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ABSTRACT. In this note we state as a principle of fair marking that the expected value
of the result of a multiple choice (MC) question answered completely at random must be
zero. Under this principle there is only one way of marking a MC question in either one of
two distinct ways of answering namely, indicating the false statement or indicating one or
more of the true statements. We determine the probability of getting a pass classification
on a ten item MC test for these two ways of answering showing a small advantage in the
second form of answering.

1. INTRODUCTION

Multiple choice tests (MCT) may be considered as an interesting alternative for assessing
knowledge and expertise particularly when computerized learning management systems are
available allowing for automatic quiz proposals and correction. As opposed to more tradi-
tional methods for instance, open question exams, MCT are prone to misuse by guessing or
more or less random answers. For that reason some techniques have been proposed to reduce
the influence of guessing in the overall classification of a multiple choice test such as formula
scoring (see [Frary] for a complete explanation), liberal multiple choice tests (see [Bush 99],
[Bush 01]), or permutational multiple choice questions (as in [Farthing] and [Farthing 98]).

We present next some results showing that when a simple first principle of fair marking is
adopted there is only one way of giving points to right and wrong choices in the most usual
forms of MCT. Two types of MCT are studied, as an instance of a more general situation,
in a choice of four alternatives when there are three correct statements and only one false
statement. In the first one the allowed form of answering is to select the false statement. In
the second one, one or more of the true statements are to be indicated. This second form of
answering may be more effective to determine student knowledge if no information is given
on the number of false statements.

2. FAIR MARKING

Let us consider a multiple choice question with four possibilities to be answered. Among
these four possibilities we know that three correspond to true statements and one corre-
sponds to a false statement. Suppose that we want to mark answers. A natural question is
how to weight each possibility in order to have a fair marking. There is one obvious first
principle that we can consider.
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Principle 2.1. The expected value of the mark of some examinee answering completely at
random should be zero.

Using this principle we will present in the following some results according to the allowed
forms of answering the question. The first result will show that this principle of fair marking
implies the correction for guessing known as formula scoring.

Result 2.2. Suppose you have a question with four possible answers with one, and only one
of these four possible answers, being a false statement. If the allowed form of answering
is to fill one and only one box in the multiple choice question, namely the box
corresponding to the false statement then under the principle 2.1 of fair marking the
correct answer has 1 mark and each of the three wrong ones has a -1/3 mark.

Proof. In order to prove this first result just observe that there are (si)ie{l,...A} possible
answers described in the following table.

IENEIENEN
X

SIS
"

X

Let {m1, ma,m3,ms} be the marks corresponding to each of the four possible answers.
Principle 2.1 implies three conditions corresponding to the two following equations.

1. The marks corresponding to each one of the first three answers should be equal. This
condition is expressed by

mi1 = Mgy = ms

2. The correct answer s4 should have full mark let us say m4 = 1.
3. By an application of the principle 2.1 above, the sum of the marks corresponding to
all the possible answers should be zero. To this condition corresponds the equation:

mi1+mg +m3+mg =0,
which is equivalent under the first condition to the equation:
3mi+my =0,

Now the second condition implies that m; = my = mg = —1/3 as wanted.
O

Remark 2.3. This first result show that the principle of fair marking above implies the
correction for guessing known as formula scoring. In fact, if formula scoring was applied to
this situation we would have

FS=R-W/(C—1)

with F'S the corrected formula score, R the number of items answered right, W the number
of items answered wrong and C' the number of choices per item. In this particular case we
would have FF'S =0—1/(4 —1) = —1/3 just as stated in the result.

We now determine the probability of getting a pass classification on a test of ten inde-
pendent questions answered, as in result 2.2 completely at random.
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Remark 2.4. Consider the random variable X; describing the result of answering at random
by signaling the false statement. According to the result we have that

91 )1 with probability 0.25

21) "7 1-1/3 with probability 0.75 .

Such a random variable has mean value equal to zero and variance equal to 1/3. In order
to evaluate the performance of a marking system one usually considers the likelihood of
getting a pass mark on a test of ten independent questions marked according to the system
under scrutiny (see [Farthing 98]. Let (Y});eq1,..,10y be a sequence of ten random variables
equidistributed with X;. The global mark received on a test of ten questions answered at
random is given by Z := Z}il Y;. It is easy to see that the set of values taken by Z is given
by the function

where k € {0,...,10} represents the number of correct answers given to the ten questions
of the test. Let us observe that the number of correct answers to a test, such as the one
we are studying, is a binomial random variables with parameters (10,1/4). Supposing that
a pass mark is obtained whenever the mark is equal or above 5/10 we will have that the
probability of getting a pass mark is:

10 10

> Plk=j]=> C}°%.25%0.75'7% = 0.00350571 ,

k=7 k=7
that is approximately 35/10000.

As a variation of the first result presented in result 2.2, we consider the somehow dual
possibility of signaling (or not) the correct answers instead of signaling the false one. This
allows for more latitude in the evaluation procedure as it is possible to differentiate attitudes
towards knowing and not knowing and also to assess the confidence the examinee has in
his/her own knowledge. The problem is not exactly dual of the one dealt with in the
first result above as it is not necessary for the examinee to know that there is exactly one
statement that is false.

Let us define first some notation. The following table describes the sequence (s;)iequ,....16}
of all possible answers for a multiple choice question where there are three true statements
and one false statement and the allowed form of answering is to fill all the boxes the examinee
believes to correspond to the true answers.

| |31|82|S3|84|85|86|87|88|89|810|811|S12|813|814|815|816|

T X X | x X | x X X X
T X X X | X X X X X
T X X | x| x X X X X
F X | x X X X X X X

We suppose that for each one of the possible answers there are four possible marks de-
noted by {m1,ma, mz, ms} corresponding to the following attitudes of the examinee in the
answering procedure.

m1 corresponds to putting a cross on a true statement;
mg corresponds to not putting a cross on a true statement;
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mg corresponds to not putting a cross on a false statement;
my corresponds to putting a cross on a false statement.

