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Abstract

We introduce three new examples of kinetic models for chemotaxis, where
a kinetic equation for the phase-space density is coupled to a parabolic or
elliptic equation for the chemo-attractant, in two or three dimensions. We prove
that these models have global-in-time existence and rigorously converge, in the
drift-diffusion limit to the Keller-Segel model. Furthermore, the cell density is
uniformly-in-time bounded. This implies, in particular, that the limit model
also has global existence of solutions.

1 Introduction

The slime mold amoebae, Dictyostelium Discoideum, is an important biological ex-
ample both experimentally and theoretically. From the modeling point of view, its
study starts with the work of Patlak [23] and gained maturity with the Keller-Segel
model [15, 16].

Keller and Segel modeled the initiation of the aggregation of the D. Discoideum,
using a system of two parabolic partial differential equations, one for the cell density
p > 0 and the second for the density of the cyclic adenosine mono-phosphate (cAMP)
S > 0, the chemical substance that mediate aggregation. The cell movement induced
by chemical substances is called chemotaxis, and, in this particular case, cells move
toward higher concentrations of cAMP, produced by the cell themselves.

A general overview of chemotaxis and a large bibliography on the Keller-Segel
model can be found in [12].
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The blow up phenomena, i.e., the arbitrary increase of L>-norms of solutions p
or S, is an important mathematical question still largely open. Some partial answers
to this problem were given in [3, 4, 8, 9, 19, 20] and references therein.

The derivation of the Keller-Segel model in [15, 16] was originally made from the
phenomenological point of view. In [25] this model was derived as limit dynamics of
systems of moderately interacting stochastic many particle process.

The Keller-Segel model can also be derived from kinetic equations, introduced in
this framework for the first time in [1, 2, 21]. In [11, 22] it is formally shown that
these models converge, in the macroscopic limit, to the Keller-Segel model. Rigorous
derivations appeared in [6], where local-in-time convergence was proved for turning
kernels depending only on S and VS and for a elliptic equation for S (i.e., the limit of
fast-diffusion), in the 3-dimensional case. Furthermore, global-in-time existence was
proved for turning kernels bounded by certain functionals of S. In [14] these results
were generalized to the 2-dimensional case and the limit of fast diffusion was proved
not necessary (i.e., the equation for S was of parabolic or elliptic type). Global-in-time
existence of solutions was proved under the same bound on the turning kernel. Finally,
in [13], the previous results, concerning global-in-time existence, were extended for
turning kernels with a more general dependence on S. It is important to stress that
even for kinetic models with global existence the limit Keller-Segel model can present
finite-time-blow-up. See [6].

Keller-Segel model with prevention of overcrowding (as in Reference [10]) is given
by

{ Op = V- (D(S,p)Vp—=V(5p)VS), (1)
0:S = DoAS+ (S, p),

where we consider that D(S, p) = Dy is a constant, (S, p) = g1(S,p)p — g2(5, p)S,
with g1 > 0 and g2 > dg > 0, V(S, p) = x(5)B(p)p, where x > 0 and there is a p > 0
such that 3(p) > 0 for p € [0,p) and 5(p) = 0, p > p. Initial conditions are supposed
to be non-negative. Hillen and Painter were able to give sufficient conditions for
global existence of solutions for this kind of model (see [10]).

This work is concerned with kinetic models for chemotaixs with prevention of
overcrowding and is structured as follows: in Section 2, we introduce kinetic models
for chemotaxis and compute formally its macroscopic (drift-diffusion) limits. In Sec-
tion 3 we show three new different kinetic models with global existence of solutions
that converge formally to the Keller-Segel model (1), by extending examples in [6, 22].
Furthermore, the macroscopic density is uniformly-in-time bounded. Finally, in Sec-
tion 4 we prove that these three examples rigorously converges to the Keller-Segel
model, and conclude global existence of solutions to the limit model (1).



2 Models and Formal Asymptotic Expansions

We consider a kinetic model for chemotaxis as presented in [6], i.e, we consider the
cell density f.(z,v,t) > 0 and the chemo-attractant density S.(z,t) > 0 in a point
(x,v,t) € R*xV xR, and (z,t) € R" xR, respectively, where V' is the compact and
rotationally invariant set of all possible velocities, V' C B,_.. C R", where B, is the
ball with center in 0 and radius r. We also consider T[S, p|(x, v, ', t), the turning rate
from velocity v’ to v in a space-time point (z,t) where (z,v,v',t) € R" x V xV xR,
in the presence of cells and chemo-attractants with densities p and S, respectively.
Above, € > 0 is the ratio between the microscopic variables and macroscopic variables
and the limit € — 0 corresponds to the drift-diffusion limit of the model.

