
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In order to study the integral I; we decompose

L = / [C(q(em ven) - Q(em vem)) : VTs(en - em)]e
Q

:/ [...]o—l-/ )=+ 1, fork>o0.
{lem|>k} {lem|<k}

r—0q
For I3 we obtain I3 < (%) " . For I, considering the minimum principle 4.3, we

can compute
fi= [ [oten Ve T sen) — alen, Ven) Tglen)
em<

VTe(Tises(en) — Teslem))]’s fors>0,
where
Ts(e) e ife<k
e) .=
w0 k+6/2 ife>k+o

is nondecreasing smooth function such that Tk’ s <L
Next, denoting

Imn ‘= ‘v,]'k—o—s,é(en”q + ‘vlflc,é(em”qa

we know (it is consequence of apriori estimates) that for all v > 0 there exists a
sequence {A\;,n} C (22u,22y+1) such that (for details see Diening et al. [2006])

AL meas({M(gmn) > AL, }) < Ck27". (6.30)
Moreover, if we denote by the symbol D,,, the following set
Dm'fb = {(.Qﬁ,t) : M(gmn) > )‘fr]nn}7

then we have

I S B S W ey
{em<k}NDpmn {em <k}\Dmn

r—0q

The integral I5 can be estimated as Is < ( ck ) " . Using the fact that for e,, >

=
>\7n, n

k + ¢ the term in the integral has the correct sign we can compute

%
163/ [...]9§C</[...])
({em <k}U{em>k+1)\Dimn

Thus, we have

még/ qu/ L]
Q\Dmn {k<em<k+3}\Dmn
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But for Is we have the estimate (for a.a. k and 0)

[Is] < CA,meas({k < e, <k+3d})

< C (sup ,\g,m> meas({k <e<k+d}) — 0.
To simplify the notation, hencefurther we denote by wy,, the function

Wmn ‘= 77c+s,§(en) - 77(5,5(6771)'

Thus, we apply Holder inequality after we see that Iy can be rewritten in the
following form

b= [ Caten Ven) T sen) — alem: Ven) T s(en)
Q\Dmp,
+ alem, Vem),];c/ﬁ(em) —q(en, Vem)TkI,é(em)) VT (wmn)] (6.31)

<Cly+ /Q T sen)@lem, Tem) = alen V) - VT (o)}

First, we observe that the last integral in (6.31) tends to zero as m,n — +oo.
Indeed, we have

/ [C,Tk/,zi(equwmy Vem) - Q(em Vem)) : VTe<wmn)]
Q\Dmrn

< )\mn / |q(6m, VGWZ) - q(env vem)‘
{\Vem|§)\mn}ﬁ{|€m|+\€n\SQ(k—HS—&-e)}

and continuity of g w.r.t. the first variable together with strong convergence (6.10)
imply that this integral vanishes as m,n — oc.
To show that Iy also tends to zero we denote
G = {(z,t) : M(Vv,]P) + M(|Vv,|P)+
+ M(lTéﬁrg,g(en)Q(em Ven) - Ven|) + M(‘%f&(em)qwma Ven) - Ven|) > A},
Hpn = A{(2,t) : M([viTote5(en) = VinTrs(em)]) > 1}

Thus, we have for the term Iy that
ne | | I
Q\(DrmnUGmnUHmn) (Q\Dmn)NGmn (Q\Dmn)NHpmn

=: Io + 111 + L2,

_|_

and for I11, I;2 we obtain that

I < Ck)\gnnmeaS(Gmn) < % sup )‘;Inn Ai)f 0;

m,n— oo

Lo < CkAL, meas(Hy,) —

(Sup Ck/\gnn) - meas{|v|[Thie.s(e) — Ths(e)| > 1} =5 0.
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Finally, we define the open set F,,, as
Ern = Dpn UGmp U Hyp,

and, since E,,,, is such that (6.25) holds, we can introduce the Lipschitz truncation
operator E%::Z . Hence the integral Iy can be rewritten into the form

Lo = /Q\ C(a(en, ven)TkI-s-s,zS(en) —d(em, vem),];c/,é(em)) ) VTE(E%T:,: (Wmn))
Ern

