On instability of equilibrium figures of rotating viscous
incompressible liquid

V.A.SOLONNIKOV

Abstract. We prove that non-axially symmetric equilibrium figures of uni-
formly rotating viscous incompressible liquid are unstable when the second vari-
ation of the energy functional can take negative values.

1. Introduction

Equilibrium figure F of an incompressible liquid subjected to the capillary
and self-gravitation forces and rotating as a rigid body with the angular velocity
w about the x3-axis is defined by the equation

2
oH(z) + %MZ + KU +po =0, x€G=0F, (1.1)

where o = const > 0 is the coefficient of the surface tension, H(z) is twice the
mean curvature of the surface G at the point = negative for convex domains,
po = const, U(x) = [ |z —y|~'dy is the Newtonian potential, ' = (1, 22,0)
and k is the gravitational constant. The case of the absence of self -gravitation
(k = 0) is not excluded. The density of the liquid equals one. The velocity
vector field and the pressure of the rotating liquid are given by

2
Via) =w(es xa),  Ple) = Fla'[ +po,

where e3 = (0,0,1) is a unit vector in the direction of the x3-axis. We assume
that the equilibrium figure F is a bounded domain with a smooth boundary G
and with the barycenter located at the origin which means that

/xidsz, i=1,2,3.
].—

The angular momentum of the rotating liquid, |, F X V(z)dz, is parallel to
the axis of rotation, i.e.

/ x x V(z)dz = fes,
f

/ zjrzdr =0, j=1,2, 3= w/ |2’ |2da.
F F

In the present paper we continue the analysis of stability of equilibrium
figures carried out in [1-5]. As in [2], we assume that F does not possess the
property of axial symmetry with respect to the x3-axis. In this case equation
(1.1) defines a one-parameter family of equilibrium figures, Fy, obtained by
rotation of the angle 6 of one of them, F(, about the x3-axis. It is natural to
assume that 6§ € R and Fyio, = Fp.



Given the family Fy, we consider evolution free boundary problem for the
perturbations of the velocity and of the pressure written in the coordinate system
rotating about the z3 -axis with the angular velocity w. It consists in the
determination of a bounded domain Q; € R3, ¢t > 0, of a vector field v(z,t) =
(v1,v2,v3) and of a function p(x,t), x € €, satisfying the relations

v+ (v- Vv + 2w(es x v) — vV + Vp =0,
V-v=0, x € Qy, t>0, (1.2)
2
T(v,p)n = (cH(z) + %|x’|2 + po + kU (z,t))n, Vo=v-n, zely

v(zx,0) = vo(z), x € Q.

Here v is a constant positive viscosity coefficient, n is the exterior normal to
the free surface I'y = 99y, V,, is the velocity of evolution of I'; in the normal
direction, H is twice the mean curvature of I'y,

dy
Ule,t) = /Q |z — 9

is the Newtonian potential computed for the unknown domain ; and, finally,
T(v,p) = —pl +vS(v)

and

8111» 8Uj )

Ox;  0x;/i,j=123

are the stress and the doubled rate-of-strain tensors, respectively. The domain

Qo is given.

Concerning the initial data we assume that vy is a small divergence free
vector field satisfying the compatibility conditions

S(v) = Vo + (Vo)T = (

S(vo)n —n(n - S(vg)n) n 0

and € is close to Fy which means that the surface I'y can be given by the
equation

r=y+ N(y)po(y), yeg (1.3)

with a certain small function pg(y); moreover, the total and angular momenta
corresponding to vy + V are the same as for V), i.e.

/ vo(x)dx = 0, / x X (vo(x) + V(x))dx = Pes. (1.4)
Qo Qo

It can be verified that this implies

/ v(z,t)dx =0, / x x (v(z,t) + V(zr))dx = Bes, vt > 0,
Q4 Q4



i.e.

/ v(z,t)dx = 0,
[N

/m v(z,t) - ni(x)dx + w /Qt ns3(x) - ni(x)de = w /fng(x)m(m)dx, 1=1,2,3,

(1.5)
where 7;(z) = e; X x is a vector of rigid rotation about the x;- axis. Finally, for
arbitrary ¢t > 0 the conditions

€| = |71, /zz—dxzo, i=1,2,3. (1.6)
Qy

are satisfied.