We now obtain, formally, the system satisfied by the macroscopic densities py =
lim,_, fv fedv and Sy = lim._,o S;, from the one obeyed by the microscopic densities
fo and S..

We introduce the following notation

fs:fsx )

(
fs/ = fe(m v’ t)
T.[S,p] = T.[S,pl(z,v,0' 1),
T7[S,p) = T[S, pl(z, 0, 0,) .
We consider the kinetic model in (R™ x V' x R), with n =2 or 3.
1 1
O fe + EU Ve = —8—27;[55,&](]05) ) (2)
TS = [ (EISlf - TS A )
1%
pe = / fedv (4)
1%
00;S. = AS. + p. — 7S, (5)
with initial conditions given by
f-(z,v,0) = fx,0) >0, (6)
S.(x,0) = SYz)>0. (7)

See [6] for the derivation of the system (2-7). Equation (4) defines the macroscopic
(real space) density p. as a function of the microscopic (phase space) density f.,
when integrated over all possible velocities. We assume 4,7 > 0 and that the e-
independent initial conditions are in suitable spaces. We impose S' = 0 in most part
of this work and in Remark 6 we extend our results to the more general case given
by Equation (7). Of course, if 6 = 0 in (5) (i.e., the limit of fast diffusion), the
condition (7) is unnecessary.



Remark 1. If the initial condition f' is compactly supported, then f. is compactly
supported for every t. More precisely, if f' C B,, then

Suppfs - BT’+Umaxt/8 .

The formal asymptotic is obtained in the same way as in [6]. Namely, we impose
the expansion

fe = fotefit+---,
P = /fk:dv,

Sg = So+€S1+"',
jﬁ8 = T0—|—€T1+"',

We assume the kernel T[S, p|(z, v,v',t) = A[S, p](z,t)F(v), such that

that To[S]/F > Amin, ¥V (v,0") € V XV, 2 € R", ¢t > 0.

From Assumption (A2) we see that 7y[S, p|](F') = 0, i.e., F' is the non-perturbed
equilibrium distribution. This assumption is called “detailed balance”. Assumption
(A3) is a unimportant normalization while (A4) means that the equilibrium distribu-
tion does not cause drift. The others one are technical assumptions.

We put the expansions in the System (2-5) and match terms of the same order in
€. To order 0, we find that

7o[S0, po](fo) =0,
and then fy = poF’. We also find that
v -V fo = —To[So, pol(f1) — T1[So, po] -
This implies that

fi(z,v,t) = —kr(z,v,t) - Vpo(x,t) — O(z,v,t)po(,t) + p1(z,t)F(v) ,



where

T[S0, pol(k) = vF,
76[50,,00](@) = ,Tl[SOaPO](F)'

We integrate Equation (2) over V' and finally find that the macroscopic system is
given by

po = V- (D[S0, po]Vpo —I'[So, polpo) (8)
50,5y = ASp+ po— 675, (9)
where
DiSo, pu] = /va[so,po](x,v,t)dv (10)
T[So.po] = —/Vv@[So,po](x,v,t)dv, (11)

For simplicity we consider v = 0, which means that we do not consider the chem-
ical decay of the chemo-attractant, and we normalize § = 1 (except in Remark 5,
where § = 0). Furthermore, the matrix D[Sy, po] is symmetric and positive definite.
(See Remark 2 in [6]), and I'[Sy, po] is the convection term.