Being so the total mark corresponding to each set of answers s; for each i € {1,...,16}, is
given by the linear combination of the marks m1, ms, ms, m4 that is detailed in the following
set of formulas.

§1: 3mg + ms;

S9, 83, S4: M1 + 2mo + ms;
S5, Sg, S7i 2mq1 + mo + ms;
sg: 3m1 + ms;

89, 810, S11: M1 + 2ma + My;
512, 813, 5141 2mq + Mg + Mmy;
S15: 3my + my;

S16: 3mo + my;

With these notations let us formulate the following result which shows that, under natural
restrictive hypothesis there is only one solution for the set of total marks that will be given
to each one of the answers (s;) for i € {1,...,16} above.

Result 2.5. Suppose that there are four statements, exactly one of which is false, and that
the examinee is informed that there is at least one statement that is false. Suppose that
the allowed form of answering is to fill all the boxes the examinee considers to
correspond to true statements. Let as state as rules of marking the answers that:

1. Not answering at all will receive a mark equal to zero;

2. Filling all the boxes, which corresponds to the answer where all statements are consid-
ered to be true true, receives a mark equal to zero.

3. The only fully correct answer will receive full mark equal to one.

Then in order to follow the principle 2.1 and the three rules stated above the only possible
marks for each answer are:

® s51: 0;

e So, S3, S4: 1/3;

® S5, S, S7! 2/3,

® sg: 1;

® S9, S10, S11- —2/3,‘
® 519, 513, S14: -1/3;
e s15: 0;

® si6° -1;

Proof. The three conditions in the statement of the result have a correspondent translation
into a set of equations satisfied by the marks of the answers we display next.

e Condition 1: 3mo +m3 =0 and 3m; +my =0

e Condition 2: 3m; +mg =1

e Condition 3: The sum of all marks should be zero or summing all the relations giving
the marks for each possible answer: 3my + 3mg +m3 +my =0

Observe that the matrix M correspondent to this system of equations
0 3 0
M =

W w w
— = O =

0
0
3

—_ O
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has rank 3. Taking the variable m; as a parameter we then can solve the system of equations
to get the solution X = (my, mg, mg, my) of

0
/ 0
M X = R
0
the vector which components are:
-1
mi, Mmoo = ?(1—37711) s m3:1—3m1 s m4:—3m1 .
Now, replacing these values in the formulas given above for the each of the marks of different
answers s; where ¢ = 1,...,16 we obtain the result announced. O

As done previously we now determine the passing probability in a test of ten items answered
completely at random.

Remark 2.6. Consider the random variable X9 describing the result of answering at random
by signaling the true statements in accordance with result 2.5. According to this result we
have that:

-1 with probability 1/16

—2/3  with probability 3/16

—1/3  with probability 3/16

0 with probability 1/8

1/3 with probability 3/16

2/3 with probability 3/16

1 with probability 1/16 .

(2.2) Xy

Such a random variable has mean value equal to zero and variance equal to 1/3, that is
the same location and dispersion parameters as the random variable X7 defined in the
remark 2.4 correspondent to signaling only the false answer in accordance with result 2.2.
Let us determine the probability of getting a pass mark (5/10 or above) in a examination
with ten multiple choice questions as in the result 2.5. Consider (Yj);cq1,.. 10}, @ sequence
of ten random variables equidistributed with Xs. The global mark received on a test of ten
questions answered at random is given by Z := Z;il Y;. In order to determine the law
of Z we will use pseudo-probability generation function technique. We define the pseudo-
probability generating function of X5 as:

1 3 3 2
bx,(a1,a2,a3, a4, a5, ag, a7) =-—1" 4 — 1 4 F— 1% £ ™ 4

___40G5 __ 406 __qa7
+16t + 16t + 16t ,
where we know that for ¢ > 0
2 1 11
1,220,551
¢X2( ) 37 37 737 37 )

is, only formally, the probability generating function of Xs. By the mutual independence of
the random variables (Y});c(1,...10y the pseudo-probability generating function of Z is given
by:

10
oz(a1,a2,as,a4,as, a6, a7) = ¢x,(a1,az, a3, a4, as, ag, a7)
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Using Mathematica TM, the full expression of ¢ taken at the vector (—1, —%, %, 0, %, %, 1)
is obtained as

2 1 11
“3 73053 ZWS ’

where (pr)keq1,...60) represent the probabilities assomated to the different values (k/3 —
10)keq1,....60 that the random variable Z can take. Summing the probabilities correspondent
to the values of Z that are greater than 5 = 45/3 — 10, we get that:

¢z(—1,

2714368909
P[Z > 5] = Z Pk =

1009511627776 0024687,

that is, approximately, 25/ 10000. ThlS result is naturally better than the result obtained
for marking only the false statements.

3. CONCLUSION

MCQ tests with a stem, a false statement and three correct statements may be answered at
least in two different ways. In one of these ways the allowed form of answering is to indicate
what the examinee thinks to be the true statements and not the false one. Under the fair
marking principle for which the expected value of the mark of some examinee answering
completely at random is zero, there is only one way of marking each one of the possible
answers. Again, under this fair marking principle the probability of getting a pass mark in
a MCQ test with ten questions of the type described is 25/10,000 which is better than the
correspondent probability when the form of answering is to indicate the false statement.
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