Problem (1.2) has a one-parameter family of stationary solutions v(x,t) =
0, p(x,t) =0, x € Fy, 0 € [0,27m). The stability of these solutions depends on
the properties of the second variation of the energy functional,

52R[p] = /g (0Vgp)[2 — B)p*(v))dS

T |:C’|2dx(/ o)y dS) —’i// ! df (1.7)

2
5(y) = o (R ()~ 2Kw) + 5 /P + 5 PA),

and K is the Gaussian curvature of G. In the paper [2] it was shown that if the
quadratic form 62 R[p] considered on the set of functions satisfying the constrains

where
(1.8)

/p(y)dS =0, /p(y)yidS =0, i=1,2,3, (1.9)
g g

/g p(W)N () - m3(y)dS = 0 (1.10)

is positive definite, then the regime of the rigid rotation is stable. This means
that problem (1.2) with initial data (vg, ) sufficiently close to (0, Fp) has a
unique solution defined for all t > 0 and, as t — oo, v(z,t) — 0 and I'y — G,
with a certain ”asymptotic phase” . In the present paper we prove that it is
not the case, if 53 R[p] can take negative values on the set (1.9). We assume that
I'; can be prescribed by the equation of the type (1.3), namely,

z=E+NEBELD), €€ Gow, (1.11)

where N (§) is an exterior normal to Gy, and we interpret (1.2) as an initial-
boundary value problem for v,p and p. We show that if (1.2) has a solution



defined for all ¢ > 0 with a small v(z,t) and with T, sufficiently close to UpGy,
then the function 9¥(¢) can be defined in such a way that the functional

1(9(t)) = /g | Fenis (1.12)

takes the minimal value among all similar functionals I(0) = [, pa(y,t)dS such
that

Ly ={z=y+ No(y)pe(y,t), y€Go}

where Ny(y) is an exterior normal to Gy. Then, analyzing the corresponding
linearized problem we show that the solution of (1.2), (v(z,t),I't), can not stay
always in a certain neighborhood of (0, Gy(;)), which means the lack of stability.
The exact formulation of the result is given below, in Sect. 4.

2. Auxiliary propositions

This section is devoted to calculations aimed at the determination of the
function ¥(t) (they are close to the arguments in [2], Sect.3). We recall some
auxiliary constructions from [2]. It is well known that for every point z € R3
with dist(z, G) < §; where G = Gy, d1 < 1, the relation

r=y+N(y)r yeg, (2.1)

with || < d; holds. Let us consider this relation more closely. Assume that
y € G C G where G is a subset of G given by

y =1y(s), 5= (s1,82) € w C R?
(s1, s2 are local coordinates on G). The transformation
E(s1,52,7) = y(s1,52) + N(s1,82)r = y(s) + N(s)r
makes the set U = {s € w; |r| < d1} correspond to the set V' of the points (2.1)

with y € G, |p| < 47.
Let J be the Jacobi matrix of F(s1,sq,7), i.e.

y1781(5) +N1751(S)’I“, yl,sz(s) +N1>82(8)T7 Nl(s)
J = Y2,s1 (5) + N2781 (5) T, Y2,s, (5) =+ NQ,S2 (S) r, Ny (5) (22)
Y3,s1 (S) + N3731 (S) T, Y3,s2 (8) + N3,82 (8) r, N3 (S)

where Ni(s) = Ni(y(s)), Yr.s; = ayalié(;)’ Ny, = 81\6)71;58). The vectors ys, =
(Uk,s; Jk=1,2,3 = Tj, j = 1,2, are linearly independent and tangential to G, hence,
det j’r:O # 0 and det J(s,r) # 0, since ¢; is small. Therefore there exists the

inverse transformation




so that U = E~'V. We denote by Ji,, the elements of J and by J*™ the
elements of J~!. It is clear that

0T Oy, 0¥, gok OR g3k

Tm,sq = Js = Jma, or = Jm3,
@

)

3.7% B ’ aa'}k

where a = 1,2, k = 1,2, 3. The elements J3* are components of the vector

—

T X T, T

-
3S1 X I752
=

detJ  N. (.4, % 5,52)'

Since the surface G and the parallel surface G : {z =y + N(y)r, y € G} have
a common normal N (y), and 7 ,, are linearly independent tangential vectors to
G, there holds

Ty X Ty  N|T o X Tsy|

— N, 2.3
det J |T s, X Z s, (2.3)

if the triple of vectors ¥ s, ¥ s, , N has a right orientation. Hence, R is a function
defined in d;-neighborhood of G, and

OR
% =J% = Ni(y)

(this follows also from the fact that R(x) = dist(z, G)).
Now, let T" be a closed surface located in the §; /2- neighborhood of G = G.
As a consequence, it can be prescribed by equation of the type (1.7), i.e.

r=y+N(@ply), ye€Go=g, (2.4)

where N = Ny and [p(y)| < §1/2. We also consider the surface I'(\) = Z(A)T,

cosA —sinA 0
ZAN) = sinA cosA 0 |,
0 0 1

obtained by rotation of I' of the angle A about the z3-axis. We assume that A
is so small (|[A| < A1) that I'(\) is contained in the d;- neighborhood of G and
can be represented in the form

X =z+ N(2)p(z,A), z¢€Go. (2.5)