Assumptions (A1-A5) imply that Equations (10) and (11) can be written simply
as

DSl = = | WEF(ul) ol (12)
I'[So, po] = —m/‘/vﬂ[&),po](lj)dv, (13)

where [ is the n X n identity matrix.
Let us introduce three different models and obtain, formally, their drift-diffusion
limit:

(M1) In the first model we have T, = Ty + €T3, where Ty[S, p| = A[S, p]F' is a non-
oriented turning kernel and the chemotactical perturbation is given by

Tl[Sa p](:E,’U,U’,t) = F(v)(a(S(m,t),p(x,t))v - b(S(:E,t),p(x,t))v') ’ VS(I’,t) )

where a and b are real continuous functions defined in [0, 00) x [0, 00), such that
0 < a(S,p) < a(s), 0 < b(S,p) < b(S) for p € [0,p) and a(S, p) = b(S, p) = 0,
for p > p. We immediately see that if v points in the direction of VS (or, v/
points in the opposite direction) the turning rates increases. Then, intuitively,



(M2)

(M3)

the overall effect is to make the cell walk upward the gradient. Similar kinds of
models appear in [6, 11].

In this case we have

1
L[S, p| = a(S, p) +b(S,p /UQF’U dvVS ;
.01 = =757 (8:0) + US.)] [ ()
Let us define, following [11], the “non-local gradient”:
IS (x,t; R) = RUZ_I /Sn_1 vS(z + Ry, t)dv

where w,,_ is the area of the n — 1-dimensional sphere. The turning kernel is
defined by

T[S, p) = NS, plF (v) + eF(v) | (S, p)o— b (S.p)V/| - § (&, 852 R)

where @ and p are real continuous functions defined in [0, c0) x [0, 00), such that
0 < (S.p) < (S), 0 <b (S.p) < b(S) for p € [0.p) and @ (S.p) = b (S,p) = 0.
for p > p. From the fact that, at least formally,

lim § (x,t;eR) = VS(x,t) ,

e—0

we see that the “non-local gradient” is an approximation of the gradient V.S
(for small €) and thus the interpretation is similar to the case (M1). Formally,

Ty and T; are the same as in model (M1) (with a and b replaced by @ and ZC;),
and so is I'[S, p|; and

We define a third kernel given by

T.[S, pl(z,v, 0 t) =

Cp(S(a,t), S + p (p)o, ) F(v) + et (S, 1), S(x — ep_(p)o!, 1) F(v) .

We interpret epy(p)vmax as the effective radius of the cell, with the sign +
indicating its ability to access future directions and — its memory of past di-
rections. These functions u4 are real continuous functions defined in [0, 00)
such that 0 < ps(p) < fmax for p € [0,p) and ps(p) = 0, for p > p, ie., if
concentration is higher that a certain threshold the cell becomes “blind”. We
write the expansion T, = Ty + €T} + O(&?), where

To[S.p] = (cs +c)v(S,5)F(v) ,
Ti[S,p] = 02p(S, S)F(v)(csps(p)v — c—pu—(p)V') - VS,



where 0,10 means differentiation with respect to the second variable. Finally,
32¢(S ) S )
n(cy 4+ c2)Y(S,S)

(S, o] = (csislp) + - (p) [ PF(udovs.

|4

So both models converge formally to Keller-Segel equation (1) with diffusion co-
efficient given by Equation (12) and chemotactical sensitivity x(S) given by

X(5)B(p)VS = T[S, p] .

For given functions D, x, (3 it is necessary to find new functions A\, a and b, or a and

[c; or 1, uy and p_ which obey the above equation and Equation (12).

Remark 2. In the Keller-Segel model (1), we have that D[Sy, po] = Dy is a constant.
Then, we find that X is a constant (see Equation (12)), and then Ty[S,p] = AF. In
this work, we will consider however the more general dependence Ty[S, p|(x,v, v t) =
A(t)F(v), where A(t) € [Amin, Amax); Amins Amax € (0,00), Vt € Ry, is a continuous
function.

Remark 3. The value p is called saturation value. For space-time points (x,t) such
that p(z,t) > p the movement is purely random, without any chemotactical effect. We
will prove in the following sections that this (with some other assumptions) prevents
blow-up. In fact a stronger conclusion holds, that is, the cell concentration in each
point never increases beyond that value, or beyond the initial condition.

These three models, however, are different in its chemotactical part, i.e., wherever
p(x,t) < p. In the first model cells are directly able to measure gradients of the
concentration. It is not clear that they really can do so, see [22]. In the second case
cells measure only concentration on its surface (for all practical purposes, we consider
cells as spheres centered in x and with radius eR) and integrate over all directions.
Finally, in (M3), all they need is to access the concentration value in some effective
radius, but no “integration ability” is required.