:/ —/ = 113+Il4.
Q Epn

To bound the remaining integral, we use the estimates that come from parabolic
truncation. As it was already mentioned, we need to know something about the time
derivative of truncated function. In our setting, it means that we need to have the
equation for 0y (Ty1e s(€en) — Ti,5(em)). But because the truncation function 7y 5 is
smooth and every term in the equation (5.3) have good meaning, we can (formally
but rigorously) multiply the equation for internal energy by 7}/ ;. More precisely,
we multiply the equation (5.3) for e, by 7}, _ s(en), the equation (5.3) for e,, by
7, 5(em), subtracting the resulting equations then leads to the relation (in sense of
distribution)

8twrnn + div (Vn,];c-l-s,é(en) - vm,];cﬁ(em))
—div (Q(ena Ven)'fé+s’5(en) —q(em, vem)’];c/,a(em))

+ 7;;{&-5,5(671)(1(6”7 Ven) - Ve, — k,,lé(ewz)CI(em7 Vem) - Ven
= ’Z}C'Jrg’(;(en)T(en, Dv,) : Dv,, — ’Tk”(;(em)T(em, Dv.,,) : Dv,,

(6.32)

First, we bound the integral I4. From apriori estimates, we obtain

L, < Ck (/ V(L (wmn))q)
E.

mn

Next, let {Qr, (X;)} be the covering from Lemma 6.1. Then we decompose the set
FE,,, into two parts such that

Efn,n,l = {X = (J),t) S E’mn : ElRl > p7X € QRl(Xz)}
Egmg = Epn \ By

mn,1?

for p > 0.

If X € Ef,, , then it follows from the definition of the parabolic truncation L3
and the properties of covering that

‘VI(L'%’:;‘L (Wmn))(X)’ =V Z Y; (X)wan;’j""
JeA (6.33)
1 C
<0y & Flomnl < gl

JEA;
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Secondly for X € Eﬁm’z we use again the properties of our covering to deduce

Val£ @ma ) (X)] = |93 65 (X )@

JEA;

= v Z ’(/JJ (X)(wan;X?;nn — wanZ}?nLn) + wananLn

JEA,
Q w — Wmn
T Sg Ry ITTmemT s
C
= . E f wmn(Y) — wanZégzin dY
JEA; Q%?Ln
C
< E ][ ‘wmn(y) - wanZg;”' dy.
an
(6.34)
Next, if we denote
Q :=q(en, Ven)']ereﬁ(en) —d(em, vem),];c/,(S(eM)
H:= Vn,]'k—o—s,é(en) - Vm’];c,é(em) (635)

G :=-T  slen)alen, Ven) - Ve, + T's(em)d(em, Vem) - Ve,
+ 7Z+5’5(en)7(en, Dv,) : Dv,, — ’Tk"(;(em)T(em, Dv.,,) : Dv,,

and use this notation in (6.32) we see that wy,, solves in the sense of distribution
the equation

Oywmn — div(Q — H) = G. (6.36)

Applying Poincaré inequality (6.24) for wy,, to the estimate (6.34) together with
the fact (R; < p) we have for all X € EJ

VL5 ) (0] £ € [Vl + an(1Q1+ [H] + plGI)aY.
iR
Moreover, from the property (6.21) of the covering, that there exists Z € Q \ Epn
such that Qg (X;) C Qs (Z), thus
|V (L3 (Wimnn))(X)| < CAmn + Qmn (AL + 14 pA)). (6.37)
Finally, using (6.37) and (6.33) we can easily bound the integral I4 such that
If, < qu(p_n_SHWmHHLLl + A+ Qo (A, + 14 pA))
- (meas(Dpyp) + meas(Gp) + meas(Hpp)).
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The last step is to bound the integral I;53. We use CTE([’?EZZ (Wmn)) as a test
function in (6.32) to obtain that

Cke

Iz < 3

T
+ maX{Amn: amnA}||w7an ||1;L1 - / <6twmn7 T, (‘C%’:lz (wmn))> (638)
0

For the integral with time derivative we use (6.27) to get
T
_/ <8twmnaTE(‘C%‘T:nz (Wmn)» dt S C||Wmn||1;L1+
0

10 o) - emn — L5 (o) di .
E

mn

Next, we estimate the time derivative in the last integral. Let X € Q%’:" then

at(ﬁ%?::; (wmn))(X) = 6t Z %‘ (X) (wan‘;}"" - wanZ‘é’;” ) + wanZ"E"
JEA;

= Z atQZ}J(X) ][ wmn(Y) _TWLQZ}?YZH dY.