We need to compute the derivative py(z, A). It was done in [2]; here a more
elementary representation formula for this function is given. Let o = (01, 02)
be local coordinates at the point z. According to formula (3.17) in [2],

9p(2(0),A)
o\

3 2 ~
Z (Nk-(O') - Z Mn}ﬁk(g, ,0)) (63 X X)k
= B=1

Pt dog



where J%% (. p) are elements of the matrix inverse to (2.2) with s, r replaced by
o, p. Computations of J?* shows that

i 00(0.2) sy — PersXirs = P X)X N(x(0)

2« a0, det 7 (0, plo, V)
where 5 9:(0)  ON(o)
4 z(o o
p,aa = b s0 4 = + p
aaa a(jj a(jj
By virtue of (2.3),
dX ., dX
N — (P01 X 03 = PoaX,0n) X N(2(0)) _ doy * doy
det J (o, p(o, A)) det J (o, p(o, A))
where ;% = X5, + Npg,. In addition, we have
dX dX dX dX
=N (X x X)) =N- (5= x Z2) = Non| 5= x ==
det 7 (0, (0, 1)) (X1 X Xoo) (d01 % dO’Q) " doy . doy

where n = n(X) is the exterior normal to I'(\) at the point X; hence,

n(X) - (es x X)

Z,A) = 2.6
It is possible to obtain a more explicit representation of py in terms of p that
is convenient for further calculations. Let us consider again the surface I' given

by (2.4) and let us define a mapping
r=y+Nyply) =e(y): F—Q, yeF

where  is a domain bounded by I', and N(y), p(y) are extended from G into
F in such a way that

= —_— :. 2.
ON g 0, ON g 0 (2.7)

We introduce the following notations: £ = %—e; is the Jacobi matrix of the
transformation e, with the elements

0
lij = 05 + aT/jNi(y)p(y, t),
L, =detL, 1" are elements of the inverse matrix £, Eij = L,l" are elements
of the adjugate matrix L.

The following formulas are useful for subsequent calculations: the normal
n(x) to T' and the normal N(y) to G are related to each other by

LTN



where the superscript T' denotes transposition; LT N is the second order poly-
nomial of p and of its first derivatives, hence,

ETN=N+6OETN+%5§ETN

where §éETN, j = 1,2, are the first and the second variations of LTN with
respect to p computed at r = 0:

. J
SET N = BT fr + splN

5:0,7‘:0.

Calculations carried out in [6] lead to the formula

3 3
Z yp)—aayj(l—pH ZaiayT yeg,
where
A(y,p) =1 - pH(y) + p*K(y),
LN = N(y)Aly, p(y)) — (1 — pH(y))Vgp + p(Vg ® N)Vgp. (2.9)

It follows that N - LTN = Ay, p).
We apply (2.9) to the surface

I'(A\) ={X =24+ N(2)p(z,A), z€G}
and we transform (2.6) as follows:

LTN - (e5 x X(2))
N(z)-LTN

pa(z,A) = = N(2) - (e3 x X(2))

es x X(z)
Gy (L= P ) Vep(20) = pl2, (Ve © N (=) Vgp(z: )

Since
N(z)-(e3 x X(2)) = N(z2) - (e3 X z) = ho(2)
and N(z) - Vgp(z,A) = 0, we have

ap(aZA’ N ho2) + bz p(20)) - Vap(z, ) (2.10)
where
h(z, p) = ez X X(2) — N(2)ho(z) (1— H(2)) 4 p(2, A) ((e3 x X(2)) - Vg)N(2)

A(z, p)
(2.11)



is a smooth function of p, if
lpl <6< 1.

It is easily verified that N(z) - h(z) = 0.
We are looking for the value Ay of A\ for which the equation

fN) = /(;p(z,A)pA(z,)\)dS =0 (2.12)

holds (in [2] another equation [; ho(2)p(2,A\)dS = 0 was considered). The
following proposition is an analogue of lemma 3.1 in [2].

Proposition 2.1. There exist positive constants 6, Ao € (0,\1] and €
depending only on G, such that if

plerg) <6, (2.13)

Al < A2 and
ol Log < €1, e >0,

then )
A0 2 5 [ rEwas (214

and equation (2.12) has a unique solution in the interval |\| < Ag.
Proof. It is clear that f(A\g) = 0 is equivalent to

Ao

F0) == [ A()dx.