3 Global Existence of Kinetic Solutions

For kinetic models, local-in-time existence and uniqueness of solutions are guaranteed,
see [5] or [24]. The positivity (> 0) of solutions is a simple consequence of the
positivity of the turning rate T.[S, p] and of the initial conditions.

We prove global existence in the kinetic level for the models (M1), (M2) and (M3)
subject to Remark 2 and with some other assumptions to be introduced soon. For
simplicity, we omit € > 0 wherever its omission causes no confusion. In particular,
we write f := f., p:=p., and S := S..

We introduce the following assumptions in models (M1), (M2) and (M3) respec-
tively:



(B1) We assume that b = 0, that a(S, p)/(p— p) is a non-increasing function of p and

sup
520,020

)

a ES . P) < aniax
p—p — P
where

Umax := sup a(S,p) .
$>0,p>0

(B2) We assume that b= 0, that a (S, p)/(p — p) is a non-increasing function of p
and

where

o o
Qmax:= SUp a (S7 p) :
520,020

(B3) We impose ¢ =0, ¢, =1 and p := pu,. We also impose

sup fl(p) < Hmax

N e A

with

fimax = sup pi(p) -
p=0

From Remark 2, we have that ¢(5,5) = A > A > 0 and we impose that

(S, ')
sup —————= =11 € (0,00) .
S,S/go 99 P ( )
We define
n—1)/n 1/n
A 2" 2(n — 1) }(”/ gnln?
" | 7T () max{[[p [ ey ) V2e Pl lpgn |

and our main result reads:



Theorem 1. Leti =1,2,3. Assume ¢ < g;, where

)\min

g = — Ao,
AmaxUmax
L )\min A
gy = ° 0
N Qmax Umax
)\min
€3 = —AO .
2wl,urnaxfumax

Let us consider the model (Mi), subject to Assumptions (A1-A5), (Bi) and Remark 2
with initial conditions given by f'(z,v) = p'(z)F(v), p' € LLNL®(R"), S' = 0. Then
the solution (f,S) of the nonlinear system (2-7) with § =1 and v = 0 exists globally:
f e L>*(0,00; LY N L>®(R™ x V)), S € L®(0,t; LP(R™)), p € (n/2,00], Vt € (0, 00).
Furthermore,

< Ui peeny, pt, YVt € R, .
- < max{||p'|[zoe@n), P} +

(5 E)]|zoe @ny < H%H

The proof will involve several lemmas. We prove each lemma for 7 = 1 and then
extend it for ¢ = 2 and 3. Let us first explain the general idea in the proof. We
first start with Lemma 1 where we show that ||V S(-,?)||z®n) is bounded by both
(-, 8)| |1 (rny and |[p(-, 8)|[Loe(mn), s € [0,t]. This is identically valid regardless of
the case i. Then, we show that if and while the turning kernel is positive, then
|p(+,t)|| oo (ny is uniformly-in-time bounded (Lemma 2). Putting together this two
lemmas, we prove that ||V.S(-,t)||re®n) is uniformly-in-time bounded (Lemma 3).
This allows the extension of the turning kernel (Mi) to all times ¢ € R, (Lemma 4),
and applying Lemmas 2 and 3 once more we finish the proof.

Lemma 1. Let S be the solution of (5) with § =1 and v =0, ¢ € (n,00], ST =0,
and let ty > 0 be fixred. Then, there are constants co = co(q,n) and ¢; = c¢1(n) such
that

t
_n_1
195 Dllimqeey < o [ (= 57 lpo)lgunds (14)
0
2q o
VS )] oo ny < cot' "D sup ||p(-, )|l pagn) (15)
qg—n s€]0,t]
fort >0 and
VS ()L @ny < (16)
2q (g—n)/(29) CalIHLl(R”)

co sup ||p(-, T — S)||La@rn)t + 7%
i—n 086[07t0}1| ( )H 12(R™) b0 ténq)/z

fort > ty. (In the above, if ¢ = oo, then (¢ —n)/q=1.)
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Proof. We write S = T x p, where

(4 2) e
T n

Y(z,t) =

and * denotes space and time convolution. Then V.S = VT % p, where

o=/ (41)

VTI(z,t) = T 2(4m)n/2n/2 A

We use the bound |z|e=*"/() < \/2te~'/2. and prove that

1 2 V2e 21
) oy < —z?/(4t)
||VT( 7t)||L (R ) = 2(47T)n/2t(n+2)/2 ‘fél[R:FZL{|$|6 } — 2(47T)n/2 t(n+1)/