JEA; Q?E;nn
Thus, using the properties of 1; and our covering we have
100(L%" (W) (X)] < Cal BT ][ wnn(¥) ~ Trmgegn| dY: (6:30)
AR

Moreover, for the second term in the integral we have

(Wrnn — 5%7:1: (W) )(X) = Z Y; (X)(wmn(X) — ran%T” )

JEA;
= S ) (X — (V) aY,
JEA; amn

B

Integrating this relation w.r.t. X adding and subtracting WmnQamn and using the

property (6.22) of covering, we are led to the following inequality

/Q o Nwmn = L5 (wmn)) (X)) dX < C [wmn (V) = @mmgggn | dY. (6.40)

QR
Combining the estimates (6.39) and (6.40), we finally have

/Q |0y (‘C%Z: (Wimn))| |‘C%7:12 (Winn) — Wmnn|

amn

Ry
(6.41)
dy

< C’oz;nhRi_Qmeas(Q%T”) |wWimn — Wmn Qg

“mmn
4R;
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Thus, we obtain
/ <> / + Yy / . (6.42)
Emn 3R >p? QIR iR <p” Qi
The first sum in (6.42) can be estimated with help of (6.41) as
Z < Ca;t p7 2 S meas(Epn) |wmn || 1.01 - (6.43)
iR >p” QuR,"
To estimate the second sum we use the same trick as in (6.37), we apply Poincaré
inequality to get
Z / <C Z a:nlnmeaS(QlazTn)(Amn + O‘mn/\g;;zl + o + PamnA)2
iR, <p” QiRy" iR <p
< meas(Epp) (amn A2, + amn(A25 2 + 14 p°A?)).
(6.44)

Next, we have already all prepared to prove our conclusion. Indeed having the
sequence of A, as in (6.30) we define the sequence {ay,y} such that

e
Finally, we begin to pass to the limit in all relations that we have to show that
(6.29) converges to zero.
e First, we pass to the limit with m,n, hence Is — 0 and
Winn — W = Tites(e) — Tk s(e)

strongly in LY(Q).
e Secondly, we set € — 0. Thus, I12 — 0, meas(H,,,) — 0 and w — 0. Moreover,

we also know that meas(Gp,,) < %’g. Thus, the relation for I14 is reduced to
1
I, < CET™H 277 + C(v,0) (pA + K))

The relation for I3 is also simplified. We see that the first two terms in (6.38) tends

to zero and for the remaining term we use (6.44). Hence we have

C(k,é,v)
A

e Next, passing to the limit with p — 0 and then with A — oo, we obtain that

I11 — 0 and also that

.[13 S Ck2_y + + pC(é, A, v, ]ﬂ)

19, + I3 < Ck277.

e Passing to the limit with § — 0 shows that Ig tends to zero.
e Next setting ¥ — oo (i.e., sup,,,,, Amn — 00) then implies that Iy, |I13|+|l14] — 0.
e Finally, passing to the limit with & — oo shows that Is — 0, and consequently
the whole right-hand side of (6.29) tends to zero.

Thus, using strict monotonocity, we obtain point-wise convergence of energy
gradient Ve, that completes the proof. O
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7. Proof of Corollary 2.1

Let us prove that eV > min(e,e,) a.e. in Q. For each ¢t €]0, T/, let us choose
#(r) = min(0, eV (z,t) — min(e, e,)) < 0 as a test function in (4.13) and integrating
over |0, t[, we obtain

t
16120 + / / a(eV, Ve) - Vel +
0 JQleN <min(e,e,)]

t
+/ / 'y(eN)(eN — min(e,e,)) <0,
0 JI'[eN <min(e,e,)]

taking into account the assumption (2.33). Using (2.47) and (2.30), we conclude
that eV > min(e, e,) a.e. in Q.
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