0

Let us estimate from below the derivative
H) = /g (622 0) + (2, N pan (2 A)dS. (2.15)
We have

/g §2 (2 \)dS = /g (13(2) + ((z. (. 3) - Vgo(z X))?) S

+2 [ ho(2)hz,p(a. V) - Vplz, )ds.
g
Since

I3 P
h(z,p)-Vgp=Vg- / h(z,r)dr — / Vg - h(z,r)dr,
0 0

integration by parts leads to

P P
/hoh-VgpdS:—/Vgh0-</ h(z,r)dr)dS—/ho(/ Vg-h(z,r)dr)dS,
g g 0 g 0

which implies

| [ hoh-Vopas| < [ oz Nlas,
g g



if ¢ is sufficiently small.
The second derivative pxx(z, A) is given by the formula

0 0
p)\/\(z7 )‘) = h(zvp) : Vgaif\ + £h0<27 /0) ’ Vgpa (216)

hence,
é Pz \pa (2, A)dS = — /g Vg - (ph(z, p))prdS + /g ooy (2, p) - VgpdS
and for small 0
NS E /g B(2)dS — erllo Mlwi o) — e2llol Vil o

Since
p(y) = R(z), p(z,A) = R(Z(\)z),

we have

(2, 2) = p(y)| < (Z(X) — D[ < c|Al.
The derivatives p,; are related to Vgp by

0
Poq :va'727 a=12 OZVQPN(U)7
0o,

hence,
T

Vgp = j_l(aa 0) (p,cfpp,dzao) )
and from inequality (3.42) in [2] it follows that
[Vgp(z,A) = Vgp(y)] < ¢l Al

which implies
L) > / h2(2)dS — c36 — ca|M|.
g

Since G is not rotationally symmetric, the integral |, G h3(z)dS is positive, and if
1 2 1 2
c30 < — [ hg(2)dS, cara < = [ hg(2)dS,
4 Jg 4Jg
then (2.14) holds for |A| < A;. Finally,
500 =] [ poslamods] < s
G

so in the case

cse1 < é/hg(z)ds
2 Jg



equation (2.12) has a unique solution in the interval |A\| < Ay. The proposition
is proved.

Equation (2.12) and inequality (2.14) mean that the functional [, p*(z, \)dS
takes a minimal value for A\ = )\g, and this minimum is unique in the interval
A < A

Assume finally that there is given a one-parameter family of surfaces I'y,
t € [0,t0] (e.g. Ty in problem (1.2)) and each T is given by equation (2.4)
where p = p(y,t) satisfies (2.13) and is differentiable with respect to t. As
above, we consider the surfaces I';(\) = Z(A)T; given by equation (2.5) with
p=py,t,\), y € G = Go, and we look for the value A(t) of the angle A\ such
that

FOL) = /g p(2 1 a2t A)dS = 0. (2.17)

If p(y,t) satisfies the hypotheses of proposition 2.1 for all ¢ € [0, ], then such
a function exists and satisfies the inequality

IA(®)] < Aa.
Moreover, differentiation of (2.17) with respect to ¢ leads to
Jg(pepx + ppar)dS

1A ) = . (2.18)

Aet) = —
o fA(A’t)‘A:W) Jo(p2 + ppar)dS Ix=xw)

It is important to emphasize that the derivative p; and py; in (2.18) should be
computed with A fixed. By (2.10),

pa(z,t, A) = h(z, p(2,t, N)-Vgpe(z,t, \)+pe (2,1, Nh,(2, p(2,t, X)) -Vgp(z,t, A).

(2.19)
The second derivative Ay (t) is given by

Au(t) = (c‘% A, t))A:A(t) N (t>(3>\ (A )>k:k(t)

= (- f’ffﬂ)A - - (2 By ) (2.20)

Ix Ix f3
where
fre(A 1) / PrtPx + PP + 2pepen)dS,
g
Jix(Ast) / PPt + ppiax + 2pxpin)dS, (2.21)
g

fuaAt) = /(PP/\,\A + 3papan)ds.
g

3. Transformation of problem (1.2).

Let us consider free boundary problem (1.2) under the following assumptions
concerning the initial data:

10



1. T is given by (1.3) with p = pg € C37%(Gy) satisfying (2.13) and (2.12),
ie.

. o)At + bty o) - Vapo)as = 0 (3.1)
2. vp € C?T(Q) satisfies (1.4) and the compatibility conditions
V - v(y) =0, S(vo)no — no(no - S(vo)no) =0, y € Q

where ng is the exterior normal to I'g;
3. The smallness condition

190l Lo () + 1P0ll L2(g0) < €1 (3.2)

is satisfied with the number ¢; chosen in proposition 2.1 (below some other
restrictions on €; are imposed). Then, according to theorem 4.2 in [2], prob-
lem (1.7) has a unique solution v(-,t) € C?**®(€), Vp(-,t) € C*(Q;) with
ve(+,t) € C*(§t), defined for t € [0, o], the surface I'y is representable in the form
(2.4) with p = p(-,t) € C3T%(Gy), having the derivatives p;(-,t) € C?**(Gy),
pit(+,t) € C*(Go), and the solution satisfies the inequalities

sup |vs (-, t)|ce o,y + sup V(- t)|caraq,) + sup [Vp(, t)|crre(q,)
t<to t<to t<to