We also show that

P v/ (1) W1 T pbn—1,—pr?/()
[IVT(, )||LP(]R“ - /R" 2p(47r)np/2tp(n+2)/2dx B 2p(47r)np/2tp("+2)/2/0 ! ‘ o

n—1
_ 2" Wn—1 r p+tn ¢~ (n(p=1)+p)/2
(dm)re/2peim/2 =\ 2 |

where w,_; = [S"7!| = 27™/2/T'(2). Finally, we have
_n(1_1)_1
VT (-, )|y = colg,n)t 2 075)75
with

F(3)r (%)

1/p
wn(p—l)/zp(p+n>/2] 7T L.

co(g,n) =

From the properties of the Gamma functions, we have

co(oon) =T (g) . (n;rl) _ w”;fzgn) .

We use Young’s inequality (see [17]) to prove that

t
INEICOIIATED S/O VYot = $)l|e@mllo(, $)l|Loqmds

2qcy g=n
sup ||p(-, S)||La@mrm)t 24
e A LCDI

t
_1_n
< co sup [l o)l [ (6= 9)7H s =
0

s€[0,t]



11

which proves Equations (14) and (15).
Now, we fix a certain time to > 0 and write for t > tg

IVS ()| @ny <
to t
/0 IIVT(wS)IILp(Rn)llP(vt—S)IILq(Rn)dSJr/ VY, 8)l oo e [[o( T = )] 02 reyds <
to

to n 1 \/5671/2 t ds
co sup ||p(-,t — 8)||Lawn / s720 2ds + ————||p"| |1 &n / — <
s€[0,to] " s 2(4m)n/? H Jiy s

2q (a—n)/(20) . 1 1
co sup |[p(-,t — 8)||La@n)t + allp|| o @e — — — <
q—"N " sco,to] I Mes@nto [Pl ey (D2 D)/

2q (q—n)/(2q) I 1
co sup ||p(-,t — s)||La@nyt +allp ey 7
q— " " se0,to) (o ( )té /2

with

\/5671/2

Cl(n) - on+lgon/2 °

Remark 4. The central idea in Lemma 1 is to use the estimate

sup ||VS(‘,8)HLOO(Rn) <c (Sup Hp('75)||L°°(R”) + sup ||p('73)‘|L1(Rn)> ;

s€[0,¢] s€[0,t] s€[0,¢]
for a certain constant ¢, which is valid in general when

for p e LL NL>*(R™). This estimation, however, is unable to provide an explicit value
fore;, 1=1,2,3 as in Theorem 1.

Lemma 2. Consider a time t, > 0 such that T.[S, p| > 0 for all (z,v,v",t) € (R x
V x V x[0,t.]) and consider the assumptions as in Theorem 1. Then

Sup (-, )| Loerny < max{]|p'|| ooy, £} (17)
€10,t«
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Proof. Initially, we prove for ¢ = 1.
Consider first that ||p'||z®~) < p. Then, we define

f = ﬁF_fa

) 1%

S = pt—-9,
_a - a(S, p)p
i(s.p) = 450

p—p
First we prove that
&<‘§7 ﬁ) S amfxp S Gmax
p

and conclude that
T.[S,p] == AF +a(S,p)Fv-VS >0 Y(z,v,v,t) € (R"xV xV x[0,t]) . (18)

We also see easily that

(f,S) is solution of
E20,f +ev-Vf+Af = AFp+eFa(S,p)v-VSp,
8tS - AS = p = / de ,
.

with fT= plF, ST =0, while (f, S) satisfies the system
20, f +ev-Vf+ A = MNFp—eFa(S, pv-VSp=AFp+eFa(p,S)v-VSp,
95— A§ = ﬂ:/fm,
Vv
with initial conditions given by fI = pJ'F = (5 — p)F > 0 and S' = 0. Using

the positivity of the turning kernel, Equation (18), we conclude the positivity of the

solution f, i.e.,
0<pF—f (19)

and then

p=/fdv§ﬁ-
\%4
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Now, let us suppose that ||p!|| @) > p. Let € R" be such that there is a
neighborhood U of x such that p'(z) > p for x € U, and a time #,,,, such that the
ball with center in z and radius vyaxtmax 18 included in U . Then, in U X V X [0, tjpax],
we write:

20, f +eNf+v-Vf=\Fp,

or, equivalently,

t t s )\ t —
ez lo AT (5 0, t) = f(x—vt,v,0)+/ ez Jo MT)dT%F(U)p (x _ o . ) : s) ds .
0
(20)
We integrate over V' and find that

Lt (r)dr tiSTT/\(S)
=z Jo A p(r,t) < HPIHL“’(R") +/0 S ?Hp("S)HLOC(U)dS '

Now, we take the L>(U)-norm, use Gronwall’s inequality (see [17]) and find that
[1pC Ollzew) < 1P|y -
Gathering both results, we conclude that
o0, )l |poo ey < max{]]p']zoe (), 7} -

For i = 2 the proof is exactly the same. We need only to see that

o

§=-3 .

Now, we prove for i = 3. For simplicity, we define S := S(z,t), Sy := S(z +
ep(p)v,t) and Sy := S(x +ep(p)v’,t). We define the function

¢(ﬁt - S7ﬁt - S—i—) ==

1 / NS =
— { /V B(S, S} F(W)de'p — (S, S )p| . (21)

We immediately note that
[ 9ot = 5.5t = S P()a0 = [ 605,85 F(e)d.
v 1%

We write the kinetic model as

O(pF = f) +v-V(pF = F) =

- [ v SO alE - = uS SFe+ [ 0SSP

\%
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= (pt — S, pt — S )F(p—p) — /V G(pt — S, pt — SL)F'dv' (pF — f) .

If the kernql defined by Equation (21) is positive, which is true for sufficiently short
times, as Y=g = A(0) > Amim > 0, and |[p"||p=@®n) < p, then the bound for p
follows. If ||p!||z®n) > P, we use the same argument as before and the fact that

W(S,8) = A, O

Lemma 3. Consider a time t, > 0 such that T.[p, S] > 0 for all (z,v,v',t) € (R" x
V x V x[0,t]) and consider the assumptions as in Theorem 1 with i = 1,2 or 3.
Then

sup |[VS(,t)|[poo(rn) < (22)
te[0,t4]
_ n—1)/n _ 1/n
n 720 () masc{ || [ ey, 237 [ V262 ey
(TL _ 1)(n—1)/n on—2 on+1lon/2 :

Proof. Let us define

_ 2/n
. [ (n — DV2e (|7 ||y ]

8O/ (n) max{|| p"|| Lo (zr), £}

the value that minimizes the function

7'/20(n)

2n—2

V2e 2| o] 1 gy
on+lon/24(n-1)/2

max{||p"|| p@n), pH"? +

restricted to t € R,. If ¢, > ¢, then, from Lemma 1, Equation (16), with ¢, = ¢, we
conclude Equation (22). Now, consider ¢, < . Then, from Equation (15), we have
that

72T (n) max{||p"|| Loo (&), P
sup (|9 )|y < T A e Ph e
te(0,t4]

_ n—1)/n _ 1/n
1y [T L) max( e, 1) " [ V22 e
n n—2 2n+17rn/2 :
Using that n/(n — 1)*=/" > (n — 1)/ we finish the proof. O

Lemma 4. Consider the assumptions of Theorem 1. Then the turning kernel is
always positive, 1i.e.,

T[S, p](z,v,0",t) > 0 V(x,v,0",t) ER" XV xV xR, .
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Proof. Let us fix ¢ < g; and apply Lemma 2 to a certain maximum time (that exists,
because solutions exist locally in time and T[S, p|(x,v,v’,0) = A(0)F(v) > 0)

t1 = sup{t € R |T.[S,p] > 0V(z,v,0") e R" x V xV}>0.

Now, we prove, by contradiction, that t; = co. Let us suppose that t; < oc.
From Lemma 3, with ¢ = 1, we see that

ElmaxUmax SUP ||V.S(+,1)|| oo rr) < €10maxVmax sUp ||VS(,1)|[zoo@mny < A .
tel0,t1] tel0,t1]
This implies that T[S, p|(z,v,v’,t;) > 0 and then sup{t|T.[S,p] > 0} > t;, contra-
diction.
For ¢ = 2, we use that, from the Mean Value Theorem,

o n

S (x,t;eR) =

/ v (S(x+ eRu,t) — S, 1)) dv < nl|VS(-,0)][1egan) -
Sn—l

€R’U)n_1

and the same holds true.