+ sup |p(-, )| cs+a(gy) + Sup |p(-, )| c2ta(ge) + SUP [pet (- ) |ca(gy) <
t<to t<to t<to

< C(|UO|02+“(QO) + |P0‘C3+Q(Qo))‘

Moreover, there exists a function ¥ € C%([0,¢]) such that T'; is given by (1.11)
with the function p possessing the same regularity properties as p, satisfying
the inequality

sup |ﬁ('at)|c3+“(gg(t)) =+ sup |ﬁ('at)|c2+a(g0(t)) =+ sup |ﬁtt("t)|C°‘(gﬁ(t)) <
t<to t<to t<to

< C<|Uo|c2+a(szo) + \Po|c3+a(go))

and the condition (2.12), i.e.

[ BN hol©) + he 7 1) - e plE DAS =0, (63
9 (t)
The existence of J(t) follows from proposition 2.1; it is related to A(t) by
0(t) = =A(t)
and p is defined by
p(&t) = p(Z(A(1))E, 1, (1)) = p(Z(A(1))S, ). (34)

11



The regularity of p(&,t) as a function of ¢ follows from the boundary condition

2
n-T(v,p)n=cH + C%|ac’|2 + &kU + po
that can be written in the form

2

o(H(x) - H(E)) + %(lx/zl —1€7%) + w(U (2, t) = U(€)) = 7i - T(i.s)ii(x),
where § € Gy, T =&+ ﬁ(f)ﬁ(f,t) eIy, 7‘7(6) is the doubled mean curvature
of Gy1) at the point £, and Ue) = f]:G(t) |€ —n|~tdn (see [2], (4.18), and [7],
proposition 3.1). The derivatives of A\(¢) are given by (2.18), (2.20). By (3.4),
pt(z,t, A(t)) in these formulas coincides with the derivative py(¢,t) computed
for ¢ fixed. By virtue of the kinematic boundary condition V,, = v-n on I';, we
have

N _ v, t) - n(z)
pe(&;t) = N0 (o) (3.5)

where £ € Gy, @ = £+ N(£)p(€, 1) € T
Equation (3.3) is equivalent to (2.12), and due to (2.14) it means that the
integral

1(9(t)) = /g (. 1)dS
9(t)

takes a minimal value in comparison with all the integrals

1) = /g pa(y)dS

such that
Iy ={z=y+ No(y)po(y), v € o},
at least if |0 — 9(t)] < Aa.
Let us choose Gy in such a way that the integral fgo p2(y)dS is minimal
among all the integrals [; p*(2)dS such that

To={x =24+ Ng(2)p(z), z€Gp}.

Then, if we take €1 in (3.2) sufficiently small, all the integrals I(¥(t)), t € [0, to],
will have the same minimal property with respect to the surfaces I';. Indeed, in
the opposite case there would exist § with |0 — J(¢)| > A2 such that I(6(¢)) >
1(9). Of course, this is always true for 8 = 9(t) + 2mm with m integer or, if F is
periodic with respect to the angle of rotation about the z3-axis with a minimal
period 27 /k (k is also an integer), for 8 = ¥(t) + 2rm/k. But since Gy are not
rotationally symmetric, G, is different from Gy,, if |01 — 62| > 2mmn/k, and it
is possible to choose €1 so small that inequalities e; < I(1) and €; < I(#3) can
not hold simultaneously, if [§; — 02 — 27m/k| > Ay. In what follows we assume
that this condition is satisfied, and then

1(0(t) < e (3.6)

12



and

19(t)) < 1(6) (3.7)

for all the possible 6.

Now, we assume that the solution of problem (1.2) with the properties in-
dicated above exists in an infinite time interval ¢ > 0, and that T'; stays always
near the set UypGy, in particular,

o, )17, + 1(8) < @

for a certain 6 with e; sufficiently small. Then the function A(¢) (and also
¥(t) = —A(t)) that has been defined for ¢ € [0, ¢o] can be extended into the whole
interval ¢ € [0,00), and (2.10), (2.17)-(2.21), (3.6), (3.7) hold in this interval.
Indeed, we have ||”('at0)H2Lz(Qt0) + I(9(to)) < €1 and we can estimate higher

order norms of (v, p, p) at t = ¢y by theorem 4.4 in [2]. Then we can construct
A(t) and p(€,t) satisfying the inequality [p(-,?)[c1(gy,,,) < 0 for t € [to, 2to] etc.
Let us transform problem (1.2). At first we make the change of variables

z=Z(\t))x

that maps €; onto O, =2z (A\(2))$2; and T'; onto [, = 8@, and we introduce the
functions

w(z,t) = ZN))v(Z A1)z, 1), s(z,t) = p(Z7H A1)z, t).
An elementary calculation shows that w and s satisfy the relations
wy + (w- Vw4 2w(es x w) — Ay () (e3 x w) + A (8) (13(2) - V)w — vV2w + Vs = 0,
V-w=0, 2z€8Q, t>0,
T(w, s)i = (cH(z) + C%2|z’|2 +po + KU (2, )7, (3.8)
Vi =w- -4 Nt)ns(2) -7(z), zely
w(z,0) = vo(2), z € Q.

Here 7 is the exterior normal to I'y, H (z) is the doubled mean curvature of I,
and U(y,t) = f5 |y — z|~'dy. The surface 'y is given by

z=y+ N(y)plyt), yeG=0Go

where p(y,t) = p(y,t, A(t)). The orthogonality conditions (1.8) are invariant:

/~ w(z,t)dz =0,

Q¢

/ﬁt w(z,t) - ni(2)dz + w/ﬁt n3(2) - mi(2)dz = w/}_ng(z)m(z)dz, 1=1,2,3.
(3.9)
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Conditions (1.6) are equivalent to

/g@(y@ds =0, /gw(y,ﬁ)yidS =— /g Ni(y)(§ - %H(yH %K(y))dé‘,

(3.10)
where 2(y) 34)
P~y Py
ply.p) = p— —"Hy) + —=K(y).
Asin [5], we transform free boundary problem (3.8) into a nonlinear problem
in a given domain F = Fy. We extend N(y) and p(y, t) from G into F in such a
way that N remains smooth (for our purposes it is sufficient that N € C3+*(F))
and p satisfies the inequalities

)

‘p( t)|03+"‘(]—') < C|,5(',t)|cs+a(g),
1B, )]c2va () < el )] ezva(g)s
P )lcrr) <6< 1

Finally, both N and p should satisfy (2.7). Now, we map F onto Q: by the
transformation

z=y+Nyoyt)=ey), yeF (3.11)
that is invertible if ¢ is small enough, and we pass in (3.8) to the variables
y € F. As above in Sect.2, we introduce the following notations: £ = a%éw is

the Jacobi matrix of the transformation e(y) with the elements

9 N ). b).

li: = ;5 +
J J ay]

Ep = detL, [ are elements of the inverse matrix £, Eij = Epzij are elements
of the adjugate matrix £. The change of variables (3.11) transforms V., into V =
LTV, (the superscript T means transposition, £~7 = (£L71)T). Repeating the
arguments in [5] where mapping (3.11) was applied to problem (1.2) we show
that (3.8) is transformed into

up + 2w(es x u) —vV2u+ Vg = f(w,s,p),

V-u=0, yeF,
T(u,q)N(y) + NBop = vb(w, p) + Nd(w, p), (3.12)

) = ) N~ 58 [0 N + gt

p(y,0) = po(y), yeq,
u(y,O):wo(y), yE]:a

where
u(y,t) = Lw(@,(y). 1), aly.t) = s(€,(y),1),
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p(z)dz
|z — 2|’

Bop = —olgh — flo)f(x) - x /f

Ag is the Laplace-Beltrami operator on G, 5(y) is defined in (1.8) and f, b, d, g
are the following nonlinear functions of u, ¢, p and of their derivatives:

F=(u— L Cug) — (L L)gu+ pe(LTIN - V)L, Lu) — Ly (w - V) (L, Lu)
+2w(es x (u— L, Lu)) + u(ﬁ V(L L) — v%) +(V-V)g
+Ae(t)(es x L, Lu) = M) (ns(Ep(y)) - V)L, Lu,
b(u, p) = Mo (o S(u)N — IS(L, ' Lu)i),
d(u, p) = vdy(u, p) + oda(p) + kds(p),
dy(u,p) =7~ S(L, Lu)ii — N - S(u)N,
dg(m =N- (Ap — Ag — JoAp)y+ (ﬁ* N) . AF(NZ)/)
2
_ ' _ iz Zup(z) .
)= [ |
9(u, p) = (PH(y) — F°K(y))w - N + g1 (u, p),
Jou(z,t)- N(z)ho(z)dS)
fg h3(z)dS

+N - (Ar — Ag)(Np)+ (i — N) - (Ar — Ag)y + (- N — 1)H + — (N + N3)p7,

911 7) = Au(8) (a8 = ()N () +ho ) (Ae(0)+

(3.13)
Here S(w) = Vw + (Vw)”, n = n(€,) and Ar is the Laplace-Beltrami operator
on I'y whose coefficients depend on p. The transformed kinematic boundary
condition can be also written in the form