If i = 3, we prove the positivity of the turning kernel given by Equation (21), for
e < es.

First of all, note that if p > g, ¥(pt — S, pt — S4) = (S, S) > Amin > 0. Consider
p < p. Then

¢(Sa S+>p - /Vw(sv S;)F/dvlﬁ < w(sv S)(p - ﬁ) + 5¢1N(p)(ﬁ+ p>vmax||vs('7t)”L°°(R") :

This implies that

% {WS, 5+)P—/V@/)(S, S;)F’dv’p} <
(S, S) +6¢1;(_p30(p+ﬁ)vmaxﬂvs(.’t)HLOO(Rn) .

From Lemma 3, we conclude that ¢ > 0. Finally, we define ¢ for p = p by continuity
(from both sides). O

Proof. (Theorem 1). From Lemma 4 we know that the model is well-defined (i.e.,
the turning kernel is non-negative) for ¢ > 0. Then, we apply Lemmas 2 and 3 to
conclude the boundedness of p and VS. For the bound on S, we see that from the
Young’s inequality (see [17])

t
INQOIIED S/O ITCs ) zagmllpC5t = $)l| e @nyds
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for p~! +1 = ¢~!. We immediately see that

1
/@9 (4rt)r@D/2

T D zony =

and then . I
||S( t)|| maX{Hp HLOO(R")?p} dS
P NIRRT =00/ (2a) (47 )n(a=D/ @) [, snla=1)/a) °

(23)

Forp >n/2,q > n/(24+n) and, then, the last integral is convergent, as n(qg—1)/(2q) >
—1.
From the Definition (4), we see that

f('a'7t> f(??t)

o Ollmeey < [ [P = [[H22)] e
Finally, we use Equation (19) and apply Gronwall’s Lemma to Equation (20) to
conclude that )

LA < | pee gy, A} . 25
12|, < w2 (25)

]

Remark 5. For models of hyperbolic-elliptic type, i.e., with § = 0 in Equation (9),
Theorem 1 remains valid, possibly with different ¢;, + = 1,2,3, as the inequality in
Remark 4 continues to be true.

Remark 6. We can relax the assumption that S* = 0, replacing it for the weaker
assumption that S* € Li NWLoo(R™), possibly changing the values of €;, 1= 1,2 or 3
in Theorem 1. We need only to add ||V S|| e rn) on the right hand side of Equations
in Lemmas 1 and 3 and redefine, in Lemma 1, S = pt+||S"||peo(rny —S. The left hand
side of Equation (21) should also change to (pt +||S"||peerny — S, pt + || S| Lo (rn) —
S1), and we need also to impose that

S}lsr}gow(S,S) =1y >0.

4 Convergence to the Drift-diffusion Models

Definition 1. Let us define the symmetric and anti-symmetric parts of T:[S, p|F,
respectively, by:

o518,p] = Ta[S,p]F’+T§[S,P]F7 (26)

2
¢S, p] =

T.[S, p|F" — T*[S, p|F
5 .

(27)
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Theorem 2. Let F' € L>®(V) be a positive velocity distribution satisfying Assump-
tions (A1-A5) and let ¢2[S] and ¢2[S] be defined as in Definition 1. Assume that
there exist ¢ > 3, Ao > 0, and a non-decreasing function A € L2 ([0, 00)), such that

loc

/! n
fekyzmewavmemo, (28)
@25, p] = No(1 — eA(||S|lwreen))) FE” (29)
(bA[Sa p]z / 2
E—d < A I,OO n .

Then there exists t* > 0, independent of €, such that the existence time of the local
mild solution of (2-7) is bigger than t*, and the solution satisfies, uniformly in ¢,

% e L™(0,t% A,),
S. e L®0,t I’ NCY([RY), a< % ,3<p<oo (31)
e = Je=pel e L? (R” x V x (0,t"); d dv dt) :
3 F
Proof. The proof is the same as in [6] and extended in [14]. O

Theorem 3. Let the assumptions of Theorem 2 hold. Assume further that for families
S. uniformly bounded (as e — 0) in L2(0,00; CH*(R™)) for some 0 < a < 1, such
that S. and VS, converge to Sy and V.Sy, respectively, in L, (R™ x [0,00)) for some
(R™ x [0,00)), we have the convergence

loc
p > 3/2 and p. converges to py in L?