() = uly.)- N o)~ 3880 [ ate)- Nho(2)aS +1(0.7).
g

We recall that A;(¢) is given by (2.18) where

u(@,y) - N(2)
Azp)

by virtue of (3.5) and (2.8); hence, the expression ¢; is indeed nonlinear (at
least quadratic) function of u, ¢, p and of their derivatives. The orthogonality
conditions (3.9) take the form

/fudy/}_([ﬁ)udy,

/fu-mderw/gﬁn?,(y)~m(y)d5=/fu-mdy—/fﬁuw,t)~m(’ép(y)dy

pt(zvt’ /\(t)) = rT=z+ N(Z)ﬁ,

15



1
o [0 mau [ S TS, (30
0 g ap
Finally, we have the following analogue of proposition 2.2 in [5]:
Proposition 3.1 Given the functions [;(t), m;(t), i = 1,2,3, and a tangen-
tial vector field g(x,t),x € G, t € [0,T], there exist a function r(x,t),z € G and
a divergence free vector field w(x,t), © € F, such that

_ ho(x)
rt—w-N—fgh%(Z)dS/gho(z)w-NdS,

Iy S(w)N = g(z,t), T € G,

/ r(z,t)dS =0, / r(z, H)zdS = U(t) = (11(t), Ia(t), I5(t)),
g g

/ w(x, t)dr =1U'(t), / w(z, t) - ni(x)de = m;(t), i=1,2,3,
F

R

and
Ir(- )| os+a(gy < cll(t)],

(- Dlezraey < (WO + O]+ Im@)] + [Bleria) ).

The proof is exactly the same as in [5] with the exception of one point: the
function r should be taken in the form

H(y,) = |F1711(8) - (N(y) - fZ%dS [ ro@as.
g

Since [ rn3 - n;dS = 0, condition [, w(z,t) - n;i(x)dx = m,(t) implies

/}_w(x,t) - ni(z)dx —i—w/jrng -1;dS = my(t).

4. Linear problem and instability.

Omitting in (3.12) all the nonlinear terms, we arrive at the linear problem
Ut—l—Zw(eng)—VVQv—i—Vp:O, V.-v=0, reF,

T(v,p)N + NByp =0, (4.1)
pr=v-N— fgzgg;ds/gho(z)v(z) -N(z)dS, ze€g

p(x,0) = po(x), ze@G, v(x,0)=uwv(x), reF

16



where unknown are v, p, p. It differs from problem (2.23) in [5] by an extra term
in the equation for p; that vanishes for axially symmetric F. Linearization of
conditions (3.10), (3.14) leads to

/ pdS =0, /pmidS =0, i=1,2,3, (4.2)
g g

/vdS:O7 /v-mdS’—i—w/png-mdS:O, 1=1,2,3. (4.3)
F F g

It is easily verified that if these conditions are satisfied for ¢t = 0, they hold also
for arbitrary ¢ > 0. Along with (4.1), we consider the parameter-dependent
problem

sv+2w(es xv) — vV +Vp=0, V-v=0, reF,
T(v p)N + NByp =0, (4.4)

sp=v-N — T30 dS/ho )-N(z)dS z€g
g

that is almost identical to the problem (1.19) in [4]. It is equivalent to the
spectral problem for the operator A that acts in the space of functions ¢ = (v, p)
and is defined by

Ap = (Anv + Ajap,  Agv)T,

Apv = —2wPj(es x v) + vV2v — Vs, Ajop = —Vso,

Agv= (v N = fgthS/hou Nds) .

By P; we mean the orthogonal in Lo(F) projector onto the subspace J(F) C
Lo(F) of divergence free vector fields, and s; are harmonic functions in F sat-
isfying the conditions

si(x) =vN(z)- S()N(z),  s2=DBop(z), g
The pressure p is excluded. The domain of A is characterized by the conditions
V.v=0, Iy S(v)N(z)lg =0

and the orthogonality conditions (4.2), (4.3). In fact, it can be shown that they
are satisfied for arbitrary solution of equation A¢ = s¢, if s # 0, s # +iw
(see [4], proposition 3.2). Moreover, it can be shown that the spectrum of A
consisting of a countable number of eigenvalues of a finite algebraic multiplicity
has the following properties:

i). Operator A has no eigenvalues on the imaginary axis, except the point
s = 0. The corresponding eigenfunctions have the form ¢ = (0, pg) with pg
satisfying the equation Epo = 0 where

~ 1
Bp=Bp— |g|/ngdS,
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w2|x/|2
Jo1y'12dS Jg
(in particular, (0, hg) is an eigenfunction). There are no associated functions
corresponding to the eigenvalue s = 0, and the dimension of the corresponding
root space equals dimKerB (considered on the set of functions satisfying (4.2)).
ii). If the form 63 R[p] (that coincides with |, g PBpdS) can take negative val-
ues for some p satisfying (4.2) and the equilibrium figure F possess the property

Bp = Bop + ply'|?dS

mingeo,2m) / (1 cos @ + o sin 0)? — 23)dS > 0,
f

then the operator A has a finite number of eigenvalues with positive real parts.
Due to the properties R
Boho = Bhy =0,

/ hodS = / hoxldS = 0, / h0773 . UzdS = O, = 1,2,3,
g g g

of the function hy = (e x x) - N(x), the verification of i) and ii) is exactly
the same as in [3.4]. It should be observed that all the proofs in [3,4] are done
under the hypothesis f F x122dS = 0 concerning F but this does not restrict the
generality of the results. The proof of ii) in [3] is based on the ideas presented
in [8], Ch. 9.