loc

T.[S:, p) — T[S0, po] in LP

loc
M - g/ ¢?[Seap€]dvl — 7'1[307PO](F> in Lfoc(Rn X V X [O’OO)) :
14

(R"xV xV x1[0,00)),

5
Then solutions of (2-7) satisfy (possibly after extracting subsequences)
pe = po in Lio(R" x (0,)) ,

Se — Sy in L (R™ x (0,t7)), 1 <¢g< o0,
VS. — VS in L{ (R™ x (0,t")), 1<g<o0.

The limits are weak solutions of (8-9) subject to the initial condition

po(x,0) = /Vfl(x,v)dv,
So(SL’,O) = SI(J})
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Proof. The proof of the convergence of S. and VS, can be found in [6] and [14]. There,
we found also the weak convergence of f.. Now, we prove the strong convergence of
p- in L2 _(R™ x (0,t*)). We have that f. = p.F + er., then we take equation (2),
multiply by v and integrate over V. We find

1
8t/vfsdv—l—EA[SO,pO]D[SO,pO]Vp5+V'/U®vr5dv—
1% 1%

1 T (S8} €
_Ps/ [S ;0 vdv + — // E7p6 7‘ — T;‘[Sg7 ps}rs] vdudv.
= Jv VXV

This implies that

)\[507 /OO]D[SOa pO]VPE =

T €y I’
p/ [S i vdv—l—// [Se, pe]rl — TZ[S:, pelre) vdv dv'
VxV

—£V~/U®Ur5dv—68t/vfedv.
v v

From the estimates obtained in Theorem 3 and Rellich’s Theorem, we have that
A[So, po] D[So, po] V pe is in a compact set of H,_}(R™x (0,t*)). Now use that A[Sp, po] is
bounded from below (Assumption (A5)) and D[So, po] is positive definite to conclude
that Vp. lies in a compact set of H_I(R" x (0,¢*)). We use the div-curl lemma of L.
Tartar [18, 26]. We define

1
J. :——/vfgdv—/vrsdv.
€Jv 1%

Xa = (JzS?pE)v
Y. = (O’ps)'

Now, consider

We have

div(:fc,t)Xa = V-J+ atpa =0,
curl,nY. = —curlyp. .
The RHS of both equat1ons lie in H }(R™ x (0,t*)), then from the div-curl lemma,

pt=X.-Y. — X, Yy = p3, weak-x. The convergence is a simple consequence of the
bound in f. in Theorem 2. See [7] for a similar case. O
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Corollary 1. Fori = 1,2 or 3, Models (Mi), subject to Assumptions (A1-5), (Bi)
and Remark 2 converge to the Keller-Segel model (1) in their drift-diffusion limits,
for arbitrarily large existence times (if € is small enough, according to Theorem 1).
The limit model has global existence of its solutions. In particular

190 (- )| oo ey < max{[|p'] oo gy, £} - (32)

Proof. Maximum existence time t* in Theorem 2 can be arbitrarily large, as, ac-
cording to Theorem 1, solutions are bounded. It is important to note that the
bounds (23), (24) and (25) in Theorem 1 are uniform in e. From Theorem 3 we
have that p. converges to py in L (R™ x (0,¢*)) and, as ||pc(-, )|| Lo (&) is uniformly-
in-time bounded with a bound uniform in €, we conclude Equation (32). O

Remark 7. It is important to stress the differences between Corollary 1 and the re-
sults presented in [10]. In the latter, coefficients 3 and x that appear in Equation 1
are supposed to be of class C*. In models (Mi), i = 1,2,3, we only need continuity
of a, a and W, resulting in the same assumption for the chemotactical sensitivity in
the limit. On the other hand, in order to prove global-in-time existence, we explicitly
used assumption (Bi), i = 1,2,3, imposing that the decay of these constants in the
range p € [0,p) is at most linear. This was not used in [10]. We also allow the
time dependence of the diffusion coefficient D. This was not considered in [10]. Fi-
nally, our result holds for the entire space R™, while in [10] the result is valid on a
C3-differentiable, compact Riemannian manifold with periodic boundary conditions.
Other differences seem to be purely technical.
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