The result of the paper [2] reduces to the following: if hg is the only element
of Keré, the the equilibrium figure F is stable.

Let us turn to the proof of instability of the zero solution of problem (3.12),
(3.13).

Theorem 4.1. Assume that 53R[p] can take negative values for some p
satisfying (4.2) and that condition (4.4) is satisfied. Then there exists € > 0 and
the non-zero initial data ug € C*Y(F), po € C3T(G) satisfying the necessary
orthogonality and compatibility conditions and having an arbitrarily small norm

[uo|czre(F) + |polcsre(g)
such that the solution of (3.12) has the norm

[u(, )| cz+a(r) + [0(, t)|cora(g) 2 € (4.5)

for certain arbitrarily large t > 0.
For problem (1.2), (4.5) implies

[v(, )| czra(a,) + 1P ) csta gy, = €

and, by theorem 4.4 in [2],

sup (10Ol + 186 )o@ = ce
t—T<t'<t

for a certain 7 > 0 independent of ¢; by (3.7), this means the lack of stability.
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The proof of theorem 4.1 that is almost identical with the proof of proposition
3.1 in [5] is based on the representation formula for the solution of (3.12) that
we are going to describe. We set r9 = ¢ (po),

4
/N @—— (v) + 2Kc(y) ) ds,
i — / o -y — / L(y: po)uly,0) - nilep (4)dy
F F

1
d
+/ (1 —u)dﬂ/ ——13(€upo) * Ni(€upo ) PA(Y; p1po)dS,
0 G du

9(y) = bluo, po) = Mo(MoS(ug) N — IS (L1 Lug)n)

and we compute the functions ug, r{ corresponding to these [, m, g(y), according
to proposition 3.1. Then uf(y) = up — ug, 74(y) = ro —r{ satisfy the conditions

oS (ug)N(z) = 0, T €QG,

/rédS =0, /r()yidS =0,
g g

[udy=0. [ v mwdy+w [ rim() mwis =0, =12,

F F g

Now, we define u;(x,t), q1(z,t),m1(z,t) as a solution of a linear problem
u1t+2w(egxul)—yv2u1+Vq1:0, V-u; =0, r e F,

T(“le )N = —NByr1,
Tlt:ul'N fghQ dS/hO u1 )dS xeg,

ui(z,0) = uy(z), zeF, r(x,0)=ry(z), z€G;
then u — uy = ug, ¢ — q1 = g2, p — 11 = po satisfy the relations
ugs + 2wles X ug) — vV2uy + Vo = f(ug +ug, q1 + o, 71 + po),
V- uy =0, reF,
oS (uz) N = b(ur + uz, 71 + p2), (4.6)
—q+ N - S(ug)N(x) + Bops = d(uq + ua,m1 + p2),

ror = Up - N — fgho dS/hO uz - N(y)dS + g(uy + uz,r1 + p2),

p2(x,0) = (po = @(po)) + 76 (x),  ua(z,0) = ug(x).

For the last problem an analogue of proposition 2.3 in [5] holds.
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Proposition 4.1. Given arbitrary T > 0, there exists a number ex(T) > 0
such that in the case

[uo|cz+e(F) + |polcare(g) < €2

problem (4.6) is uniquely solvable in the interval of time t € [0,T], and the
solution satisfies the inequality

sup w2t (-, 7)|ca () + |ua(-, 7)|c2va(r) + sup |g2(- T)|cr+a ) + p2(c, )| cata(g)
2
S C(‘UQ('7O)‘02+u(f)+|p2('70)‘03+a(g)) S C(|w0|02+a(].‘)+|p0|c.’3+a(g)) . (47)
Hence, the solution of (3.12) has the form

u=ui+uz, p=7r1+pa.

Since (u1,71) = et (u),r}) can grow exponentially for appropriate choice of
initial data, and (us, p2) is controlled by (4.7), it is possible to show that (u, p)

must leave sooner or later a certain ball

[u(-, t)|c2tea(ry + ()| cata(g) = €

in the space X = C?T(F) x C3t%(G). Technically it is done exactly as in [5],
and it is not necessary to reproduce the proof here.
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